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Preface 


To students 


We hope you enjoy this book and find it useful. Those who understand interest 
theory can be informed borrowers, making intelligent choices about mortgages 
and other loans, and they can also be wise investors. We anticipate that the 
majority of our readers will be interested in exploring actuarial careers. How- 
ever, among our enthusiastic students, we have counted many who just felt 
that this was material they would like to understand; they found it interest- 
ing and applicable. Interest rates affect us all! The authors have frequently 
been told that the course for which the book was designed was a student’s 
“favorite” in his or her college career — and this was not just by students in 
the University of Texas’ actuarial program! With this in mind, we have tried 
to write a book that will be appealing to any student who wishes to become 
familiar with how investments grow over time, and who appreciates this being 
carried out in a mathematically precise manner. 

If you are embarking upon a career as an actuary, a mastery of interest 
theory will be very important for you. This is reflected in the fact that the 
Society of Actuaries (SOA) and the Casualty Actuarial Society (CAS) each 
require their Associates to pass an exam including interest theory. Our text 
is designed to meet the needs of individuals hoping to master this material. 
Should you work in other financial areas, we believe that an exposure to the 
rigorous introduction presented in this text will be advantageous. 

We were trained as mathematicians, specializing in algebraic number the- 
ory, algebraic geometry, and numerical analysis, respectively. We learned inter- 
est theory by teaching the subject. Not being insiders in the world of finance, 
we were like you, the readers for whom this book has been written. Sure, 
we have a great deal more mathematical sophistication and experience than 
we would expect of our student readers — but, like you, we found ourselves 
searching for the larger context in which to place the material. It is one thing 
to be adept at handling equations, another to understand why it is useful to 
make these calculations. We hope that our struggles to see the big picture, and 
the questions posed to us by our students over the roughly forty terms that 
we have taught interest theory, have helped us to write a book in which each 
concept is well motivated and described in a manner that leaves the reader 
feeling satisfied. 

While we have striven to write a student-friendly book, helpful to those 
trying to learn interest theory on their own, as well as to students in organized 
classes, we want to warn you that this is not easy material. In fact, the level of 
difficulty may be deceptive. The majority of the problems describe a financial 
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arrangement in words — producing the dreaded “word problem.” To solve the 
problems, you must extract all the information contained in each sentence. 
Sometimes this is accomplished by writing equations, but at other times it 
would be best to use a diagram or list. It is at this stage that many students 
of interest theory have difficulty, but we are committed to helping our readers 
develop their problem-solving skills. 

Patience, attention to details, and a willingness to work hard in an or- 
ganized manner are all needed to be a successful student of interest theory. 
Along with a strong foundation in algebra, these qualities are the most im- 
portant prerequisite. Recognizing this, we have written this book so that an 
able student who has not yet studied calculus can follow along. There are a 
few places where calculus is used, but an alternate path is given for those yet 
to learn calculus. 


Examples 


A careful description of the theory is important; however, it is just as im- 
portant that there be many examples presented in detail. The text includes 
more than 260 examples. Each was written, then revised, with the questions: 
“Have we given an explanation that is clear to a reader who was not previ- 
ously adept at working such a problem?” and “Have we described why the 
path we have taken is a natural and good one?” We believe that complicated 
examples should be preceded by simple ones, and that it is often helpful to 
present more than one way to obtain the solution. 


Problems 


Of course, no matter how helpful our examples may be, it is important that a 
student tackles many problems. Like all mathematical endeavors, mastering 
interest theory requires a willingness to practice and to learn from mistakes. 
Mathematical Interest Theory includes more than 475 problems. Just as is the 
case with our examples, these range from the straightforward to the challeng- 
ing. Some problems may be completed quickly, while others involve significant 
analysis followed by considerable calculation. There is an appendix in which 
numerical (and other short answers) are given. Detailed solutions to the odd- 
numbered problems are left for the author-prepared student solution manual. 


Special Features 


Most of the problems involve computation, and naturally we wish to provide 
our readers with information on how to effectively utilize technology. We have 
elected to include considerable discussion and key-by-key examples for our 
readers who have access to Texas Instruments BAI Plus or BAII Plus Pro- 
fessional calculators. Chapter 0 introduces the reader to these calculators. The 
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calculator discussion is typeset in a different font from the rest of the text, 
making the book easy to use, whether or not a reader wants to consider the 
instructions for these calculators. 

It is easy for students of interest theory to feel overwhelmed by the num- 
ber of formulas. We therefore have placed the equations that are especially 
important in boxes. Readers may decrease the number of equations they need 
to memorize if they note which ones can quickly be derived from another for- 
mula they have already learned. Statements placed in boxes are also especially 
important. 

We hope that our book will be considered by teachers wishing to offer a 
class with a significant writing component, but not a course on writing proofs. 
The end-of-chapter writing problems should be very useful to instructors of 
such courses. 


Coverage 


We present a classic introduction to interest theory in Chapters 1 through 5. 
However, we introduce yield rates at an earlier stage than is usual, then revisit 
them as we introduce new financial settings. Students often have difficulty 
with yield rates, and we believe that introducing them early and using them 
regularly goes a long way to help students with a topic that many find difficult. 

Bonds are corporate and government loans, and have their own language 
and conventions. The mathematics of these are discussed in Chapter 6. Factors 
that influence yields for bonds are discussed in Section 10.6. If a company 
wishes to raise money without borrowing money, it may do so by issuing 
equity shares or stocks. Stocks are considered in Chapter 7. 

The financial horizon has changed markedly over the last half century. It 
is now important for actuaries and others working in financial services, not to 
mention those following the news headlines, to understand financial derivatives 
such as options and futures. In the aftermath of Hurricane Katrina, gas futures 
made the headlines. Chapter 8 introduces in detail modern financial concepts 
such as arbitrage, derivatives, options, futures, and swaps, and it does so 
without requiring the reader to know probability theory. 

Risk management is important in a world where interest rates may change 
in a manner that is difficult to foresee. In Chapter 9 we introduce the reader 
to asset-liability matching and to immunization. 

While much of the focus in an interest theory course is on performing 
computations based on given information, Chapter 10 addresses the factors 
that determine the level of interest rates. 

There is more material in this book than is apt to be covered in a one- 
semester undergraduate course. For many courses, the syllabus will likely be 
determined to coincide with the syllabus for the SOA’s Exam FM. The first 
and second editions of Mathematical Interest Theory have been listed by the 
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examination committee as appropriate reading, and this third edition has been 
endorsed as well. Modifications in the precise SOA syllabus occur frequently, 
so interested parties should check the SOA website for current coverage. The 
sections of the first and second edition that have been suggested are Chapter 1 
(1.3) — (1.12), (1.14)], Chapter 2 [(2.2)—(2.7)], Chapter 3 [(3.2) — (3.9), (3.11), 
(3.13)], Chapter 4 [(4.2)—(4.6)], Chapter 5 [(5.2), (5.4)], Chapter 6 [(6.2)— 
(6.9)], Section (7.1), Section (8.3), and Chapter 9 [(9.1)—(9.4)]. The corre- 
sponding sections in the third edition are Chapter 1 [(1.3)- (1.12), (1.15)], 
Chapter 2 [(2.2)—(2.7)], Chapter 3 [(3.2)- (3.9), (3.11), (3.13)], Chapter 4 
[(4.2) —(4.6)], Chapter 5 [(5.2), (5.4)], Chapter 6 [(6.2)—(6.9)], Section (7.1), 
Section (8.3), and Chapter 9 [(9.1) — (9.3), (9.6)]. 


If a teacher’s focus is not governed by a desire to cover the interest theory 
needed on actuarial exams, the choice of material will depend on individual 
preferences and the backgrounds of the students. However, we suggest all 
readers carefully study Chapters 1-3, except possibly for sections requiring 
calculus. 


Third edition 


In the summer of 2017, changes made by the SOA to Exam F'M’s syllabus took 
effect. The third edition includes all of the “new” topics listed in its learning 
objectives. Section (1.14) introduces the quoted rates of the United States 
and Canadian government’s treasury bills. After a survey of effective rates, 
nominal rates, and force of interest, a brief discussion on why one might choose 
one method of quoting an interest rate over another is given in Section (1.16). 
While most derivatives were removed from Exam FM’s syllabus, the treatment 
of interest rate swaps was expanded. An introduction to loans with floating 
rate of interest is given in Section (8.4), followed by interest rate swaps in 
Sections (8.5)—(8.7). First and second-order Macaulay approximations and 
modified approximations are shown in Sections (9.4) and (9.5). A survey of 
factors that determine the level of interest rates is given in Chapter 10. All 
topics from the second edition have been retained for the third edition, but 
some of the section numbers have been changed to accommodate the new 
sections. Currency swaps and total return equity swaps have been separated 
from interest rate swaps and moved to Section (8.8). 


Another change was made to better align the vocabulary in Mathematical 
Interest Theory with the terminology used in Exam FM. The simple interest 
approximation to the yield rate, which was called the “approximate dollar- 
weighted yield rate” in the second edition, has been renamed the “dollar- 
weighted yield rate” in Section (2.6) of the third edition. 


Other changes have been made, based on the many conversations we have 
shared with our students. 


Preface xv 


A new example, Example (1.7.3), has been inserted between what used to 
be Examples (1.7.2) and (1.7.3) in the second edition. The solution for what 
was Example (1.7.3) (Example (1.7.4) in the third edition) has been rewritten. 
Hopefully this better illuminates how the accumulation function and discount 
function are used when money is invested at a time other than zero. 

The solutions for Example (9.2.24), duration of a coupon bond purchased 
at par, and Example (9.2.26), duration of an amortized loan with no early 
repayment option, have been modified to use only annuity formulas from 
Chapter 3. This was done with the hope that readers who have not seen 
Chapter 4 in its entirety will study these examples and find them useful. 

Exercises are provided for the newly added sections and a few more have 
been added to existing sections such as Sections (2.4) and (8.3). Some exercises 
have been modified from the second edition. 

Finally, the third edition is a revision by Shinko Harper of Mathematical 
Interest Theory by Leslie Vaaler and James Daniel. 


Financial transactions 


This book includes accounts of numerous financial arrangements. For the most 
part, these are fictional examples, designed to illustrate and reinforce general 
principles. We made up the names of participants and financial institutions 
and any overlap with the names of actual individuals or businesses is acciden- 
tal. You will notice that the names have diverse ethnic roots. We hope that 
no gender or nationality appears too often as a borrower or unwise investor. 

We have already mentioned that we are mathematicians rather than fi- 
nancial advisors. However, at this point we are duty-bound to give you one 
piece of financial advice. Always make sure you understand all details of any 
financial arrangement before you agree to it. Ask questions. Do not rely on 
everything working as it does in this book. 
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CHAPTER 0 


An introduction to the Texas 
Instruments BA II Plus 


0.1 CHOOSING A CALCULATOR 
0.2 FONT CONVENTION 

0.3 BA II PLUS BASICS 

0.4 PROBLEMS, CHAPTER 0 


0.1 CHOOSING A CALCULATOR 


There are many modestly priced financial calculators on the market today. 
Among these is the Texas Instruments BA II Plus, and we have chosen to 
integrate instructions regarding its effective use for solving problems. Our 
choice of calculator for the illustrations is based on the fact that the BA II 
Plus calculator is very well suited for the tasks we pose, is among the calcula- 
tors allowed for the SOA/CAS examinations including Financial Mathematics 
(SOA Exam FM, CAS Exam 2), and Texas Instruments representatives have 
informed us that they expect to continue selling the BA II Plus calculator 
for some time to come. You may also follow the instructions using the BA II 
Plus Professional calculator that was released in 2004. This is an enhanced 
version of the BA II Plus calculator, and has the same keys. Occasionally 
we will make notes specific to the BA II Plus Professional. Although the 
less expensive Texas Instruments BA-35 calculator performs well for many 
of the problems addressed, there are some problems (notably those relating 
to uneven cashflows) where it is deficient. We caution you not to follow our 
calculator instructions with the BA-35 calculator, since the correct operation 
is not always what you might guess. For example, the sign with which certain 
payments need to be entered is not always the same as it would be for the BA 
II Plus. 


For those readers who choose to follow along using a calculator other than 
the BA II Plus calculator, for instance one of the Hewlett Packard financial 
calculators, perhaps our instructions will still be of some service. 


2 Chapter 0 An introduction to the Texas Instruments BA II Plus 


0.2 FONT CONVENTION 


Those parts of the text that are aimed at readers using the BA II Plus calcu- 
lator will be given in sans serif (or boldface sans serif) type. The sans serif 
font is illustrated in Figure (0.1.1). 


Focus on the third row of buttons on the BA II Plus Calculator. From left 
to right, the symbols are; N |, /I/Y|, |PV|, |PMT |, andi FV). 


FIGURE (0.1.1) 


Readers who wish to concentrate on the theoretical flow, and not worry about 
how to perform calculations on the BA II Plus calculator, may ignore all 
discussion given in the sans serif font just displayed in Figure (0.1.1). 


0.3 BA II PLUS BASICS 


We will introduce you to the basic features of the BA II Plus calculator only to the 
extent necessary in order that our directions are clear. For instance, we presume 
familiarity with standard arithmetic operations of the calculator and how to change 
a newly entered number on the display if you have entered it incorrectly. 

It is important that we explain to you the “calculation methods” available on 
the BA II Plus and BA II Plus Professional calculators; that is, how the calculator 
interprets a string of keystrokes. The default setting for the calculation method 
is the so-called chain method; arithmetic operations are done in the order you 
enter them, unless parentheses indicate instructions to the contrary. So, if you 


key | 4 || +] 2]/ x |} 5] =| the calculator will compute (4+ 2) x 5 = 30, and if 


you press | 2 | x || 5 || y* || 3 || =| the calculator will compute (2 x 5)? = 1,000. If 
instead, you need to compute 2 x 5? = 250, this may be accomplished by pressing 
the sequence of keys] 2 || x || (15| y% || 3 |] ) ||} =| or] 5 |] y* |} 3]] x |] 2 |] =|. The 
chain calculation method (Chn) is commonly used on financial calculators, and 


our calculator instructions assume that you have 
your calculator set for the chain calculation method. 


Remember, the chain calculation method is the default setting, and you must 
take action if you prefer your calculator to use the algebraic operating system 
(AOS) implemented by many scientific calculators. 


To change the calculation method, you press 
2ND || FORMAT |/t || 2ND || SET || 2ND | QUIT |. 


Section 0.3 BA II Plus basics 3 


If your calculator is set for AOS, keying | 4 || + || 2 || x || 5 |] =| results in the calcu- 


lator computing 4+(2x5) = 14, while pushing the sequence) 2 || x || 5 || y* || 3 || = 
causes the calculator to find 2 x 5? = 250. 


Warning: If your calculator is set with the algebraic operating system, 
adjustments to our key-by-key instructions are needed in some cases. 


Even if you are accustomed to using a scientific calculator, we encourage you to 
have your calculator set for the chain calculation method and to use parentheses 
to achieve the order of operation you desire. 

There are many times when you need to raise a number to a rational power. 
For example, you might wish to calculate (96). This can be done efficiently by 
pushing the nine-key sequence 
96l y* |] 4 I y* |] 3 |] 1/x |] =l, 
key sequence 
Holle ly*|() 4) +i 3) y=. 


By either method, you should obtain that (.96)3 ~ .947025437. 

The keys on the BA II Plus have their primary function printed on the key. 
Most of the keys also have a secondary function and it is printed above the key, 
in pale yellow on the BA II Plus calculator and in charcoal gray on the BA II Plus 
Professional calculator. To access a given secondary function, you first press the 
key | 2ND | and then the key whose secondary function you desire. For example, 
if you wish to reset your calculator to the factory default settings (as is required of 
candidates on the SOA/CAS exams), you will need to begin by pushing | 2ND 


or by pressing the nine 


followed by the key | +/— |. Even though RESET is the second function on the key 


+/- |, our directions to the reader will be to push | 2ND | | RESET | | ENTER 


2ND || QUIT |. Our intention is to provide instructions that focus on the function 
we desire to access rather than the function written directly on the key pushed. 


To reset your calculator, use 
2ND | | RESET | |ENTER| 2ND | QUIT |. 


If you reset the BA II Plus calculator you clear all ten memories and all 
worksheet data. The default settings include using angles measured in degrees 
rather than radians as the arguments of trigonometric functions[}| More impor- 
tantly, the default format setting is 2-formatting. The BA II Plus calculator can 


1Trigonometric functions and their inverses are rarely used in this subject, but see Prob- 


lems (0.3.2) and (1.12.10). The inverse of a trigonometric function is called by keying | INV 


prior to pressing the key sequence for the function; for example | INV || 2ND || TAN | ac- 


cesses tan™ t1. 
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display at most ten digits (although it stores thirteen-digit numbers), and for œ 
in {0,1,2,...,9}, we say that we have a-formatting if, while not exceeding 
the ten digit limit, the calculator attempts to display up to œ digits to the right 
of the decimal point. (So with 4-formatting the ten digit number 12345.54321 is 
displayed as 12345.5432 if it is the result of a calculation, while the twelve-digit 
number 123456789.543 is displayed as 123456789.5. Rounding is used, so with 
4-formatting the ten digit number 12345.56786 is displayed as 12345.5679 if it is 
the result of a calculation, as is 12345.56785; but a resulting 12345.5678499 will 
be displayed as 12345.5678.) The authors most often prefer to keep their calcu- 
lators with 9-formatting so that an answer is displayed with maximal possible 
accuracy. 


To obtain a-formatting, use 
2ND | FORMAT || a | ENTER || 2ND | QUIT |. 
Note that you enter a when the calculator screen reads “DEC = 
as it awaits your numerical input. Allowable inputs are in the interval 
(-.5,9.5), but you might as well enter an integer from {0,1,2,..., 9} 
as the calculator rounds the entered number to an integer. 


One situation in which you may not want to have 9-formatting is if you are 
calculating a number of dollars to change hands, particularly if you then use 
that dollar amount for further computation. To find the correct number of cents 
and have it stored in the calculator for further calculation, you may use both the 
FORMAT | key and the | ROUND | key. This technique is demonstrated in the 
solution to our first (and very elementary) example. 


EXAMPLE 0.3.1 


Problem: Mrs. Juanitez is a savvy shopper. At a drugstore, she finds a binder 
on sale for $14.97 plus 8.25% sales tax. She has a mail-in coupon for a $7.00 
rebate on the binder, and she charges it on her credit card that refunds 5% of 
the charged amount to her. The store advertises that the binder is “$7.97 after 
mail-in rebate.” Calculate how much the binder will actually cost her assuming 
that it costs 42 cents to mail in the rebate request (postage and the cost of the 
envelope). 


Solution The drugstore purchase generates a credit card charge of $16.21, 
since 1.0825 x $14.97 = $16.205025. As stated, Mrs. Juanitez spends $.42 to 
mail her $7.00 rebate request. She receives the $7.00 rebate and Mrs. Juanitez’s 
credit card company gives her a rebate of $.81 since .05 x $16.21 = $.8105. 
Therefore, Mrs. Juanitez’s total cost for the binder is $16.21+$.42—$7.00—$.81 = 
$8.82. 
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To perform this simple calculation on the BA II Plus calculator, first format to 
two decimal places (if necessary) by pressing 


2ND | FORMAT || 2 || ENTER || 2ND | | QUIT |. 


Then press 


LeO 825 x Li 4 ie} 9] 7] = l 2ND || ROUND || STO |0 


+] el 4 2) =|]-] 7/=l]-—| ORCL oll x |e lols D] =]. 


Your display should now read 8.82, so Mrs. Juanitez’s cost was $8.82. Note that 
had you pressed the above sequence of keys except that you omitted 

2ND || ROUND |, your answer would have been $8.81. This is because stored 
information carries more decimal values than those in the display. a 


The use of 2-formatting and the] ROUND | key was appropriate in Example 
(0.1.2) because all rounding was to the nearest integral number of cents. How- 
ever, you should be careful because sometimes a problem requires you to round 
up or round down. 


Note 0.3.2 on rounding: 


Usually, you wait until the end of the problem to round. The exception is that 
if money changes hand (for instance, you close a savings account or make a 
mortgage payment), you must round to an integral number of cents. Whether 
you should round to the nearest penny, round up, or round down depends on 
the particular situation. For instance, if you are asked for the smallest deposit 
you can make today at 3% so as to be able to withdraw $243.25 one year from 
now and $K deposited today will grow to $K (1.03), you round up $248.25 = 
$236.1650485 to $236.17. We have used the notation ~ to mean “approximately 
equal to,” and this will be used throughout the text. On the other hand, if you are 
asked how much you may withdraw in one year if you deposit $236.17 now to your 
new account, you compute $236.17(1.03) = $243.2551, and since the balance 
to the nearest penny is $243.26, you may withdraw $243.26 unless you have a 
particularly stingy bank that makes you round down to $243.25. (To determine 
whether the bank can round down, you might have to read the fine print or look 
at applicable state law, but we will not concern ourselves with this.) 


As was the case in Example (0.1.2), our calculator instructions will some- 
times include storing a partial result in one of the BA II Plus calculator’s ten 
memories. It is a matter of taste (and habit) which memory is selected. Therefore, 
although in Example (0.1.2) we specified storage in memory 0, in our directions 
specific memory numbers will not be given. It is helpful to develop routines as to 
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where you store certain types of intermediate results, but it would be presumptu- 
ous of us to impose a particular pattern. 


To store a number displayed on your calculator in memory m 
use | STO |] m]. 


To recall a number stored in memory m use| RCL || m|. 


A useful feature of the BA II Plus calculator is that you may replace the number 
stored in register m by its sum with the displayed value by pushing | STO || + || m|. 
Likewise, you may replace the entry in register m by its value minus the displayed 
value by pushing | STO || — || m |, by its value multiplied by the displayed value by 


pushing | STO || x || m |, and by its value divided by the displayed value by push- 


ing| STO || + || m |. Pressing | STO || y~” || m |will result in the value in memory m 
being raised to the number that was just displayed. If you wish to view the entries 
in all ten memory registers, it is most efficient to open the Memory worksheet 
by pressing | 2ND || MEM |. The calculator display will then show “MO = ”. The 
number following the equal sign gives the number stored in memory register 0, or 
as many digits of it as the formatting requires. Go ahead and push |4 |, and the 
display will include “M1 = ” andthe number stored in memory register 1, again 
as dictated by formatting. Repeatedly pushing ||| allows you to cycle through 
the memory registers. Should you wish to reverse the direction of your cycling, 
push |f| rather than || |. 

The memory worksheet is one of twelve “worksheets” included in the BA 
II Plus calculator. Five of these we discuss in detail and three others receive at 
least passing treatment. In general, a worksheet contains registers for storing a 
set of variables, and the worksheets each have a set of built-in formulas relating 
how the entries in the worksheet’s registers should be related (although in the 
case of the memory worksheet, the set of relationships is empty). For instance, 
the Interest Conversion worksheet has variables NOM, EFF, and C/Y, and if 
j, i, and m are their respective entries, the formula 1 +i = (1 + 4+)™ should 
hold. The TVM worksheet [discussed in Section (3.2)] has registers that may 


be filled using the keys | N| ,/I/Y|},)PV),|/ PMT], and| FV| highlighted in 


Figure (0.1.1), but usually worksheet registers are accessed using the | 2ND 
key. For instance, the Interest Conversion worksheet is accessed by keying 
2ND || ICONV |. 

Except for the TVM worksheet, in each worksheet you cycle through a set 
of variables using the key | || or the key | t |. If you wish to change the value a 


variable is set equal to, key the new value and then press | ENTER |. Once you 
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have finished your work on a particular worksheet, at least for the time being, you 
should leave it by pushing | 2ND || QUIT |. Just as cookbook authors most often 


neglect to tell the cook to turn off the oven, even if they have given preheating 
instructions, many examples end with a displayed worksheet computation being 
discussed, and you are left to quit the worksheet on your own. Ovens left on too 
long present fire hazards, and calculators left in a worksheet mode have their 
own hazards! 


To exit a worksheet on your calculator, use | 2ND || QUIT |. 


The BA II Plus calculator has many other features that you may enjoy using. 
You are encouraged to browse through the instruction manual produced by Texas 
Instruments. In particular you might appreciate accessing your last answer by 
keying | 2ND || ANS | or storing a number and an operation for use in repetitive 


calculations by keying | 2ND || K |. You may quickly multiply a displayed entry 


by .01 by pushing | % |, a useful feature since we frequently obtain a rate as a 
percent and wish to change to its decimal representation. 


0.4 PROBLEMS, CHAPTER 0 
(0.0) Chapter 0 writing problems: 


(1) We have introduced you to the chain calculation method and indi- 
cated that the text will give instructions for those who have selected 
this method. In the text, we gave a couple of examples where the 
AOS method would produce different results. Give three other exam- 
ples where the two operating methods produce different results. In each 
instance, explain how parentheses might be added to the string so that 
the two methods would agree. 


— 
N 
pia 


Write a paragraph discussing the advantages and disadvantages of each 
of the two calculation methods, Chn and AOS, available on the BA H 
Plus calculator. 


(0.3) BA Il Plus calculator Basics 


(1) Set your calculator with 9-formatting and the chain calculation method, cal- 
culate 
(3.264) (1.0825) + (4.67) (1.065), 


and round your answer to the nearest hundredth. How does this com- 
pare to the result you see displayed if you have 2-formatting and calcu- 
late (3.264)(1.0825) + (4.67)(1.065)? How do these answers compare to 
the result you obtain if you first round the products (3.264)(1.0825) and 
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(3 


< 


a 


(4.67)(1.065) to the nearest hundredth with 2-formatting and then add 
them? Explain how to obtain the sum of the two rounded products on your 
BA II Plus calculator. 

The BA II Plus calculator does not have a key with m on it. Find the first 
nine digits of pi by computing 2sin~' 1. Here the argument of the inverse 
sine function is given in radians! (If you do not see “RAD” on your calcu- 
lator display, you will need to change from degrees to radians by keying 
2ND || FORMAT || 4 || 2ND || SET | | 2ND | | QUIT |.) What kind of for- 
matting is needed to obtain the first nine digits of pi? Explain how you can 
obtain the first eleven digits of pi with your BA II Plus calculator. 

Using the chain calculation method, compute the following to the nearest 


ten thousandth. (a) 500(1.04)° + 800(1.03)* (b) ae (c) et% — 1. 


(4) With your calculator set to use the chain calculation method, consider the 


following sequences of keystrokes. In each case, describe what they ac- 
complish if the calculator has just been cleared. 


(a) 


1lelolely* is =1xls5la l2 =||sTol]| 7/7] 6|/ 8 ]] yx 
Al/1/x||=|/ STO || +]|7 


(b) |2ND | MEM | 2ND || CLR WORK | 1 | ENTER || | || 2 
ENTER | | || 3 | ENTER || 4 l4 | 2ND || QUIT 


(c) lel2ls x |5]/2]/=|4]/o]/s|/9 | +l 2ND] Ans] = 


(d) | x |} 2ND || K |/1]/« 4] =|/2/}/=|[3]/=]/5|/8]|= 

STO | 4]/=]|+]/5]/4|/=||/STO]|/ 3] 2] = 
(e) 15 || +| 2ND 1|/0//%]=|}1}/0]/0|/=]/2]/0]/0 

= ||% ||% 

A53 4 l2 +0 =| CE/C |54| 2l +/-| LN || CE/C 
51412] 2ND |] +/- 
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The growth of money 
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1.9 COMPOUND DISCOUNT 

1.10 NOMINAL RATES OF INTEREST AND DISCOUNT 

1.11 A FRIENDLY COMPETITION (CONSTANT FORCE OF INTEREST) 
1.12 FORCE OF INTEREST 

1.13 NOTE FOR THOSE WHO SKIPPED SECTIONS (1.11) AND (1.12) 
1.14 QUOTED RATES FOR TREASURY BILLS 

1.15 INFLATION 

1.16 CHOICE OF QUOTATION BASE FOR INTEREST RATES 

1.17 PROBLEMS, CHAPTER 1 


1.1 INTRODUCTION 


Throughout this book, the growth of money due to investment will be dis- 
cussed. In our first section (Section (1.2)) we take a brief look at the rationale 
behind deposits increasing in value, then in Section (1.15) we describe how 
inflation can erode that growth. In Section (1.3), we establish units of time 
and of money and the fundamental amount functions. Linear simple in- 
terest amount functions are discussed in Section (1.4), while in Section (1.5) 
we discuss the usual compound interest accumulation function. It is 
important to read that section carefully so that you understand why growth 
by compound interest is so prevalent. You are probably familiar with loans 
where interest is applied at the end of each time period, but the concept of 
loans made at a discount where interest is due at the beginning of the loan 
may be new to you. This is discussed in Section (1.6), and discount rates 
are introduced. The fundamental concept of equivalence of rates is also 
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established. In Section (1.7) we introduce discount functions, which are re- 
ciprocals of amount functions. Discount functions are useful for determining 
the value of a promised future payment, and linear discount functions are 
discussed in Section (1.8). In Section (1.9) we discover that what we might 
reasonably call “compound discount” is equivalent to compound interest. 
The interest rates and discount rates introduced prior to Section (1.9) are 
called effective rates. Nominal rates are explained in Section (1.10). These 
are rates that do not give rise to the expected growth for periods differing from 
the so-called compounding period. As we look at nominal rates compounded 
more and more frequently, we are led to consider the force of interest. The 
force of interest is a measure of how strongly interest is working to increase in- 
vestments at a given instant. In Section (1.11) we find that compound interest 
gives rise to a constant force of interest. For those with a background including 
calculus, Section (1.12) gives a general discussion of the force of interest. If 
you do not know calculus, skip Section (1.12), but Section (1.13) was written 
for you. In Section (1.14), we will see that the quoted rates for certain loan 
instruments issued by the United States and Canadian governments are given 
as simple discount (Section (1.8)) and simple interest rates (Section (1.4)), 
respectively. We end the chapter with Section (1.16), where we will see that 
among the various methods of quoting rates that are equivalent to compound 
interest, force of interest (Section (1.11)) may sometimes be preferable, while 
in other instances any method may be equally appropriate. 


1.2 WHAT IS INTEREST ? 


People frequently participate in financial transactions. These are varied and 
at times quite complicated. However, it is fair to say that when lenders invest 
their money, they usually do so with the expectation (or at least the hope) of 
financial gain. If an investment amount $K grows to an amount $5, then the 
difference $S — $K is interest. The interest may be thought of as a rent paid 
by the borrower for the use of the $K. 

You probably take it for granted that you will be charged interest if you 
borrow money from a bank, and that you will receive interest if you lend 
money to a bank by opening a savings account. Nowadays, except for loans to 
family members or friends, interest-free loans are a rarity. In Western society 
the charging of interest is generally accepted business practice, but this was 
not always true. A powerful moral argument suggests you help your neighbor 
if he is in need. In the Middle Ages, the Catholic church viewed the charging 
of interest as sinful, and this view is still held in much of the Islamic world. 

Part of the economic rationale for the charging of interest is based on the 
economic productivity of capital. This is sometimes referred to as the invest- 
ment opportunities theory. If a farmer borrows seed and then harvests the 
crop he grew from it, he may return the quantity of seed he borrowed plus a 
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bit more as interest. The loan allowed productivity, and the farmer shares his 
gain. Likewise, if you borrow money to run a successful business, the borrowed 
money allows you to produce more money and you should assign some of that 
gain to the lender. (A problem occurs for the borrower if his venture does not 
regenerate at least the original loan amount plus the interest due.) 


Another justification for the charging of interest is the time preference 
theory. Generally, people prefer to have money now rather than the same 
amount of money at some later date. After all, if you have the money now, 
you have a choice as to whether you use it now or save it for the future. If 
you lend it, you no longer have the option of immediately using your money. 
Interest compensates a lender for this loss of choice. 


One of the most widely accepted excuses for interest being charged is that 
a lender should be compensated for the possibility that the borrower defaults 
and capital is lost} 

In the real world, investments have an element of risk and investors some- 
times lose money. Some investments, such as deposits insured by the FDIC] 
or Treasury securities backed by the United States government, have low risk. 
Risk-free investments earn a positive amount of interest. In Section (1.15) we 
briefly discuss the risk due to inflation, but until Chapters 8 and 9, we rarely 
consider questions of risk. Therefore, we assume that a nonnegative amount, 
and usually a positive amount, of interest is paid. Of course in real life, issues 
of risk are of great importance! 


1.3 ACCUMULATION AND AMOUNT FUNCTIONS 


We begin by introducing units of money. Most commonly we will think of 
these as dollars, and hence we will use a dollar sign to indicate our units of 
money. However, what follows is equally valid for other units of money such 
as euros, yen, or gold pieces. Occasionally, it might be more useful to have 
our basic unit of money be thousands of dollars or millions of dollars. 

A common financial transaction is for one party to lend another party a 
lump sum of money. The lender views this as an investment since interest is 
expected in addition to the return of the loan amount. The amount $K of 


1The risk that a lender may lose capital due to the borrower’s failure to pay all or part 
of what is owed is called default risk or credit risk. 

?The Federal Deposit Insurance Corporation (FDIC) is a federal government agency, 
that was created in 1933 in response to the many bank failures of the 1920s and 1930s. 
It oversees more than 5500 member banks and insures the deposits of individual investors 
at these banks. The amount insured per investor at each bank is limited to $250,000, but 
deposits held with different ownership (e.g., single with spouse as survivor, joint) may be 
insured individually, effectively allowing a depositor more insurance. FDIC does not insure 
investments other than deposits, even if they are offered by a member bank. The FDIC is 
funded by premiums that banks pay and by interest they earn. 
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money the investor loans is called the principal. If we turn this around to 
the borrower’s perspective, the amount of money borrowed is the principal. 


Let us introduce units of time. The units of time are most often years, 
but sometimes it is more convenient to use some other unit such as months 
or days or quarters of a year. We need to choose a time to call time 0 and it 
is natural to make that the time of our initial financial transaction. Thus, we 
suppose that $K is invested at time t = 0. 


We can now define a real-valued function Ax(t) with domain {t|t > 0} 
by insisting that $Ax (t) equals the balance at time t. The function Ax (t) is 
called the amount function for principal $K. It is standard to write a(t) for 
Aı(t) where A(t) is the amount function for principal $1. The function a(t) 
is called the accumulation function. 


FACT 1.3.1 
$K invested at time 0 grows to $Ax(t) at time t, and $1 invested 
at time 0 grows to $a(t) at time t. 


Typically Ax(t) = Ka(t). This equality means that the amount your 
investment is worth at time ¢ is proportional to the amount $K you deposited 
at time 0. However, this relationship need not hold. For instance, you may 
encounter tiered investment accounts in which the rate of interest you earn 
depends on the interval in which your balance lies [see Example (1.5.6). 


We will assume that Ax (t) = Ka(t) unless a tiered growth structure is 
specifically indicated. 


We note that a(0) = 1 and Ax (0) = K. The functions a(t) and Ag (t) are 
most often nondecreasing functions. However, if a fund loses money over an 
interval, the associated accumulation and amount functions will decrease. If 
we have continuous accrual of interest, the amount function is continuous. On 
the other hand, if interest is only paid at the end of each interest period, say 
at the end of each quarter of a year, the associated accumulation and amount 
functions are step functions. 


EXAMPLE 1.3.2 


Problem: An investment of $1,000 grows by a constant amount of $250 each 
year for five years. What does the graph of the amount function Aj o00(t) look 
like if interest is paid continuously using the linear relationship Aj o00(t) = 
$1,000 + $250t? How about if interest is only paid at the end of each year? 


Section 1.3 Accumulation and amount functions 13 


Solution If interest is earned continuously using the given linear relation- 
ship, the graph of A1, o00(t) is a line segment with slope 250. 


If interest is only paid at the end of each year, the graph of Aj o00(t) is as 
follows: 


2,500 - 
e 
2,000 4 $ 
— 
1,500 4 — o 
A1 o00(t) i 
1,000 +o 
500 - 
0 
0 1 2 3 4 5 


EXAMPLE 1.3.3 


Problem: Suppose that time is measured in years and an investment fund 
grows according to a(t) = (1.2)' for 0 < t < 5. Then the investment fund 
grows at a constant rate of 20% per year. (In Section 1.5, we will call a(t) a 
compound interest accumulation function with annual effective interest rate 
i = .2.) Graph the accumulation function a(t). 
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Solution 


2.5 4 (5, 2.48832) 


(4,2.0736) 


(3, 1.728) 


a(t) |154 


EXAMPLE 1.3.4 


Problem: The Risky Investment Fund declines at a constant rate of 30% for 
two years, then grows at a constant rate of 40% for three years. That is to 
say, 


Oe (1 —.3)! for0<t<2 
a = 9 (1.31 +4) for2<t< 5. 
Graph the associated accumulation function. 
Solution 

1.6 

1.4 4 (5, 1.34456) 


(4, 0.9604) 


a(t) | 08 4 (3, 0.686) 
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If t2 > tı > 0, then $(Ax (te) — Ax(t1)) gives the amount of interest 
earned on an investment of $K (made at t = 0) between time tı and time to. 
We define the effective interest rate for the interval |t, t2] to be 


a(t2) — a(tı) 


1.3.5 j = 
( ) Ut to] a(t) 


Note that whenever Ag (t) = Ka(t), we also have 


Ax (tz) — Ax (t1) 
Ax (ti) 


(1.3.6) Ue, ,t2] = 


An investor of $K at time 0 is concerned with Ax (t) and hence when Ag (t) 4 
Ka(t), he still regards the right-hand side of as being the rate of interest 
for the interval |t, t2], even if it is not equal to the left-hand side of (1.3.6). 
[Of course this only happens if Ax (t) 4 Ka(t).] 

If n is a positive integer, the interval [n — 1,n] is called the n-th time 
period and we agree to write in for ij,_1,,). Thus, 


(1.3.7) in = ——————_ and a(n) =a(n—-1)(1+i,). 


In particular, 


(1.3.8) i= = =a(1)-1. 


Note that i» represents the interest rate earned by an investor during the n-th 
period in which the investment is governed by the accumulation function a(t). 


1.4 SIMPLE INTEREST / LINEAR ACCUMULATION FUNCTIONS 


In the world of day-to-day financial transactions, you don’t hear talk of accu- 
mulation and amount functions. However, investments and loans are usually 
made according to carefully spelled out rules, and many of these algorithms 
are easily translated into the language of amount functions. Among the sim- 
plest amount functions which occur in real life are linear functions, and we 
next consider how these occur. 

Consider two parties negotiating a loan. They might agree that for each 
$1 borrowed, at the time of repayment the borrower will pay $.057 interest 
where T is the number of years until repayment. (They will also presumably 
agree upon allowable values of T.) Then the amount owed at time t per dollar 
borrowed is a(t) = 1 + (.05)t, a linear accumulation function with y-intercept 
1 and slope .05. 
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Focus now on an arbitrary linear accumulation function a(t). If a(t) were 
linear, since a(0) = 1, the accumulation function a(t) would satisfy a(t) = 
1 + st for some constant s. Then a(1) = s + 1. But by (1.3.8), s = i, and 
a(t) =1+4 ixt. 


Ax(t) = K(1 + st) is called the amount function for $K in- 
vested by simple interest at rate s. The function a(t) = 1+st 
is the simple interest accumulation function at rate s. 


0.95 1 1 1 1 
0 1 2 3 4 


Graph of a(t) = 1+ st for s = .05 


We next consider a couple of problems involving simple interest. 


EXAMPLE 1.4.1 


Problem: Tonya loans Renu $1,600. Renu promises that in return, she will 
pay Tonya $2,000 at the end of four years. To what rate of simple interest 
does this correspond? 


Solution The equation $2,000 = $A) 600(4) = $1,600(1 + 4s) is equivalent 
tos= + (2a — 1) = .0625, so the loan corresponds to a simple interest rate 
of 6.25%. | 


EXAMPLE 1.4.2 


Problem: Antonio loans his brother Bob $2,400 for three years at 5% simple 
interest. The brothers agree that if Bob wishes to repay the loan early, he may 
do so, and the repayment amount will still be based on 5% simple interest. 
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Find the amount Bob would be required to pay if he makes his repayment at 
the end of three years. What if the repayment is after two years or after one 
year? Calculate 71, i2, and 23 if the loan lasts the full three years. 


Solution If Bob repays the loan after three years, he must pay Antonio 
$2,400[1 + 3(.05)] = $2,760. If the repayment comes at the end of two years, 
the repayment amount is $2,400[1 + 2(.05)] = $2,640, while if it comes after 
one year, the amount due is $2,400[1 + 1(.05)] = $2,520. We therefore have 
the following annual effective interest rates. 


_ $2,520 — $2,400 


— — 5 
4 $2,400 7 
$2,640 — $2,520 
Joao RAEN O 
2 $2,520 76%: 
oe $2 $2,64 
ES $2,760 — $2,640 x 4.55%. 


‘3 = ~~“ $2,640 


Note that the annual effective interest rates are decreasing. Each year there 
is less incentive for Bob to repay the loan early since the rate of interest he is 
paying is lower. a 


When the growth of money is governed by simple interest at rate s, 


= a(n)—a(n-1) 2 (1+sn)—[1+s(n—1)] 
$ a(n-1) 1+s(n—1) 


E 1+s(n-1) 


(1.4.3) 


Hence {in} is a decreasing sequence (and, for those of you familiar with calcu- 
lus, {in } converges to 0). In part because {i,,} is a decreasing sequence, 
simple interest is rarely used for loans of long duration. 

In Examples (1.4.1) and (1.4.2), the loans were for an integral number 
of years and we counted the length of time in the simplest possible manner. 
However, when simple interest is used, there are a number of different methods 
used for measuring the time of the loan. We now briefly mention some of the 
more common rules. 

With the exact simple interest method, the term D of the loan is 
first measured in days and then divided by the number of days in a year 
(usually 365) to yield the length of the loan in years. Exact simple interest is 
sometimes referred to as the “actual/actual” method, the first “actual” for 
the number of days, the second “actual” for dividing by 365. To calculate D, 
it is important to know the number of days in each month. January, March, 
May, July, August, October, and December each have 31 days while April, 
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June, September, and November each have 30. February has 28 days unless it 
occurs in a leap year, in which case it has 29 days. You are likely familiar with 
the fact that leap years only occur in years divisible by 4. A more obscure fact 
is that if a year is divisible by 100, it must also be divisible by 400 in order to 
be a leap year. Hence 1988, 1956, and 2000 were leap years, while 1987, 1953, 
and 1900 were not leap years. 


EXAMPLE 1.4.4 Exact simple interest actual/actual 


Problem: Brad borrows $5,000 from Julio on October 14, 1998 at 8% exact 
simple interest and agrees to repay the loan on May 7, 1999. What is the 
amount of Brad’s required May repayment? 


Solution The duration of the loan in days is 


(31 — 14) + ee Oe = 205 


—_e_ ~ Nwo wo Nwo Nw NN 
Oct. Ra Dec. Jan. Feb. Mar. Apr. May 
and therefore Brad must repay Julio $5,000(1 + .08(382)) ~ $5,224.66. a 


With the ordinary simple interest method, you pretend each month 
has 30 days and hence a year has 360 days. 

If the loan is from day dı of month mı of year yı to day dz of month mə 
of year y2, then you compute the number of days using the formula 


(1.4.5) d= 360(y2 _ yı) + 30(mMə _ mı) + (d2 = dı). 


Ordinary simple interest is sometimes referred to as the “30/360” rule, 
the “30” for the number of days in a month, the “360” for the number of days 
in a year. 


EXAMPLE 1.4.6 Ordinary simple interest 30/360 


Problem: Suppose that the loan of Example (1.4.4) is made at 8% ordinary 
simple interest instead of 8% exact simple interest. What is the amount of 
Brad’s required May repayment? 


Solution According to the method of ordinary simple interest, the duration 
of the loan in days is calculated to be 


360(1999 — 1998) + 30(5 — 10) + (7 — 14) = 203. 


Therefore Brad must repay Julio $5,000[1 + .08( 383) x $5,225.56. E 


The Banker’s rule is a hybrid of the above methods that is usually more 
advantageous to the lender. As in the exact simple interest method, count the 
actual number of days but imagine that a year has 360 days. The Banker’s 
rule is sometimes referred to as the “actual/360” method. 
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EXAMPLE 1.4.7 Banker’s rule actual/360 


Problem: Suppose that the loan of Example (1.4.4) is made by 8% simple 
interest computed using the Banker’s rule instead of 8% exact simple interest. 
What is the amount of Brad’s required May repayment? 


Solution The term of the loan is calculated as in Example (1.4.4) and we 
use 360 for the number of days in a year. Therefore, Brad must repay Julio 


$5,000 [1 + .08 (383)] ~ $5,227.78. a 


The duration of the loan, be it an actual count of the number of days or 
an estimate based on the assumption that all months have thirty days, may be 
quickly determined using the BA II Plus calculators Date worksheet so long as 
the loan takes place during the years 1950-2049. (In fact, in the event that you 
are interested in an interval other than during this one hundred year span, the 
worksheet is still quite helpful [see Problem (1.4.7)]. We next illustrate the use 
of the Date worksheet with the loan interval of Examples (1.4.4) and (1.4.6), 
namely the period from October 14, 1998 until May 7, 1999. 

Press | 2ND || DATE | to open the date worksheet. Next push the keys 


2ND || CLR WORK | if you need to check whether the calculator is format- 
ted to accept dates in U.S. order (Month—Day—Year) or European order (Day— 
Month—Year). If it is ready to accept U.S. order, the display will read “DT1 = 12 - 
31 - 1990”, and otherwise the display will show “DT1 = 31 - 12 - 1990”, indicating 
European formatting. The default formatting is for the U.S. ordering, and assum- 
ing this is in place, you should push | 1||0 || °| 1//4]/9||8|] ENTER | to enter 
a starting date of October 14, 1998. (Should your display have read “DT1 = 31 
- 12 -1990”, indicating European formatting, you should enter October 14, 1998 
by keying | 1 | 4| «|| 1)/0|/9 || 8 || ENTER |.) Push | 4 | and the display will show 
“DT2”, indicating that the worksheet is ready to accept the loan completion date 
of May 7, 1999. Enter this date by keying |0//5|/+|/0||7//9||9 |) ENTER] or 


0| 7}/¢|/0]/ 5 || 9/9 || ENTER | depending on whether you have U.S. or Euro- 
pean formatting. (The BA II Plus calculator accepts calendar dates from January 
1, 1950 through December 31, 2049. Regardless of which formatting is in effect, 
the year is entered by keying the last two-digits after the month and day have 
been entered. The month and day are each recorded by entering a two digit 
number, and they are separated by entering a decimal point.) 

Now that the loan commencement and termination dates have been entered, 
you should press | | || ||. This will result in the display reading either “ACT” or 
“360.” The first of these tells you that the calculator is prepared to make an ex- 
act calculation of the days the loan lasted, while the latter alerts you that it will 
estimate the loan duration using thirty-day months. Should you wish to have the 
other basis for the calculation of the loan duration, push | 2ND || SET ||+ | CPT |. 
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On the other hand, if you are satisfied with the indicated calculation method, 
just push | + || CPT |. Now read the display. If you used the “ACT” calculation, 
your screen should show “DBD = 205”, while the “360” method will produce 
“DBD = 203”. 


1.5 COMPOUND INTEREST (THE USUAL CASE!) 


Although simple interest is easy to compute, practical applications of this 
method are limited. We now explain why this is so. Suppose you invest at 
a bank where savings accounts earn simple interest at a rate i. As noted 
in Section (1.4), the effective interest rate in the n-th year is a decreasing 
function of n. Consequently, you would do well to go into the bank, close 
your account, and then instantly reopen it. But this would be inconvenient 
for you and for the bank. Therefore, it is sensible for the bank to design an 
account that grows in a manner where there is no advantage or disadvantage 
to closing an account and then instantly reopening it. In particular, we want 
the effective interest rate for the n-th period in to be independent of n. 
Define 


(1.5.1) i= i; =a(1)—-1. 


CLAIM 1.5.2 

If an accumulation function a(t) has the associated periodic in- 
terest rates in all equal to the constant i, then the accumulation 
function must satisfy a(k) = (1 +i)" for all nonnegative integers 
k. 


Claim (1.5.2) is a statement about the nonnegative integers. The Principle 
of Mathematical Induction is a valuable technique for proving facts about the 
nonnegative integers (or about any infinite set of consecutive integers with a 
smallest element), and we shall use this method to establish Claim (1.5.2). 
Mathematical Induction requires you to establish that your claim is true for 
the smallest integer in your set of consecutive integers (in this case for k = 0) 
and that the claim being true for a given integer k forces its validity for that 
integer’s successor k + 1 


Proof: (An induction argument) For a given k, refer to the equation a(k) = 
(1+ i)" as equation k. Our task is to establish equation k for all nonnegative 


3The following commonly used analogy involves dominoes or other thin blocks. It may 
help you visualize why Mathematical Induction should be allowed. Suppose you place domi- 
noes close together with their faces parallel to one another. Do not use glue! If the block at 
one end falls toward the next block, the blocks will all fall. 
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integers k. Note that equation 0 is true since (1 + i)° = 1 and for any accumu- 
lation function, a(0) = 1. Having established this first equation, our method 
is to show that if equation k is true, equation (k + 1) must also be true. For 
this, note that we now have two assumptions, namely (1) i, = i for all n — 
in particular i41 = i, and (2) a(k) = (1 + i)" . From these it follows that 


ak +1)—a(k) _ a(k+1)-(1+3)* 
m a(k) GF ` 


But this is equivalent to 
alk +1) =i ++ AHE = (Hi = A Et. 


So, we have verified equation (k + 1). W 


The situation for nonintegral investment periods is more subtle. In terms 
of accumulation functions, the condition that there should never be an ad- 
vantage or disadvantage to closing and immediately reopening one’s account 
means that 


(1.5.3) a(s + t) = a(s)a(t) for all positive real numbers ¢ and s. 


In calculus-based Problem (1.5.11), we help the student show that assuming 
a(t) is differentiable at all t > 0 and is differentiable from the right at t = 0, 
then equation (1.5.3) forces a(t) = (1 + 1)’ for all nonnegative t, not just for 
integral t. In practice however, banks do not always use this formula when t 
is nonintegral. Some banks pay compound interest for an integral number of 
years followed by simple interest for the final portion of a year. For instance, 
they may set a(3.25) = a(3)(1 + .25é) = (1 + i)?(1 + .25i) rather than using 
a(3.25) = (1 + i)? ”. 


Unless otherwise stated, we will use a(t) = (1 +i) for all t > 0 
and will call this the compound interest accumulation func- 
tion at interest rate i. 


For accounts governed by the compound interest accumulation function 
at interest rate i, money earns interest at the constant interest rate i. As 
interest is paid, it is reinvested and also earns interest at rate i. 
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Graph of a(t) = (1 +i) for i = .05 


You might wonder how simple interest and compound interest compare. 
Here is a graph showing both kinds of accumulation with annual rates of 5%. 


Compound interest 


Bp a Sete Simple interest 


You can easily note that if you go far enough to the right (large t), the com- 
pound interest accumulation function lies above the simple interest accumu- 
lation function. The scale on our graph is not large enough for you to see 
that the simple interest function is larger up until time 1, at which point the 
compound interest function begins dominating. 


EXAMPLE 1.5.4 Compound interest from deposit to withdrawal 


Problem: Fernando deposits $12,000 in an account at Victory Bank where 
accounts grow according to the compound interest accumulation function 
a(t) = (1.05)* for all nonnegative t. He makes no further deposits or with- 
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drawals until he closes the account six and a half years after he opened it. 
How much money does Fernando receive when he closes the account? 


Solution Fernando receives the account balance which is 


$12,000(1.05)°° = $16,478.27. 
m 


In the next example, and again later in the book, we use the greatest 
integer function. This function is defined by 


|t] = the largest integer which does not exceed t. 


You may say “the greatest integer in t” for |t|. Computer scientists refer to 
the function |t] as the floor function. 


EXAMPLE 1.5.5 Compound interest with simple interest 
for fractional parts 


Problem: Sarafina also had $12,000 to deposit. She invested her money at 

Simpler Bank where accounts grow according to the accumulation function 
a(t) = (1.05)! (1 + .05(¢ — [#])). 

She also closes her balance after six and a half years. Compare her closing 

balance to the closing balance Fernando received in Example (1.5.4). 


Solution Sarafina’s closing balance is 


$12,000a(6.5) = $12,000(1.05)'°*! [1 + .05(6.5 — [6.5})] 
= $12,000(1.05)°[1 + .05(.5)] ~ $16,483.18. 


Her balance is close to Fernando’s but is slightly higher. a 


EXAMPLE 1.5.6 Tiered investment account 


Problem: Patriot Bank offers a “bracketed account” with compound interest 
at an annual effective interest rate of 2% on balances of less than $2,000, 3% 
on balances of at least $2,000 but less than $5,000, and 4% on balances of 
at least $5,000. Moises opens an account with $1,800. Determine the amount 
function A(t) = Aj,s00(t) and show that the function Aj,so0(t) is different 
from the function 1,800a(t), although their values agree for t in [0, 5.32]. 


Solution Define tı to be the length of time it takes for Moises’ balance to 
grow to $2,000 and tz to be the time it takes to grow from $2,000 to $5,000. 
Then $1,800(1.02)'! = $2,000 and $2,000(1.03)’? = $5,000. It follows that 


__ In(2,000/1,800) 


= zæ 5.320532174 
1 In(1.02) 5.320532174, 
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and 


In(5,000/2,000) 
ta = 3000801276. 
5 PO 30.99891276 


Then 


1,800(1.02)! if 0 < t < tı © 5.3205; 
Aı s00(t) = 2,000(1.03)'~ if 5.3205 x ty <t<t4+to 36.319; 
5,000(1.04)'-"- if 36.319 ~ tı + t2 < t. 


On the other hand, a(t) = (1.02)' for 0 < t < tz where (1.02)* = 2,000, that 


is for 
= In(2,000) 


fy a, 
° — “Tn(1.02) 
So, Ai,s00 = 1,800a(t) only on the interval [0,tı]. Beyond that interval, 


for any argument t, Aj .s90(t) exceeds 1,800a(t). For instance, A1,800(10) = 
2,000(1.03)'°~" ~ 2,340.62, and 1,800a(10) = 1,800(1.02)'° ~ 2,194.19. i 


= 383.8330311. 


Commonly, the interest rate applied will vary from bank statement to 
bank statement. It may be determined in a specified manner from a monetary 
index (for example, the federal funds rate or the prime rate), or the bank may 
be free to offer whatever rate it wants. In either case, supply and demand 
play a major role, and this in turn is influenced by the government’s fiscal 
and monetary policies. Fiscal policy refers to the government’s decisions 
concerning spending and taxation. If the government spends more, this intro- 
duces money into the economy and should eventually increase the amount of 
money available to consumers. This tends to drive interest rates down. On the 
other hand, taxation decreases the amount of money available for individuals 
and companies, so interest rates may rise due to increased demand for loans. 
Monetary policy refers to the regulation of the money supply and interest 
rates by a central bank. In the United States, the Federal Reserve has direct 
control of the rate it charges banks for “overnight” borrowing. The Federal 
Reserve may also strongly influence the federal funds rate charged for in- 
terbank “overnight” loans by competing (or not competing) for bank’s money 
with U.S. Treasury securities. The Federal Reserve has a less direct influence 
on the prime rate, the rate that a bank charges to its “best” customers. The 
level of these rates tends to impact the interest rates available to all borrow- 
ers. Further discussions of the various factors that determine levels of interest 
rates are placed together in chapter 10. 

Savings accounts are generally governed by compound interest, but the 
rate at which compound interest is paid is subject to change. 
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EXAMPLE 1.5.7 Varying interest rates 


Problem: Arisha deposits $8,000 in a savings account at Victory Bank. For 
the first three years the money is on deposit, the annual effective rate of 
compound interest paid is 5%, for the next two years it is 5.5%, and for the 
following four years it is 6%. If Arisha closes her account after nine years, 
what will her balance be? 


Solution If Arisha closes her account after nine years, her balance will be 
$8,000(1.05)?(1.055)?(1.06)4 ~ $13,013.26. E 


It is not uncommon for investors to wish to determine a rate of compound 
interest that would provide them with a certain amount of money at a given 
later date. 


EXAMPLE 1.5.8 Unknown rate 


Problem: Pedro wishes to have $12,000 in three years, so he can buy his 
father’s car. Pedro has $9,800 to invest in a three year certificate of deposit. [4 
What annual effective rate of interest must the CD earn so that it will have 
a redemption value of $12,000? When we speak of a CD, we will refer to an 
investment with a fixed term and fixed rate. 

Solution Denote the required effective interest rate by i. Then 12,000 = 

1 

A9 800(3) = 9,800(1 + 2). Solving for i, we find i = Ca) *_1 & .069838912. 
A rate of 7% would produce $9,800(1.07)° = $12,005.42. E 


1.6 INTEREST IN ADVANCE / THE EFFECTIVE DISCOUNT RATE 


When you rent an apartment, usually you are required to pay rent for each 
month at the beginning of the month. In other words, you pay the rent before 
you have the use of the apartment. We said [Section (1.1)] that interest may 
be thought of as a rent for the use of the investor’s money. It is therefore not 
surprising that there are financial arrangements in which the interest must be 
paid by the borrower before the borrowed money becomes available. 


4A certificate of deposit (CD) requires the investor to deposit money to the issuing 
bank or savings and loan for a fixed term. Should the investor decide to withdraw deposited 
funds before the end of the term, there is usually a substantial penalty — perhaps one 
quarter’s interest payment — but withdrawals of interest are usually allowed. Liquid CDs 
may allow one or more partial withdrawals without penalty before the CD matures. With 
a traditional CD, the interest rate is fixed at the time the account is opened. However, the 
CD market has expanded to include market-linked CDs and CDs for which the investor may 
request one-or-more adjustments to the interest rate should interest rates go up. Most often, 
additional funds may not be added to a CD once the account has been opened; however, 
some CDs allow the customer to make a limited number of additional deposits. 
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When money is borrowed with interest due before the money is 
released, we describe the relationship using discount rates. If an 
investor lends $K for one basic period at a discount rate D, 
then the borrower will have to pay $KD in order to receive the 
use of $K. Therefore, instead of having the use of an extra $K, the 
borrower only has the use of an extra $K —$KD = (1— D)$K. 
The quantity $KD is called the amount of discount for the 
loan. 


Note that in Section (1.3), we defined the amount of interest on an inter- 
val, and now we have defined the amount of discount on an interval. In any 
cashflow with a beginning and ending balance and no withdrawals or deposits, 
the amount of interest and the amount of discount are the same; they are both 
equal to the change in the balance. 


EXAMPLE 1.6.1 


Problem: Chan borrows $1,000 at a discount rate of 7%. How much extra 
money does he have the use of? 


Solution In order to get the $1,000, he must first pay (.07)$1,000 = $70. 
Chan therefore has the use of an extra $1,000 — $70 = $930. E 


In our example, the discount rate is 


$70 $1,000 — $930 
$1,000 $1,000 


7% = 


In other words, the discount rate for the loan period may be obtained by 
first calculating the difference between the stated amount of the loan and the 
amount of extra money actually available, then dividing this difference by the 
stated amount of the loan. 

We wish to define an effective discount rate analogous to the effective 
interest rate [defined by (1.3.5)]. Suppose that the loan period is the interval 
[t1, t2] from time tı to tg. Also suppose that at time tı the borrower will have 
the use of an extra $a(tı). At time tə this debt will have grown to $a(t2). 
Therefore, the amount of discount for the interval [t1, t2] is $a(t2) — $a(tı), 


and the discount per dollar borrowed at a discount is $ (22544) . We define 


a(te 
the effective discount rate for the interval [t1, t2] to be 


a(tz) — a(tı) 


1.6.2 = 
( 6 ) dita ,tə] altz) 
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Comparing definition (1.6.2) with definition (1.3.5), we see that the defini- 
tions for ij, t] and dy, ta] have the same numerators but different denomina- 
tors. To compute the interest rate tjt, ta}, your denominator is the accumulated 
amount a(t,) at the beginning of the interval [t1, t2]. To compute the dis- 
count rate dy, ta]; you divide by the accumulated amount a(t) at the end of 
the interval [t1, t2]. 

If, as is commonly the case, Ax (t) = Ka(t), then 


Ax (tz) — Ax (ti) 


1.6.3 d = 
( ) [t1 ,t2] Ax(t2) 


Recall that if n is a positive integer, the interval [n — 1,n] is called the 
n-th time period. We agree to write dn for din—1,n]: Thus 


(1.6.4) dy = APP A! and a(n — 1) = a(n)(1— dn). 


Compare this definition with the definition of in given in Equation (1.3.7). 


EXAMPLE 1.6.5 Computing interest and discount rates; Solution 
includes important calculator information on using stored intermediate 
results 


Problem: Suppose that the growth of money is governed by the accumulation 
function a(t) = (1.05)? (1 + .025t). Find dy and ig. 


Solution Note that a(4) = (1.05)?(1.1) = 1.21275 and a(3) = (1.05)? (1.075) 
~ 1.156624568. Therefore dy = “2-2@) ~ 046279474 and i, = “OO x 
048525195. 

Note that in our computations, we will always use the stored values re- 
sulting from previous calculations and these may include more places of 
accuracy than we have reported; we usually only report the displayed value 
resulting from 9-formatting. For example, the calculator stores 1.156624567708 
for a(3) rather than the announced 1.156624568. However, if you use the num- 
ber 1.156624568 (displayed for a(3) if you have 9-formatting) instead of the 
stored value 1.156624567708, your calculated value for i4 will be approximately 
.048525194. | 


As was the case in Example (1.6.5), usually ijz 4.) and dj, t] are not equal. 
However, they are clearly related. With an eye to pursuing this relationship, 
we define what it means for a rate of interest and a rate of discount to be 
equivalent. 
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IMPORTANT DEFINITION 1.6.6 

A rate of interest and a rate of discount are said to be equivalent 
for an interval [t1, t2] if for each $1 invested at time tı, the two 
rates produce the same accumulated value at time t2. More gen- 
erally, two different methods of specifying an investment’s growth 
(over a given time period) are called equivalent if they corre- 
spond to the same accumulation function. 


Focus on a loan lasting from time tı to time tg. If the loan is for an 
amount $L and the interest rate is ij, ta}; then we must repay $L(1 + itt 45). 
On the other hand, if the loan is made at a discount with discount rate 
din ta] and the repayment amount is $L(1+ i, 4,)), then the borrower walked 
away at the beginning of the loan period with $L(1 + ip, 45))(1 — di ,ta]) 
of the lender’s money. Consequently, on the interval [t1, t2], an interest rate 
of if, t2) is equivalent to a discount rate of dy, tẹ} precisely when $L = 
SL(1 + ape, to))(1 — de, ,ta]) for all loan amounts $L. It follows that the rates 
are equivalent if and only if 


(1.6.7) l= (1 + tte, t2])(1 — di t9))- 


Equation may also be algebraically derived using Equations 
and (1.6.2), but this demonstration is less instructive from an interest theory 
point of view. 

Equation (1.6.7) is equivalent to 


0= Ulta te] = dit, ,t2] = ilta to] dlti ,t2] 


which in turn gives rise to 


. te, ,t2] 
1.6.8 i = naz 
( ) [t1,t2] 1_ dit, 0) 
and 
(1.6.9) tech i 
B ee 1+ Oty t2] 


If we have a positive interest rate ijt, t»), it follows from equation 
that the discount rate dj,, ta] is less than ij, ta]: 


Recalling (1.6.4) and that we write d, for dj,-1n), (467), (6.8), and 
(1.6.9) respectively, give us the equations 


(1.6.10) (1+é,)(1—d,) =1, 
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d 
1.6.11 in =—, 
( ) al pa 
and 

i 
1.6.12 | sa 
( ) EEA 


EXAMPLE 1.6.13 Discount rates and compound interest 


Problem: Suppose that an account is governed by compound interest at an 
annual effective interest rate of 8%. Find an expression for dn, the discount 
rate for the n-th year. 


Solution Since the account is governed by compound interest at an annual 
effective rate of 8%, in = .08 for all positive integers n. Therefore (1.6.12) 
yields dn = 7 a $ fe a constant. We will return to constant d, in 
Section (1.9). a 


1.7 DISCOUNT FUNCTIONS / THE TIME VALUE OF MONEY 


In a world where interest may be earned, an amount $K present on hand is 
worth more than a payment of $K t years in the future. This is because you 
could invest the $K today and after t years it would have grown to a larger 
amount $Ax(t). In particular, $1 invested now will grow to $a(t) in t years 
and, assuming the growth of money is proportional to the amount invested, 
a will grow to $1 in t years. This leads us to define the discount function 


v(t) by 


(1.7.1) v(t) = —. 


The value $v(to) is the amount of money you must invest at time 0 to have 
$1 after to years. 


EXAMPLE 1.7.2 


Problem: Suppose that the growth of money for the next five years is gov- 
erned by simple interest at 5%. How much money should you invest now in 
order that you have a balance of $23,000 three years from now? 


Solution Note that the discount function is v(t) = a = TACO): There- 
fore v(3) = ae = 1/1.15. If we wish to have $23,000 three years from 


now, we should invest $23,000v(3) = $23,000(1/1.15) = $20,000. a 
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The next two examples consider a more difficult question since they in- 
clude money invested at a time which is not time zero. The reason that this is 
potentially trickier is that the accumulation function is defined as giving the 
new value of 1, deposited at time zero, t years after it was deposited. 


EXAMPLE 1.7.3 


Problem: Again, suppose that the growth of money for the next five years 
is governed by the linear accumulation function a(t) = 1 + .05¢ so that 


i. 1 
a(t) 1+ (.05)t° 


v(t) = 


If you wish to invest $10,000 now and an additional $X two years from today 
so as to accumulate a total of $23,000 five years from now, what is the value 
of X? 


Solution The initial investment of $10,000 will only grow to $10,000a(5) = 
$10,000(1.25) = $12,500, so we know that X must be positive. The $X will 
stay in the account for three years, which makes it tempting to say that the 
$X will grow to $Xa(3) by time 5, but let us take a closer look. 

The $10,000 deposited at time 0 grows to $10,000)a(2) = $11,000 by time 
two. Each one of those 11,000 dollars continues to grow in the account until 
time five. In fact, each dollar grows to $(1+ ij2,5)) by time five. Now, each and 
every dollar in the account at time two should grow at the same rate, which 
implies that the $X deposited at time two should grow to $X(1 + ij2\5)) by 
time five. We have 


$X (1+ tos) =X h + oe -$X Fe 


= $Xv(2)a(5). 


Thus, $X deposited at time two grows to $Xv(2)a(5) by time five. Note that 
v(2)a(5) is not equal to a(3) when a(t) = 1 + (.05)¢. This reminds us that for 
a simple interest account, money invested at time two for three years does not 
grow at the same rate as money invested at time zero for three years. 

To find X, we can now solve the equation 


$10,000a(5) + $Xv(2)a(5) = $23,000. 


Since $10,000a(5) = $12,500, v(2) = gay = zy, and a(5) = 1.25, we find 


$X = ($23,000 — $12,500) (+55) = $9,240. So $X = $9,240. a 
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EXAMPLE 1.7.4 


Problem: Again, suppose that the growth of money for the next five years 
is governed by the linear accumulation function a(t) = 1 + .05¢ so that 


If you wish to invest money two years from now so as to have $23,000 five 
years from now, how much money should you invest? 


Solution Let $X be the amount invested at time two. Then, the accumu- 
lated value at time five of $X invested at time two is $Xv(2)a(5). Hence, 


$Xv(2)a(5) = $23,000. 


Solving for X, we find 


1 1 
$X = $23,000 Tay = $23,000v(5)a(2) 


1 
= $2 —— ] (1.10) = $20,240. 
$ 3.000 (=) (1.10) = $20,240 


Hence, you should invest $20,240 at time two to accumulate $23,000 at time 
five. a 


The answer to the problem posed in Example is $20,000 while the 
answer to the problem asked in Example is $20,240. The lesson is that 
in general, the accumulation of money over time depends not only on the 
length of the time interval but also on where in time the interval lies. 

If we review the solution to Example (7.4), we a: that the answer was 


obtained by computing $23,000v(5)a(2) = $23,00025 = $23,000 26}. This 


method of solution applies more generally and gives - a following result. 


IMPORTANT FACT 1.7.5 
If we wish to invest money tı years from now in order to have $3, tg 


years from now, we should invest $Sv(t2)a(tı) = gga = = $522), 


Next concentrate on the compound interest accumulation function a(t) = 
(1+ i)". We define the discount factor 


1 


(1.7.6) sales 
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Then 
1 1 i 
a Grae” 
and 
v(t2) = a t2ə—tı 
2 Ge) =n = Sv 


So, for compound interest, the amount you need to invest in order to have $5 
at a later time depends only on the amount of time until you need the $8. 

We next introduce present value, a concept that is very useful if you wish 
to make a comparison of investment alternatives. If the growth of money is 
proportional to the amount of money invested, and if we have an accumulation 
function a(t) with associated discount function v(t) = OL $Lvu(to) invested 
at time 0 will grow to $L at time to. (This is true because ($Lu(to))a(to) = 
$L(1/a(to))a(to) = $L.) We therefore define the present value with respect 
to a(t) of $L to be received at time to to be $Lv(to). We denote this 
present value by PV,(z) ($L at to). 


(1.7.7) PV a(t) ($L at to) = $Lv(to). 


When there is a clear choice of accumulation function, we drop the sub- 
script a(t) in PV ($L at to). 


EXAMPLE 1.7.8 


Problem: What is the present value of $2,000 to be paid in four years as- 
suming money grows by compound interest at an annual effective interest 
rate of 6%? What if money grows by compound interest at an annual effective 
interest rate of 3%? 


Solution In the two scenarios we have compound accumulation functions 
a(t) = (1.06)* and a(t) = (1.03)* respectively. We calculate that 


PV 1.06) ($2,000 at 4) = $2,000(1.06)~4 = $1,584.19 


and 
PV(1.03)¢ ($2,000 at 4) = $2,000(1.03)~* ~ $1,776.97. 


When we have the lower interest rate 3%, it takes more money invested now 
to produce $2,000 four years from now. This is why PV(1.93)+($2,000 at 4) > 
PV 1.06)¢ ($2,000 at 4). E 


Section 1.7 Discount functions / The time value of money 33 


Suppose that the growth of money is viewed as being governed by an ac- 
cumulation function a(t). Then the net present value or NPV of a sequence 
of investment returns Ro, Ri, Ro, ..., Rn received at times 0, t1, t2, ..., tn 
is defined to be the sum 


XO Ry v(te). 
k=0 


Note that a return Rp is positive if the investor receives money and negative 
if the investor pays out money. If you have a savings account, you are the 
investor and from your perspective, withdrawals are positive cashflows and 
deposits are negative cashflows. 


EXAMPLE 1.7.9 


Problem: Compare the net present values of two certificates of deposit avail- 
able to Helga, one at Bank Alpha with purchase price $1,000 and redemption 
value $1,250 at the end of two years, the other at Bank Beta with purchase 
price $1,000 and redemption value $1,300 at the end of three years, first using 
the compound interest accumulation function a(t) = (1.05)' and next using 
the compound interest accumulation function a(t) = (1.03). 


Solution Under compound interest at 5%, the Bank Alpha certificate of 
deposit has NPV equal to —$1,000 + $1,250(1.05)~? ~ $133.79 and the Bank 
Beta certificate has NPV equal to —$1,000 + $1,300(1.05)7 ~ $122.99. So, 
using the compound interest accumulation function a(t) = (1.05), the cer- 
tificate of deposit at Bank Alpha has a higher NPV. On the other hand, if 
we repeat our calculation using the compound interest accumulation function 
a(t) = (1.03)', Bank Alpha’s certificate has NPV —$1,000 + $1,250(1.03)~? = 
$178.24 which is lower than the NPV —$1,000 + $1,300(1.03)~? ~ $189.68 of 
Bank Beta’s certificate. 


Note: Using the accumulation function a(t) = (1.05)', at Bank Alpha we 
have a present value 


PV(1.05)+($1,250 at 2) = $1,250(1.05)~* ~ $1,133.79, 
while at Bank Beta we have a present value 
PV 1.05)+($1,300 at 3) = $1,300(1.05)~* ~ $1,122.99. 


We might look at the values $1,133.79 and $1,122.99 as follows. If Helga 
had a 5% savings account, $1,133.79 deposited at time 0 would grow to 
($1,133.79) (1.05)? = $1,250 at time 2. Similarly, $1,122.99 deposited at time 0 
would grow to $1,300 at time 3. Thus having the opportunity to invest in the 
two-year Bank Alpha CD is comparable to being given an extra $133.79 at 
time 0 to invest in a 5% savings account. The opportunity to invest in the 
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three year Bank Beta CD is comparable to being given an extra $122.99 at 
time 0 to invest in a 5% savings account for three years. Of course $133.79 and 
$122.99 are the net present values we found using the accumulation function 
a(t) = (1.05%. a 


Example (1.7.9) involved a comparison of investments using net present 
values. Another way of comparing investments is by seeing what annual effec- 
tive rate of interest each of the investments corresponds to. 


EXAMPLE 1.7.10 


Problem: As in Example (1.7.9), Helga has $1,000 to invest. She has a choice 
of two investments. Bank Alpha offers a two-year certificate of deposit in which 
her $1,000 would grow to $1,250. Bank Beta’s three-year certificate of deposit 
would allow her $1,000 to grow to $1,300. Find the annual effective rate of 
compound interest to which each of these investments correspond. 


Solution We first consider the certificate of deposit offered by Bank Alpha. 
If Helga opens this account, the $1,000 she deposits at time t = 0 grows to 
$1,250 at t = 2. Accordingly, the applicable annual effective rate of compound 
interest is 7, where 

$1,250 = $1,000(1 + ia)”. 


Therefore, 


ta = 


$1,250 
$1,000 
In contrast, the $1,000 she deposits at time t = 0 in a Bank Beta certificate 


of deposit grows to $1,300 at t = 3. So, the applicable annual effective rate of 
compound interest is ig where 


1 
z 
) — 1 ~ .118033989 ~ 11.8%. 


$1,300 = $1,000(1 + ig)®. 


Therefore, 


1 
$1,300\ ? 
an 2a — 1 ~ 091392883 ~ 9.1%. 
“R (r) Me i 


In Example (1.7.10), the higher interest rate at Bank Alpha suggests that 
Helga might prefer banking there. However, she would have to reinvest her 
money two years from now, and expectations of what rates will be available 
at that point must be considered. We will look at problems with reinvestment 
rates later in the book. 

We end this section with a more difficult net present value problem, fol- 
lowed by a discussion of special BA II Plus calculator capabilities for solving 
certain net present value problems. 
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EXAMPLE 1.7.11 


Problem: Project 1 requires an investment of $10,000 at time 0 and an 
additional investment of $5,000 at t = 1. It returns $2,000 at t = 3 and $6,000 
at times t = 4, t = 5, and t = 6. Project 2 requires an investment of $6,000 
at t = 0 and returns $3,500 at t = 1 and $5,000 at an unknown time. The net 
present values of the two projects are equal when calculated using compound 
interest at 4%. Find the unknown time for the second return of Project 2. 


Solution The net present value of Project 1 is 


—$10,000 — $5,000(1.04)~* + $2,000(1.04)~* + $6,000[(1.04)~# 
+(1.04)~° + (1.04)~*] ~ $1,772.575351. 


Project 2 has net present value 
—$6,000 + $3,500(1.04)~* + $5,000(1.04) 7 
where T is the time of the unknown $5,000 return. Therefore, 
—$6,000 + $3,500(1.04)~* + $5,000(1.04) -7 ~ $1,772.575351. 
This is equivalent to 
$5,000(1.04) 7 ~ $1,772.575351 + $6,000 — $3,500(1.04)~* = $4,407.190735, 


SO 
5,000 


In € 407 os) 
T x — 83.21 . 
PERT 3.217709596 


(To obtain this value, we have followed through the calculations with the 
stored values, thereby using more significant figures than our equations record. 
If you just worked with the equations, you would get 3.217709594.) Project 
2 has its $5,000 return after approximately 3.217698947 years or, based on a 
365-day year, 1,174.46 days. a 


Net present values may also be calculated using the Cash Flow worksheet 
and the associated NPV subworksheet of the BA II Plus calculator. These fre- 
quently used worksheets are the only two, except for the TVM worksheet, that 
are accessed without using the | 2ND | button. Observe that the second row of 
the calculator looks like 


2ND CF| |NPV)| |IRR| |}. 


Here, CF stands for cashflow, NPV stands for net present value, and IRR stands 
for internal rate of return. Internal rate of return will be introduced in Section (2.3) 
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and the | IRR | key will only be used in conjunction with the Cash Flow work- 
sheet. 


To open the Cash Flow worksheet of the BA II Plus calculator, push | CF |. 
At this point it is advisable to clear the worksheet by pushing 
2ND || CLR WORK |. 


Your display should now include “CFo = 0”. The register CFo is designed to hold 
any cashflow made at time 0. The remaining registers in the cashflow worksheet 
of the BA II Plus calculator are 


C01=0, F01=0, C02=0, FO2=0, CO3=0,..., C24=0, F24=0, 


while the BA II Plus Professional contains registers numbered through C32=0 
and F32=0. The letters C in the above sequence stand for “contribution” while 
the letters F signifies “frequency.” 


If the Cash Flow worksheet is open, repeatedly pushing |4| will cause 
your calculator to cycle through the filled registers of the worksheet; so, if all the 
registers are filled, on a standard BA II Plus calculator, you will need to press | | 
forty-nine times to cycle through all the registers. 


With a goal of filling these registers in a useful manner, first choose a time 
to denote as time t = 0. This will often be the time a financial relationship is 
originated. Enter any cashflow that occurs at time t = 0 in the CFo register 
by having the display show CFo and then keying the desired cashflow amount 
at time 0, followed by | ENTER |. Remember, you will need to enter all your 
cashflows with a consistent viewpoint relative to their signs. 


Next choose an increment of time between successive cashflows. Here it 
is important to note that you may wish to enter O for some of your cashflows. 
The increment should in general be chosen to be the longest time interval that 
allows you to include all of your non-zero cashflows. So, if you have cashflows 
at three months, nine months, and twelve months after your t = 0 payment, go 
ahead and choose three months as your basic interval. (In this case your second 
contribution will be 0 since there is no cashflow at six months.) On the other hand, 
if contributions occur at three months and five months, the best you can do is to 
select one month as your time interval. Had you chosen three months, you would 
have skipped over the payment at the end of five months. Furthermore, neither 
two months nor one-and-a-half months would have been a suitable selection f| 
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The cashflows are now entered successively by showing the next available 
contribution register, keying a numerical amount, and then remembering to de- 
press | ENTER || | |. The just depressed | | | keystroke moves you from a con- 
tribution register to the frequency register indexed by the same number. It will be 
showing a frequency of 1, but if there are consecutive payments that are for an 
identical amount (perhaps 0), save yourself time and registers by keying in an 
appropriate frequency greater than 1, then depressing | ENTER || | |. 


EXAMPLE 1.7.12 Detailed instructions on the use of the Cash Flow 
worksheet and NPV subworksheet 


Problem: Suppose that Ivy receives payments of $300 three months from now 
and again at the end of seven months. Furthermore, she receives $1,500 at the 
end of each month starting nine months from now and continuing through two 
years from now. That is to say, she receives a payment of $1,500 ten months 
from now and these payments continue monthly, the last payment occurring 
twenty-four months from now. Find the net present value of these payments if 
the monthly interest rate is (1.04) 7 — 1, a rate that we will learn in Section (1.10) 
is equivalent to the annual effective interest rate 4%. 


Solution Take the basic time interval to be a month and let the present be 
t = 0. With these choices, consider the appropriate settings for the cashflow 
registers. 


e CFo = 0 since there is no payment at t = 0. 

e C01 = 0 and F01 = 2 since there are no payments at the ends of the first 
two months, that is to say at time t = 1 andt = 2. 

e C02 = 300 and F02 = 1 since there is a payment of $300 at the end of the 
next month (t = 3), and it is not repeated the following month. 

e C03 = 0 and F03 = 3 since there is no payment at the end of the next three 
months, that is to say at time t = 4, t = 5, and t = 6. 

e C04 = 300 and F04 = 1 since there is a payment of $300 at the end of the 
next month (t = 7), and it is not repeated the following month. 

e C05 = 0 and F05=2 since following the payment at t = 7, there are two 
successive months with no payment, namely t = 8 andt = 9. 

e C06 = 1,500 and F06 = 15 since there are 15 successive months (t = 
10, 11,..., 24) at the end of each of which there is a payment of $1,500. 


5If you know a little number theory, you might realize that the fact that the desired time 
increment is one month results from 3 and 5 having 1 as their greatest common divisor. 
In contrast, in our example where we used a three-month increment, there were non-zero 
cashflows at three, nine, and twelve months and the greatest common divisor of 3, 6, and 9 
is 3. 
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Graphically, we may show this as 


0 12 3 456 7 89 101112... 24. 
“NY YY “HY “SY” “SY YY Sa 
CFo=0 C01=0 C02=300 C03=0 C04=300 C05=0 C06=1,500 

ř0l=2  F02=1 řF03=3 F04=1i FOS =2 F06=15 


Note that in this schematic, the contributions CO1—C06 give you the amount of 
the cashflow at each of the times indicated above them, while F01—F06 each 
indicate the number of different times shown above them. 


The sequence of keystrokes that accomplishes the entry of the desired en- 
tries for CFo through F06 is as follows. Push | CF || 2ND | CLR WORK | to 
open the Cash Flow worksheet and set the entries of all the registers equal to 0. 
Key] {||| to move past CFo and C01 to F01. Next push | 2 | ENTER || | | . This 
enters 2 as the value of the F01 register and moves you on to the C02 register. 
You may take care of the C02 and F02 entries by pushing | 3 | 0 | 0 | ENTER || 4 


4|. Here you don’t have to enter the F02 entry because when you enter a 
nonzero entry into a C-register, it automatically changes the contents of the cor- 
responding F-register to 1. Next push | | || 3 || ENTER || {| |to fill the C03 and F03 
registers with 0 and 3, respectively, and move to the registers indexed by 4. Key- 
ing |3 |/0 || 0 || ENTER || | ||| takes care of these and moves you to index 5. 
(Once again you took advantage of the default frequency of 1 being entered for 
a nonzero contribution.) The values for the registers indexed by 5 are correctly 
assigned by depressing | 4 || 2 | ENTER | and you push | | to move to the reg- 
isters indexed by 6. Key} 1 || 5 || 0 || 0 | ENTER || 4 || 1 || 5 || ENTER | to fill these 
as indicated above. 


You now are ready to compute the desired net present value. This requires 
you to open the NPV subworksheet by depressing | NPV |. The subworksheet 
will show “I =” and you need to enter the interest rate (as a percent) per month. 
You were given a monthly interest rate of (1.04) 72 — 1. Enter this by pushing 


1f elol 4 }/y* |] 1}] 2 | 1/x} =- 1 |] =|] x |] 1 |} 0] 0] =|] ENTER |. 


Now, push | | || CPT | to move to the NPV register and compute (and enter) 
the net present value $21,876.34572 corresponding to the above payments. W 
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In our next example, we practice the skills introduced in Example (1.7.12) by 
recalculating the net present value of Example (1.7.11). The only new feature of 
this example is that we have a cashflow at t = 0. 


EXAMPLE 1.7.13 Cash Flow worksheet and NPV subworksheet 


Problem: As in Example {1.7.11}, Project 1 requires an investment of $10,000 at 

time 0 and an additional investment of $5,000 at t = 1. It returns $2,000 at t = 3 
and $6,000 at times t = 4, t = 5, and t = 6. Use the Cash Flow worksheet and 
NPV subworksheet to find the net present value of this project if the effective 
interest rate per basic time period is 4%. 


Solution The desired entries are given schematically [as in Example (1.7.12)] 
by 


0 1 2 3 456 

“MY “MY” “SY “SY “SS —” 
CFo=—10,000 C01=—5, w C02=0 C03=2,000 C04=6,000 

F0l= F02=1 F03=1 F04=3 


These may be achieved by keying 


CF || 2ND || CLR WORK || 1|/0//0 || 0 |} 0 || +/— || ENTER || 1 


5]/0]/0]o||+/-|| ENTERI, 1] 1 ]/1 ENTER | {| 2|/0]/0|/0 


ENTER ||| J |/6|/0]|/0|/o0 | ENTER || | || 3| ENTER |. 


Next push | NPV |. The calculator should now display “I = ”. Enter the inter- 


est rate of 4% by pushing | 4 || ENTER |, and subsequently depress | | | CPT |. 
Then 1,772.575351 is shown, and this is the net present value (in dollars). a 


On occasion you wish to revise the holdings of the cashflow registers without 
having to clear the worksheet and start anew. We next explain how this may 
be done efficiently. The procedure, which is described in (1) below, replaces a 
previously-entered register value with a new one; it works for any BA II Plus 
calculator register that allows entered (as opposed to computed) values. You 
may have already discovered this with the Date worksheet. 
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(1) To change the amount entered as the k-th cashflow, display the current 
value of that cashflow, and then key the desired value and push | ENTER |. 
Similarly, to change the frequency of the k-th cashflow, view the current value 
stored as the frequency, then key the desired frequency and depress 
ENTER |. 


(2) To delete the k-th cashflow and its accompanying frequency, display the 
current holding of that register and key | 2ND || DEL |. This will result in the 
previous k-th cashflow being removed. Any subsequent cashflows will be 
moved, along with their accompanying frequencies, to the registers with la- 
bels one less than those they previously occupied. For instance, if you delete 
the 5th cashflow, the old 6th cashflow (if any) becomes the 5th cashflow, the 
7th cashflow (if any) becomes the 6th cashflow, etc. 


(3) To insert a forgotten cashflow as the k-th cashflow and move any subse- 
quent cashflows to registers indexed by one more than those they previously 
occupied, first display the label for the k-th register along with its current entry. 


Then push | 2ND || INS | followed by the desired new numerical value of the 


k-th entry and| ENTER |. The frequency of this new entry will be entered as 


1. If this is not as desired, change it according to the instructions given in (1). 
Naturally you may only insert a new cashflow if all your cashflow registers have 
not already been filled. (The display will include “f4 DEL INS” when inserting 
is possible. If all the registers are full, the “INS” will be omitted.) 


1.8 SIMPLE DISCOUNT 


In Section (1.4) we considered two parties negotiating a loan with a fixed 
amount of interest per basic time period for each $1 borrowed. Suppose that 
we again consider two parties negotiating a loan, but this time they agree on 
a fixed amount of discount D per basic time period for each $1 borrowed. 
Then, if the loan period is [0,t] and $K is the loan amount, the borrower 
receives $K — $KtD = $K(1-—tD). In particular, the borrower receives $1 if 


K = (1—tD)~'. It follows that a(t) = (1—tD)~* = wn: Then the discount 


function v(t) = aw = 1-1D is linear. 


Momentarily, we will further examine the situation where the discount 
function v(t) is linear. We caution you that this is different from the accumu- 
lation function a(t) being linear. When a(t) is linear, say a(t) = 1+ st, the 
discount function v(t) = (1 + st)’ is a decreasing function that is asymptotic 
to the t-axis, hence is not linear. 
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Graph of v(t) = (1+ st)’ for s = .05 


If v(t) is linear, v(t) = me + b, we say that we have simple discount. 
In fact, since v(0) = an = 7 = 1, the discount function must then satisfy 
v(t) = mt + 1. To find m, we E two observations. First note that 


1 1 
1 — 1 = — = 
Nene Ry = eae 
Secondly, according to Equation (1.6.10), ra = 1 — dı. Therefore, m + 1 = 
1— dı, m = —dı, and 
v(t) = —dıt + 1. 


So the simple discount accumulation function is 


1 


a(t) = ae 


Ax(t) = aw is called the amount function for $K invested 
by simple discount at rate d. 


a(t) = a is called the simple discount accumulation func- 
tion at rate d. 


Then a(t) is an increasing function that is asymptotic to the line t = a 


Therefore, it only makes sense to talk about simple discount on the interval 
Cae): 
1 
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— a(t) 


sap arr ahs asymptote t=25 


Graph of a(t) = (1 — dıt)" for dı = .04 


We next want to see how simple discount might arise in real life. Let us 
suppose that we have a borrowing relationship with interest paid in advance 
and that this loan is to extend for more than one period. If all the interest 
is required to be paid at the beginning, the interest per period is d, and the 
loan lasts for a length of time t, then the interest on $1 is dt. We therefore 
get 1 — dt and are expected to repay 1 at time t. Hence, v(t) = 1 — dt, and we 
have simple discount. 


The scenario of the previous paragraph (which resulted in accumulation 
being governed by the simple discount accumulation function) is analogous to 
the situation in which you rent an apartment for several months (or years) 
and are expected to pay for the whole rental in advance. This is an unlikely 
rental arrangement except for short periods. 


1.9 COMPOUND DISCOUNT 


In Section (1.5) we considered what happens when the interest rate in = 
@n—1,n] is independent of n. We found that this forces us to have the com- 
pound interest accumulation function a(t) = (1+ 4)’. Now let us look at the 
consequences of stipulating that the discount function dn = din—1,n] is a con- 
stant d. 


If dn is a constant d, then recalling (1.6.11), we see that i, = 
is also constant. As usual we call this constant i. We then have 


(1.9.1) ji e, 
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and therefore 


(1.9.2) j=—-1. 


The constant d is called the effective discount rate for the basic time 
period. It is the effective discount rate for the interval [t — 1, t| for any positive 
integer t [see Equation (1.6.2)]. When the basic time period is a year, it is 
referred to as the annual effective discount rate. 

As demonstrated in example (1.9.3), if one is given d and wishes to com- 
pute i, it may be more efficient to use Equation (1.9.2) rather than Equa- 


tion (TZD. 


On the BA II Plus calculator, to convert from an effective discount 
rate d to an effective interest rate 7, enter d (NOT as a percent), then 
push 


+/—| |+ [2] |=] |2/*) [=] [2] [= 


to obtain ¿į (again NOT as a percent). 


EXAMPLE 1.9.3 Finding an effective interest rate equivalent to a 
given discount rate 


Problem: Given that the annual effective discount rate is 4.386286%, com- 
pute the annual effective interest rate 7 as a percent. 


Solution 1 Use formula (1.9.2) to obtain 7. On the BA II Plus calculator, push 


eolais isiel 2|/8]/6) +/—+])1]=]41/x|-lla}f= 


to display .045875072. Then i = 4.5875072%. 
Solution 2 Use formula (1.9.1) to obtain i. On the BA II Plus calculator, push 


1/0] 4 || 3]/ 8/6) 2/8 || 6 || STO || a || +/—- 


+11 =]}} 1/x || x || RCL] a] =|], 


thereby displaying .045875072. Then i = 4.5875072%. E 


Once it is known that i and d are constant, equation (1.6.12) gives 


(1.9.4) d= 
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That is, the amount of discount is the ratio of the interest 2 for the period 
divided by the amount 1 will have grown to at the end of the period. Two 
consequences of Equation (1.9.4) are 


(1.9.5) d = iv, 
and 

1 
(1.9.6) CS 


Note that by the definition of v as the reciprocal of 1 + i [Equation (1.7.6), 
it is immediate from (1.9.6) that 


(1.9.7) d=1-v and v=1-d. 


A verbal interpretation of Equation (1.9.5) is that d, the amount of discount 
on 1, is equal to the amount of interest on 1, discounted for one year by 
multiplying by the discount factor v. 

Equations and give formulas for calculating the effective 
discount rate from the effective interest rate. Just as Equation (1.9.2) is often 
more efficient than (1.9.1) for changing rates, many times Equation (1.9.6) 
leads more quickly to the interest rate than Equation (1.9.4). The reader 
might observe this by converting from i = .03263529 to d ~ .031603888. 


On the BA II Plus calculator, enter 2 (NOT as a percent), then push 


+| 11| |=) 11/x| |4+/—-] J+] J1} f= 


to obtain d (again NOT as a percent). 


EXAMPLE 1.9.8 Comparing interest and discount rates 


Problem: Cassandra needs to borrow money to pay her tuition. She has a 
choice of borrowing at an annual effective interest rate of 5.1% or at an annual 
effective discount rate of 4.9%. Which rate should she choose? 


Solution 1 Using Equation (1.9.1), an annual effective discount rate of 4.9% 
is equivalent to an annual effective interest rate of 7 2 = .0515. Since 
0515 > .051 = 5.1%, and it benefits the borrower to have a lower effective 
interest rate, Cassandra should borrow at the 5.1% interest rate. 


Solution 2 According to Equation (1.9.4), the annual effective interest rate 
i = 5.1% = .051 corresponds to an annual effective discount rate of Ta x 
.0485. Since .0485 < .049 = 4.9%, Cassandra should borrow at the 5.1% 
interest rate. This is because it assists the borrower of a loan to have the loan 


governed by a lower effective discount rate. a 
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EXAMPLE 1.9.9 Equation (1.9.7) is useful here. 


Problem: Radhika is guaranteed a payment of $5,000 in exactly four years. 
She needs $4,500 now in order to pay her tuition bill. The best loan Radhika 
qualifies for has a discount rate of 4.9% and requires repayment in exactly 
four years. Radhika can borrow the full $4,500, in which case she will owe 
$4,500(1 — d)~* = $4,500(.951)~* ~ $5,501.62 at the end of four years. She 
can repay this with her guaranteed $5,000 and an additional $501.62 that she 
will have to raise at the end of four years. Alternatively, Radhika may be able 
to sell her guaranteed $5,000 payment and use the proceeds from the sale to 
cover all or part of her tuition payment. How much should she be willing to 
sell her $5,000 payment for? 


Solution The present value of $5,000 four years from now with respect to 
a(t) = (1 +t = (1—d)-* = (1 — .049)-* is $5,0000(4) = $5,000v4 = $5,000 
(1—d)4 = $5,000(1 — .049)* ~ $4,089.705844. Radhika should be willing to sell 
her $5,000 payment if she is offered more than $4,089.70. For example, if she 
can sell it for $4,200, then Radhika will only have to borrow $4,500 — $4,200 = 
$300 now. In four years she would need to repay $300(1+7)* = $300(1—d)~* = 
$300(.951)~* ~ $366.77. Thus the amount she needs to raise after four years 
would be reduced from $501.62 to $366.77. a 


According to Equation (9-1), (1 — d)~' = 1 + i, and since a constant in 
forces a(t) = (1 +i)’, 


(1.9.10) a(t) =(1+i)° =(1-d)™. 


Equation tells us that compound discount at a discount rate d is 


equivalent to compound interest at an interest rate i = r 


The accumulation function a(t) = (1 — d)™* is called the com- 


pound discount accumulation function at discount rate d. It 
is equal to the compound interest accumulation function a(t) = 
(1 +i)t if i is the effective interest rate equivalent to d. 


When the accumulation function is a(t) = (1—d)~‘, if at time 0 you 
borrow $K at a discount and agree to repay it at time n, you walk away 
with $K(1—d)" of the lender’s money. The amount of discount for the loan 
is $[K — K(1 — d)”]. 

Another way of looking at the situation where you have constant dp is 
the following. At time 0 you ask the lender to allow you to borrow $K. Since 
the lender charges a discount rate of d per basic period, he initially views this 
inquiry as a request that you use $A(1—d) of his money from time 0 to time 
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1 and then you repay $K. However, you inform him that you wish to have a 
loan of longer duration. Consider first the case where this longer loan period 
is two basic time periods. The lender then thinks of your loan as a sequence 
of two loans, each for one basic time period, and you have promised to pay 
him $K at time t = 2. Since you will be paying the lender $K at time t = 2, 
the lender understands that you are owed $K (1 — d) at the beginning of the 
second period, that is to say at time t = 1. Rather than actually paying you 
this $K(1 — d), he will forgive you $AK(1— d) that you would otherwise be 
required to pay him. This latter $K(1 — d) is the amount you would owe at 
t = 1 if the lender loaned you $K(1—d)” at t = 0. Thus, if you borrow $K 
from t = 0 to t = 2 at a discount rate d, you will receive $K (1 — d)? at t = 0. 
The situation for a two-period loan is represented in Figure (1.9.11). 


get $K(1—d)? pay $K(1—d) 
get $K(1—d) pay $K 


0 i 2 


FIGURE (1.9.11) 


More generally, if the loan lasts k basic time periods, the lender thinks of 
your loan as a sequence of k loans, each lasting one basic time period. As is 
suggested by Figure (1.9.12), the amount you receive at t = 0 is $K (1 — d)*. 


get $K(1-d)* pay $K(1-d)*-1 
get $K(1—d)*-! 


FIGURE (1.9.12) 


EXAMPLE 1.9.13 


Problem: Ezra has the opportunity to borrow money according to compound 
discount at an annual effective discount rate of 8%. He would like to borrow 
money in order to completely pay for a $3,000 used piano. Ezra wishes to 
repay the loan with a payment in exactly five years. How much money must 
he ask to borrow at 8% discount? 
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Solution Let $K denote the amount Ezra requests to borrow for five years 
at 8% discount. Then the amount he receives is $A (1 — .08)° = $K(.92)°. In 
order for this amount to be $3,000, it is necessary that K = 3,000(.92)~° ~ 
$4,551.79. Since $4,551.79(.92)° ~ $3,000.000686, if Ezra borrows $4,551.79 
for five years at 8% discount, he receives exactly $3,000. E 


1.10 NOMINAL RATES OF INTEREST AND DISCOUNT 


Suppose that we have an investment governed by compound interest. This 
means that if į is the applicable effective interest rate for the investment, then 
the growth of the money is governed by the compound accumulation function 
a(t) = (1 +i) = 1+ [(1 +i) — 1]. Therefore, 1 invested for a period of length 
T earns (1 + i)” — 1 interest. The quantity [(1 + i)’ — 1] may be thought of as 
the effective interest rate for a period of length T. In particular, the effective 
interest rate for a period of length T = + is [(1+ i)m — 1]. 

Banks commonly credit interest more than once per year, say m times per 
year. They advertise a nominal (annual) interest rate of i”) convertible 
or compounded or payable m times per year] The word “nominal” 
means “in name only,” and this is indeed the case. The bank pays interest 


im) 


at a rate of per m-th of a year. But we just observed that the rate for 


m 
such an interval is [(1 + ¿)™ — 1]. We therefore have the following important 
statement. 


IMPORTANT FACT 1.10.1 
If an account is governed by a nominal interest rate of i”) payable 
m times per year, the bank pays interest at a rate of = = 


(1+ i)™ — 1} per m-th of a year. 


Observe that it follows from the equation of Fact (1.10.1) that 


(1.10.2) i = ml(1+i)™ — 1], 
and 
germ \ ™ 
(1.10.3) i= (1 $ 25 =i; 
m 


There is a nice way to visualize why Equation (1.10.3) must hold. Money 
i0) 


grows by a factor of 1 + each m-th of a year, and it therefore changes by 


m 


6You may see APR, which is an acronym for “annual percentage rate,” used to indicate 
a nominal rate. 
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gem) 


a factor of (1 Fer j” each year. This implies that 1 +i = (1 + my)" and 
this equality is essentially Equation (1.10.3). 

Banks are required to report the rate 7 as the “annual percentage yield” 
or APY. It follows from the binomial theorem and equation (1.10.3), that if 
m is an integer greater than 1 and i”) > 0, then i > i(”). This is as it should 
be since if compounding takes place more frequently, interest earns interest, 
and the stated rate i”) need not be as large as i. 


EXAMPLE 1.10.4 


Problem: National Bank advertises a savings account paying 4% nominal 
interest compounded quarterly. What is the annual effective yield APY for 
this account? 


Solution To say that the account pays 4% interest compounded quarterly 
means that the interest rate per quarter is 4% = 1%. Therefore the annual 
effective yield is (1.01)* — 1 = 4.060401%. = 


EXAMPLE 1.10.5 Varying rates 


Problem: Sandra inherits $10,000. She deposits it in a five-year certificate 
of deposit paying 6% nominal interest compounded monthly and the interest 
remains on deposit. At the end of the five years, Sandra decides to renew her 
CD for another five years at the then current nominal interest rate of 7.5% 
compounded quarterly. Again, interest is left to accrue. At the time her second 
CD matures, what is her investment worth? 


Solution The interest rate on the first five-year CD was 6% convertible 


monthly and there are 5 x 12 = 60 months in five years. Therefore, at the time 
her first CD matured, it was worth $10,000(1 + aay [Each month the inter- 
.06 


est rate is £, so each month the balance grows by a factor of (1 + 2). The 


original balance was $10,000, so after sixty months it is $10,000(1 + 28)°°] So, 


Sandra’s initial deposit to open her second five-year CD was $10,000(1+ -£ ie 
The interest rate for the five-year reinvestment was 7.5% nominal convertible 
quarterly, and there are 5 x 4 = 20 quarters in five years. It follows that when 
Sandra’s second CD matures, it has a value of $10, 000(1+ cae (14 ae N 
$19,557.63. 


Note: At the time that the money was transferred to the second CD, 
the balance was $10,000(1 + 28)" ~ $13,488.50153. At that point, the bank 
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might have rounded it to the nearest cent. In this case her final balance would 
be 


075 \ 7° 
$13,488.50(1+——) = $19,557.62394 ~ $19,557.62, 


a penny less than it would have been without the rounding. a 


EXAMPLE 1.10.6 Unknown rate 


Problem: Vladimir deposits $50,000 in a three-year certificate of deposit for 
which interest is compounded quarterly and is left to accrue. At the end of 
the three years, the balance in the CD is $63,786.11. What is the nominal 
annual interest rate i) convertible quarterly? 


Solution The three years that the aes j on deposit consists of 3x4 = - 


quarters, and the quarterly interest rate is * . Therefore $50,000(1 + as Oo" = 


$63,786.11 and i = 4[(S32786-"1) > — 1] ~ 082000004 ~ .082 = 8.2%. m 


EXAMPLE 1.10.7  i®™ for m not an integer 


Problem: Jolene invests money in a fund for which interest is paid once 
every two years. The effective rate per two-year period is 14%. Find the nom- 
inal interest rate convertible biennially] and the annual effective interest rate 
governing the fund. 


1 
Solution We are asked to find i(2) and also i. 14% = © so iè) = 7% and 


i 
2 


1.14 = (1 + i)? so i = (1.14)? — 1 ~ .067707825 ~ 6.77%. E 


Just as banks might advertise nominal interest rates when the interest pe- 
riod is other than a year, you might be presented with nominal discount rates 
when the discount period is other than yearly. More specifically, you might 
be offered a nominal discount rate d‘”) convertible or compounded 
or payable m times for year. Then the year is divided Bnr m i abriter 


of equal length, and the discount rate per each subinterval is —<—. It follows 
that 
d ™ d ™ 
(1.10.8) 1-a=(1-") and a=1-(1- ) | 
m m 


T Biennially means once every two years. Semiannually means twice a year. The word 
biannually is sometimes used as a synonym for biennially and other times as a synonym for 
semiannually. We will not use biannual. 


50 Chapter 1 The growth of money 


Therefore, 


(1.10.9) d™ = ml — (1— d)*]. 


Just as we derived formula (1.6.7), we can show that 


(m) (m) 
(1.10.10) (1 d ) (1 HŽ ) =1. 
m m 


This is equivalent to 


(m) go) gn) go) 
(1.10.11) o=- 2 —, 


m m m m 


from which one easily obtains 


;(m) a” qm) 
1 a m (m) _ 


re im) 
moo Leea 1+4 


m 


It is also worth noting that if n and p are integers, since Equations (1.10.3) 
and (1.10.8) hold for any integer m, 


(n) N” (p)\~P 
(1.10.14) CES =14i=(1-0 = (1-25) . 
n 


This equation is useful for converting between a nominal interest rate and 
a nominal discount rate, perhaps having different compounding frequencies. 
We shall illustrate this in Example (1.10.17). 


EXAMPLE 1.10.15 


Problem: Trust Bank offers a savings account with a nominal discount rate 
of 4.8% payable monthly. Find the annual effective rate of interest 7 and the 
annual effective rate of discount d. 


Solution Note that É> = 48% = 4% = .004. It follows that 1—d = 


(1 — 4") = (1 — .004)!2 = (.996)!2 and d = 1 — (.996)!2 ~ .046957954 ~ 
4.7%. Therefore, 1 +i = (1—d)~* = (.996)~!2 and i = (.996)7 2 —1 ~ 
4.927165%. E 
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We observe that, in Example (10.15), i > d“@?) > d. In general, d™ >d 
for m > 1 since with more frequent discounting, discount is discounted and 
the stated rate d™) must be larger than d. Moreover, recalling (1.10.13), we 
see that 

yim) 
1+8 
provided i(”) > 0. Also, as noted following Equation (10.3), i > i” when 
i”) > 0. Finally, it follows from that i” > 0 if and only if i > 0. 
We therefore have 


d™ = 


i0) 


IMPORTANT FACT 1.10.16 
Ifi > 0 and m > 1, then 


i> i™ >d™ >d. 


Sometimes one is presented with a problem whose solution might be ac- 
complished most easily by converting between an interest rate (possibly nom- 
inal) and a discount rate (again possibly nominal) or vice versa. 


EXAMPLE 1.10.17 
Problem: Given that d“) = 4.6%, find i@?), 


12 


, 12 —4 

Solution Equation (1.10.14) tells us that (1+ E) = (1- a) i 
si = 

Consequently, 1+ 4 = (1-2) "* ana i09 = 12 (1 a0) al, 


4 
If d@% = 4.6%, then this gives us i?) = 4.6355852%. E 


The BA II Plus calculator has an Interest Conversion worksheet that can 
be used to change from an effective interest rate to an equivalent nominal interest 
rate or from a nominal interest rate to an equivalent effective interest rate. To 
open this worksheet, push | 2ND || ICONV |. At this point the display will show 
“NOM= ”. 


Suppose that the Interest Conversion worksheet is open and dis- 
plays “NOM = ”. To find an effective interest rate equivalent to a 
given nominal interest rate i‘), push calculator buttons to display 
the numerical value of i”) as a percent and then push) ENTER | + 
at which time the display will show “C/Y =  ”. Push calculator but- 
tons to display the numerical value of m and then push | ENTER 


t|, at which time the display will show “EFF = ”. Push | CPT}. 
The equivalent effective interest rate is then displayed as a percent. 
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EXAMPLE 1.10.18 


Problem: Use the BA II Plus calculator Interest Conversion worksheet to find 
an annual effective interest rate equivalent to a nominal rate of interest of 6% 
convertible quarterly. 

Solution Push 

2ND || ICONV || 6] ENTER || t || 4 || ENTER || t || CPT |. 


Displayed is now the desired effective rate as a percent, namely 6.136355063%. 
a 


If you have an effective interest rate and desire an equivalent nominal rate, 
proceed by pushing | 2ND || ICONV | to open the worksheet, then push | | | so 
that“EFF =  ” is displayed. 


Suppose that the Interest Conversion worksheet is open and dis- 
plays “EFF = ”. To find a nominal interest rate convertible m times 
per period that is equivalent to an effective interest rate z for the 
period, push calculator buttons to display the numerical value of i 
as a percent and then push | ENTER || | |, at which time the display 
will show “C/Y = ”. Push calculator buttons to display the numerical 
value of m and then push | ENTER || | |, at which time the display 


will show “NOM = ”. Push | CPT |. The equivalent nominal interest 
rate convertible m times per year is then displayed as a percent. 


EXAMPLE 1.10.19 


Problem: Use the BA II Plus calculator Interest Conversion worksheet to 
find a nominal interest rate convertible bimonthly that is equivalent to an annual 
effective interest rate of 3%. 


Solution Push 


2ND | ICONV | | |/3| ENTER | J l6 || ENTER ||| || CPT]. 


Displayed now is the desired nominal rate as a percent, namely 2.963173219%. 
a 


The Interest Conversion worksheet may also be used for discount rates, 
more specifically to change from an effective discount rate to an equivalent nom- 
inal discount rate or from a nominal discount rate to an equivalent effective 


8We will always use bimonthly to mean once every two months. When we wish to 
indicate twice a month, we use semimonthly. 
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discount rate. To figure out how this should be accomplished, note that Equa- 
tion (1.10.8) can be rewritten as 


— gim)y\™ 
(1.10.20) a=1- (1+ E) 
m 
and equation (1.10.9) may be rewritten as 
(1.10.21) d™ = —m[((1+ (—d))* — 1)]. 


Comparing Equation (1.10.20) with Equation and Equation with 
Equation (1.10.2), one sees that an equivalent rate may be found for discount 
rates just as for interest rates except for the need for minus signs just after a 
discount rate is entered and just before the equivalent rate is found. 


Suppose that the Interest Conversion worksheet is open and dis- 
plays “NOM = ”. To find an effective discount rate equivalent to a given 
nominal discount rate d‘”), push calculator buttons to display the nu- 
merical value of d% as a percent and then push | +/— | ENTER || + |, 
at which time the display will show “C/Y = ”. Push calculator but- 
tons to display the numerical value of m and then push | ENTER || f|, 


at which time the display will show “EFF = ”. Push} CPT || +/— |. The 
equivalent effective discount rate is then displayed as a percent. 


EXAMPLE 1.10.22 


Problem: Use the BA II Plus calculator Interest Conversion worksheet to find 
an annual effective discount rate equivalent to a nominal rate of discount of 4% 
convertible semiannually. 


Solution Push 


2ND |ICONV || 4 || +/— || ENTER || t || 2 


ENTER || + || CPT || +/— |. 


Displayed is now the desired effective rate as a percent, namely 3.96%. a 
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Suppose that the Interest Conversion worksheet is open and dis- 
plays “EFF = ”. To find a nominal discount rate convertible m times 
per period that is equivalent to an effective discount rate d for the 
period, push calculator buttons to display the numerical value of d 


as a percent and then push | +/— || ENTER || J |, at which time the 


display will show “C/Y = ”. Push calculator buttons to display the 
numerical value of m and then push | ENTER || | |, at which time the 
display will show “NOM = ”. Push | CPT || +/— |. The equivalent 


nominal discount rate convertible m times per year is then displayed 
as a percent. 


EXAMPLE 1.10.23 


Problem: Use the BA II Plus calculator Interest Conversion worksheet to 
find a nominal discount rate convertible monthly that is equivalent to an annual 
effective discount rate of 7%. 


Solution Push 


2ND | ICONV J 4 || 7 || +/— | ENTER || | |112 


ENTER || | cpt | +/-|. 


Displayed is now the desired nominal rate as a percent, namely approximately 
7.235169679%. E 


Sometimes one wishes to convert between two nominal rates. If one of 
these is a discount rate and the other an interest rate, it is easiest to convert 
without using the special Interest Conversion worksheet of the BA II Plus 
calculator. If both the rates are interest rates or both are discount rates, 
the Interest Conversion worksheet may be used as may the equations of this 
section. 


EXAMPLE 1.10.24 
Problem: Given that i©) = 3.2%, find i. 


Solution 1 (Interest Conversion worksheet) Key|2ND || ICONV | to open 
the Interest Conversion worksheet. Follow this by pressing the sequence of keys 
3]/¢ || 2 || ENTER || 1 || 5 || ENTER ||t || CPT | to obtain the intermediate re- 


sult “EFF= 3.241222984”. Next push || || 7 | ENTER || 4 || CPT |. The display 
should show “NOM = 3.197082281”. 
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“Ao AT 
Solution 2 According to Equation (1.10.3), (1 + i?) = (1 + £=) . So, 


WE (1 + ie) Ta | . When i®) = .032, this gives i ~ 3.197082281%. 


(You may obtain this by the twenty-three key sequence | « || 0 || 3 


2}/ =| 5] =| + 1] = |i y* 5 =| y* |] 74] 1/« | = - 1 =|) x |) 7H =], 


where some of the | =| keys are not necessary.) E 


1.11 A FRIENDLY COMPETITION (CONSTANT FORCE OF INTEREST) 
(calculus needed here) 


Let us assume that we have compound interest at an annual effective rate 
of i > 0. Further suppose that m and p are positive integers, with p > m 
and that the nominal rates i”) and i) are each equivalent to the effective 
rate i. Then i) < i(™ because when we compute interest p times per year, 
there is more compounding of interest than when we compute it m times per 
year. This additional compounding means that in order to produce the same 
effective interest rate i, we need a lower nominal rate i). The inequality 
i) < i(™ can also be derived using calculus [see Problem (1.11.4)]. 

As m increases, i decreases. The following argument uses calculus to 
show that i” gets closer and closer to the number 6 = ln (1 + i) as m grows 
without bound. Recalling equality (1.10.2) 


i”) =m((1+a™ — 1), 
and l’Hospital’s rule, we may find the limit of the sequence {i}. 
lim i) = lim m((1+i)™ — 1) 


m— oo m— oo 


= ( lim cy) = jim (1+é)* In(1 +i) (=m?) 


m— oo A. m—-oo —m-2 


= lim (1+4)* In(1 +i) = lim In(1 +i) =In(1 +i). 


m— oo m—> oo 


We use the letter ô to denote this limit, and refer to it as the force of interest. 
We have shown that 


(1.11.1) 6= lim i™ = n(1 +i). 


m— co 


Equivalently, 


(1.11.2) i=e—1 and e& =1+i. 
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Since we have compound interest at an effective rate i, a(t) = (1 +i)* and 
(1.11.2) yields 


(1.11.3) a(t) = e”. 


This limiting process is rather abstract. We wish to visualize how it may occur 
in real life. Imagine that there are two banks competing hard for depositors. 
Bank A advertises that it pays 5% annual effective interest. Bank B decides 
to offer a better deal, namely 5% nominal interest convertible quarterly. This 
is equivalent to an annual effective interest rate of (1 + =, — 1 ~ 5.0945%. 
Not to be bested, Bank A changes its accounts to pay 5% nominal interest 
convertible monthly. This is equivalent to an annual effective interest rate 
of (1+ Dja — 1 ~ 5.1162%. Bank B continues the competition by offering 
5% nominal interest convertible daily. In a nonleap year, this is equivalent 
to an annual effective interest rate of (1 + au — 1 ~ 5.1267%. Finally, in 
order not to be surpassed in this competition, at least at a 5% rate of interest, 
Bank A offers 5% nominal interest convertible continuously. Recalling (1.11.2), 
the equivalent annual effective interest rate is i = e% — 1 ~ 5.1271%. 

We note that the effective interest rates corresponding to nominal rates 
of 5% convertible daily and 5% convertible continuously are very close. Con- 
tinuous compounding is sometimes used to approximate daily compounding. 

The discussion in this section has involved nominal interest rates. How- 
ever, ô may also be realized as a limit of nominal discount rates. To see this, 


note that (LILI) implies that limmo (1 i 
recalling (LILI) and (LITIJ, 


) = 1. Consequently, again 


m 


;(m) 
(1.11.4) lim d™ = lim (=>) = lim i =ő. 


m—> oo m— oo 


Since {i} is decreasing and {d‘™} is increasing, we deduce from the 
limits limmo i™ = ô and limmo d() = 6 that 


MY) >6>a™, 


We can thus extend the ordering (1.10.16) to 


IMPORTANT FACT 1.11.5 
Ifi >0 and m > 1, then 


i>i™ s6>d™ >d. 
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In this section we have assumed that we had a compound interest accu- 
mulation function. Before moving on to consider the force of interest when 
you have a general accumulation function, we consider two examples. 


EXAMPLE 1.11.6 


Problem: Estelle deposits $12,500 in a four-year certificate of deposit at 
Community Trust Bank. If the annual percentage yield (APY) is 4.235%, find 
the nominal interest rate 6 convertible continuously. 


Solution We are given that i = 4.235%. So, Equation (1.11.1) gives us 
ô = In(1.04235) = .041477779. As expected [see Fact (1.11.5)], 6 < i. a 


The expression “money grows at r% compounded continuously” 
means that the force of interest 6 is numerically equal to r%. 


EXAMPLE 1.11.7 


Problem: Money at Swift National Bank grows at 3.8% compounded con- 
tinuously. Rafael Ortiz closed his savings account at Swift exactly three years 
after he opened it, and he received his balance which was $24,812. Mr. Or- 
tiz made a $6,500 deposit exactly one year after he opened the account, but 
he made no other deposits or withdrawals except for an unspecified opening 
deposit X. Find X and his balance exactly two years after he opened the 
account. 


Solution We are given that 6 = 3.8% so a(t) = e°**. At the time the ac- 
count was closed, the $6,500 deposit has grown to $6,500 ae) = $6,500e:°"6, 
and the initial deposit X has accumulated to Xe°°8*? = Xe, So, 
$24,812 œ $6,500e°7 + Xe14, and X = e~-1!4($24,812 — $6,500e°76) = 
$15,881.07029. X must be an integral number of cents so X = $15,881.07. His 
balance at the end of two years was $15,881.07a(2)+6,500 a} =$15,881.07e:076 
+ 6,500e°%% ~ $23,886.83. This balance may also be found by computing 
$24,812 = $24,812¢~ 098 ~ $23,886.83. E 


1.12 FORCE OF INTEREST 
(calculus needed here) 


Suppose that you want to measure how well an investment is doing near a 
particular point in time, say time t. The interest rate for the unit interval 
[t,t + 1] is we However, if the interest rate varies a lot, this interest 
rate may not give a good idea of what is happening at the instant t: that is, it 
may not be helpful for determining how money grows on very short intervals 
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containing t. Suppose that instead of looking at [t,t + 1], you let m denote 
a positive integer and look at the interval [t,t + +]. Then oleh lols) is the 
interest rate for your interval of length + , hence corresponds to the nominal 


interest rate (=, r)a 2) /i= = m (ta ae ) . As the integer m under 


consideration TR this nominal interest rate convertible m times per 
basic period represents a better and better approximation to the interest rate 
at time t. As m tends to infinity, + tends to 0 and 


bes ra m) L _ (2a) 


t a(t) 


al ah can be thought of as a nominal interest rate convertible 


continuously that describes the performance of the investment at the instant 
t. We call the ratio ae the force of interest 6; at time t. 


tend to 4 a y- 


(1.12.1) rsa 


Note that if money grows by compound interest, you have the force of 
interest 6 from Section (1.11) as well as the newly defined force of interest ô+. 
This is acceptable since, as we will verify in Example (1.12.4), when you have 
a compound interest accumulation function, 4; = 6 for all t. 


EXAMPLE 1.12.2 6, for simple interest 


Problem: Suppose that you have simple interest at a rate r. Find the force 
of interest ô+. 


Solution The accumulation function is a(t) = 1+rt. Therefore, 6; = * 


r 
1+rt* a 


EXAMPLE 1.12.3 6, for simple discount 


Problem: Suppose that you have simple discount at a rate d. Find the force 
of interest ô+. 


Solution The accumulation function is a(t) = (1 — dt)~*. So, & = a = 


0-4)? (-d) _ d 
(i—dt)=! 1—dt’ a 


While the force of interest may vary with ¢ (as it does in our examples 
with simple interest or simple discount), the next example shows that under 
compound interest, ô+ is equal to the constant ô of Section (1.11). 
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EXAMPLE 1.12.4 ô: for compound interest 


Problem: Suppose that you have compound interest at a rate i. Find the 
force of interest 6, as a function of i. 


Solution The accumulation function is a(t) = (1+ 4)’. Therefore, 


OR EDE +) 
ema sae 


Recalling (0.11.1), 
6 =n(1+i) = lim i™ = ô. 


m—> oo 


The definition (1.12.1) of the force of interest 6; tells you how to obtain 


ôr from the accumulation function a(t). Observe that the ratio oe is equal 


to the derivative £(Ina(t)). Therefore, 


(1.12.5) ô = (in a(t)). 


This gives us a second formula with which to calculate the force of interest 
ô, from a given accumulation function a(t). 


EXAMPLE 1.12.6 Finding ô; from a(t) using 
Problem: Suppose a(t) = (1.05) #(1.04) * (1.03) *. Find 6;. 
Solution According to (L.12.5), 


d d t 2 8 
ô: = > (Ina(t)) = ata ((1.05) 2 (1.04) 5 (1.03) 5 )) 
d (t t? t3 
= (5 In(1.05) + a In(1.04) + T in(.03) ) 
2 
= 5 m(1.05) + * (1.04) 4 “> (1.03) 


i 
2 


=In ((1.05) 3 (1.04) ¥ (1.03) ). 

a 

We next learn how the accumulation function a(t) may be found if the 
force of interest function 6; is known. 


It follows immediately from the definition of the force of interest at time r 


that if r € [0, t], then ô, = an = # Ina(r). (Note that r € (0, t] is a standard 
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notation denoting that r is in the set [0, t], and more generally s € S means 
that s is an element of the set S. We will henceforth use the symbol € without 
comment.) Integrating over the interval [0, t] you obtain 


f E f ' £ in (alr))dr 


Now by the Fundamental Theorem of Calculus, i # Ina(r)dr = Ina(t) — 
In a(0). Since a(0) = 1 and In1 = 0, this gives us 


t 
f ôrdr = Ina(t). 
0 


Consequently, 


(1.12.7) a(t) = elo rar, 


EXAMPLE 1.12.8 Finding a(t) from ô: 


eae Suppose 64 = xy: Find the corresponding accumulation function 
a(t). 


Solution Note that 


t t 3 t 
6,dr = dr = —ln(1 —- 3 
I r f E r n( r) 


= —In(1 — 3t) + n1 = —In(1 — 3t) = In ((1 — 3¢)'). 


Therefore 
a(t) = elo ôrdr _ elm ((1—3t)~*) = (1 _ 3t) 1. 


This is the accumulation function for simple discountat a rate of 300% per 
basic period. a 


1.13 NOTE FOR THOSE WHO SKIPPED SECTIONS (1.11) AND (1.12) 


Imagine that there are two banks competing hard for depositors. Bank A 
advertises that it pays 5% annual effective interest. Bank B decides to offer a 
better deal, namely 5% nominal interest convertible quarterly. The reason that 
this is a better deal is that there is more frequent compounding, and therefore 
more earning of interest by previous interest. The nominal interest rate of 
5% convertible quarterly is equivalent to an annual effective interest rate of 
(1+ 05" — 1 ~ 5.0945%. Not to be bested, Bank A changes its accounts to 
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pay 5% nominal interest convertible monthly. This is equivalent to an annual 
effective interest rate of (1+ iby — 1 5.1162%. Bank B continues the 
competition by offering 5% nominal interest convertible daily. In a nonleap 
year, this is equivalent to an annual effective interest rate of (1 + ee — 
1 ~ 5.1267%. Finally, in order not to be surpassed in this competition, at 
least at a 5% rate of interest, Bank A declares that it offers 5% nominal 
interest convertible continuously. That is, they say they will compound 
interest constantly, and this is the limiting case of compounding more and 
more frequently. Calculus is the mathematics of limits, so it takes calculus to 
analyze to what annual effective rate of interest this continuous compounding 
is equivalent. In fact, it is equivalent to an annual effective interest rate of 
i = e% — 1 x 5.1271%. 
More generally, 


A nominal interest rate of 6 convertible continuously is equivalent 
to an annual effective rate of i = ef — 1. When these equivalent 


rates govern the growth of money, a(t) = (1 +i) = e% and v = 
1 =) 


The constant 6 is called the force of interest. 
Alternatively, we may start with an annual effective interest rate and look 
for an equivalent force of interest (nominal rate convertible continuously). 


An annual effective interest rate of i is equivalent to a nominal 
rate of interest 6 convertible continuously where ô = In(1 + i). 


EXAMPLE 1.13.1 


Problem: Swift Bank promises 3.5% interest compounded continuously. If 
Ken deposits $3,000 in Swift Bank, what will his balance be four years later? 


Solution At Swift Bank, ô = .035, a(t) = e% = e°35', and Ken’s balance 
after four years is $3,000e°9°)4 ~ $3,450.82. E 


1.14 QUOTED RATES FOR TREASURY BILLS 


Practical applications of simple interest and simple discount may be limited, 
but they do exist. The rates for short-term loans to the United States federal 
government and the Government of Canada are quoted using simple discount 
and simple interest, respectively. 

When an individual or a small business needs to borrow money, it often 
turns to a commercial bank or a savings and loan institution. However, if 
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a country’s government needs a loan, the amount it needs is often much too 
large for one or even several banks to lend. Instead, a government borrows from 
numerous entities, each of which can designate an acceptable loan amount. 

A Treasury bill (T-bill) is a short-term debt obligation issued by a 
government. By short-term, we mean that the term of the loan is one year 
or less. The buyer of the Treasury bill pays the issuer an amount called the 
price (or cash price) of the Treasury bill. In exchange, the issuer agrees to 
pay a specified amount (called the maturity value or face value) to the 
owner of the Treasury bill on a specified date (called the maturity date). 
The difference between the price and the maturity value is the interest earned. 
The price of a Treasury bill is calculated using a quoted rate. Hence, the 
quoted rate of a Treasury bill indicates how attractive the purchase may be 
to the buyer, just as a loan’s interest rate would for a lender. 

Let the maturity value of a Treasury bill be denoted by F and the price 
by P 


IMPORTANT DEFINITION 1.14.1 

The quoted rate of a United States Treasury bill is given 
by 

—P 360 

F x Days to maturity 


F 
Quoted Rate = 


Important Definition (1.14.1) can be rewritten as 


(1.14.2) = P 
l l E Days to maturit: 
1 — (Quoted Rate)“ 
or equivalently 
D t turit 
(1.14.3) P = F |1 — (Quoted Rate) ays to maturity 


360 


Readers should recognize the simple discount accumulation function in Equa- 
tion (1.14.2) where the quoted rate is the simple discount rate and time 0 
is the time of purchase. However, (Days to maturity) is not equal to the exact 
time of maturity in years; the typical gear has 365 days instead of 360 while 
the numerator is the actual number of days until maturity. (You may have 
recognized this as the actual/360 method from Section (1.4).) 

Another way to look at Important Definition (1.14.1) is as a nominal dis- 
count rate, although again, the time is given in actual/360 instead of the exact 
time. 
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EXAMPLE 1.14.4 


Problem: Osita purchases a newly issued U.S. Treasury bill that will mature 
in 91 days for its face value of $10,000. His price is $9,955.76. What is the 
quoted rate, and what is the annual effective interest rate for the 91-day 
investment? 


Solution The quoted rate is 340:000-89.955.76 x 360 ~ 1,7502%. Let i denote 
$10,000 91 ; 

the annual effective interest rate. Assuming there are 365 days in a year, we 

have 


$9,955.76(1 + )°!/36 = $10,000. 


Solving for i gives us 


_ ( $10,000 


365/91 
eee — 1 ~ 1.7943%. 
aon) Geen 


IMPORTANT DEFINITION 1.14.5 
The quoted rate of a Treasury bill issued by the Govern- 
ment of Canada is given by 


F-P 5 365 
P Days to maturity 


Quoted Rate = 


Imporant Definition (1.14.5) can be written as 


Days to maturity 
365 


(1.14.6) F = P |1 + (Quoted rate) 


This time, the a n recognize the simple interest accumulation func- 
tion in Equation (I . Here, the expression (Days to maturity) is the actual 
time until mar: in ae for a typical year with 365 days. 

Another way to interpret Important Definition (1.14.5) is as a nominal 
interest rate convertible m times per year where m = 365/(Days to maturity). 
It is worth noting that some Canadian Treasury bills are issued in U.S. dollars 
instead of Canadian dollars. 


EXAMPLE 1.14.7 


Problem: Denis purchases a newly issued Treasury bill issued by the Gov- 
ernment of Canada that will mature in 91 days for its face value of $10,000. 
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The price is $9,955.76. What is the quoted rate and what is the annual effective 
interest rate for the 91-day investment? 


Solution The quoted rate is $10000759,955.76 x 365 ~ 1.7823466%. The an- 


nual effective interest rate 7 satisfies 


$9,955.76(1 + i)91/3% = $10,000 


which gives i ~ 1.7943%. a 


Treasury bills belong to a more general class of financial tools called bonds 
that governments and corporations use to raise funds. We will study bonds in 
Chapter 6. 


1.15 INFLATION 


In Section (1.2) we introduced units of money, saying that we would usually 
take these to be dollars. But what exactly does one mean by a dollar? A 
dollar at the beginning of the year 2015 was worth — that is, had the same 
purchasing power as — only about 82 cents in January 1, 2005 dollars and 
about 64 cents in January 1, 1995 dollars. So, if a loaf of bread cost 82 cents 
in 2005, the price of a comparable loaf in the year 2015 might be about one 
dollar. Put another way, it would take approximately Po z~ 1.22 dollars in 
2015 to buy what you could buy for one dollar ten years earlier. This loss of 
purchasing power per dollar (or other monetary unit) is called inflation. 

Inflation is formidable to measure because it gives the increase over time 
of a vague economic function, the price level function p(t). Focus on an interval 
of time [t,, t2]. Analogously to how the effective interest rate ij, +a} was defined 
[see (1.3.5)], the inflation rate should be defined by 


p(t2) — p(t) 


1.15.1 = 
( ) "Tea p(t1) 


However, it is unclear how best to define p(t). Usually the price of some well- 
defined “basket of goods” is taken to define p(t), say the “basket of goods” 
used to calculate a national Consumer Price Index), But, for a particular 
investor, a price index of a specialized segment of the economy might be more 
relevant. 

To analyze the impact of inflation on investments, consider the following 
illustration. Suppose that Marcel has $D now and that he could currently 
purchase u units of some good with his money. That is, each dollar could be 
used to purchase + units of the good. If the inflation rate over one unit of time 


°In the United States, the Consumer Price Index is calculated by the Bureau of Labor 
Statistics. 
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is r, then one unit of time later, the cost of the u units would be (1+7r)$D and 
one dollar would buy T FJS p units. If Marcel invests the $D for one unit of 


time at an effective interest rate 7, then it will have grown to (1+%)$D, which 
would then be able to buy [(1 + i)$D) ; units. So, Marcel’s purchasing 
iti 


Frys D 
power has changed from u units to 7>-u units. Since this occurred over a time 
interval of one unit, Marcel’s inflation adjusted (or real) interest rate j on 
his investment satisfies 


1+% 
1.15.2 1+j= 
( ) Bt coke (rae 
and this is equivalent to 
i-r 
1.15.3 — . 
( ) $ 1l+r 


To emphasize that j, r, and i are effective rates over a period of time, say, 
the time interval [t,, t2], we can write jit, ta} T[t,,t], and ijt ta] instead. Then, 
Equations (1.15.2) and (1.15.3) would be written as 


l 1 fit ta] 
1.15.4 : T Tiesa 
j + J[ty ,te] 1+ tit ,t2] 
and 
. Tita to] ~ Miate] 
1.15.5 eel 
) J [ts ,t2] TF Tti ,t2] 


EXAMPLE 1.15.6 Inflation that was experienced 


Problem: The inflation rates experienced for years 2015 and 2016 were 
1.37% and 2.50%, respectively. The stated annual interest rate for Mrs. Choi’s 
account was 2.84% during 2015, 3.27% during 2016. 


(a) What was Mrs. Choi’s inflation-adjusted interest rate for 2015? 

(b) What was Mrs. Choi’s inflation-adjusted interest rate for the two-year 
period? 

(c) What was Mrs. Choi’s annual inflation-adjusted interest rate for the 
two-year period? 


Solution 


(a) For the year 2015, we have r = 1.37% and i = 2.84%. This gives us 


p= oe OST © z~ 0.014501332. Therefore, the inflation-adjusted rate 


for 2015 was 1.45013%. 
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(b) Let r, j, i be the effective two-year rates. Then, 
1 +r = (1.0137)(1.025), 1+ i= (1.0284) (1.0327) 
which gives 


_ (1.0284) (1.0327) 
Lej = SA es 1.022122454. 
+I = "7 0137)(1.025) 


Hence, the two-year inflation-adjusted interest rate was 2.21225%. 

(c) Let j be as in part (b) and let jannual be the annual inflation-adjusted 
interest rate for 2015 - 2016. Then, (1+jannuai)? = 1+j. Thus, the annual 
inflation-adjusted interest rate for this two-year period was 1.10007%. 


When inflation is expected, investors will require higher interest rates 
because they are interested in actual growth in their buying power, not just a 
growth in the number of dollars that they possess. Borrowers who anticipate 
a depreciation in the value of a dollar should be willing to agree to repay 
more future dollars than they would otherwise [see Problem (1.15.4)]. The 
fact that interest rates reflect predicted inflation rather than actual inflation 
is a complication to those studying the correlation between interest rates and 
inflation rates. 

In practice, of course, one cannot possibly know what the inflation rate 
will be in the future, and this makes investment decisions difficult. For exam- 
ple, suppose Marcel intends to only make investments for which the inflation- 
adjusted interest rate is at least the number j’ and that he is presented with 
an investment opportunity with non-adjusted interest rate i. Does this invest- 
ment meet Marcel’s criterion? The answer to this question depends on the 
inflation rate for the period of the investment. That is to say, the assessment 
is contingent upon what happens in the future, and the correctness of the 
response is therefore uncertain. If Marcel believes that the inflation rate for 
this period will be r’, then by (1.15.3), he believes that his inflation-adjusted 
interest rate will be =". Assuming Marcel acts based on his belief, he will 


1+r 
only invest if his anticipated real interest rate is at least 7’, that is if 


(1.15.7) 


Inequality (1.15.7) is equivalent to 


(1.15.8) i> j +r try’. 
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EXAMPLE 1.15.9 Anticipated inflation 


Problem: Tamilla wishes to invest $10,000 for one year provided that she can 
anticipate a 4% growth in her buying power. She forecasts that the inflation 
rate for the upcoming year will be 3%. 


(a) What is the lowest rate at which she would be willing to make a loan? 

(b) What rate of growth in her buying power does she look forward to if she 
is able to loan out her money for exactly one year at an annual effective 
interest rate of 8%? 

(c) What was her actual growth in buying power if the inflation rate for the 
year was 3.5% and she was able to loan out her money for exactly one 
year at an annual effective interest rate of 8%? 


Solution 


(a) Tamilla’s inflation prediction amounts to setting r’ = .03, and her 
desired growth rate puts j’ = .04. According to inequality (1.15.8), 
the lowest rate at which she should make a loan is j’ + r + 7/7’ = 
.04 + .03 + (.03)(.04) = .0712 = 7.12%. 

(b) If Tamilla is able to loan out her money at the higher rate of 8%, she 
foresees that her buying power will grow at the rate 


i-r’  08-.03_ 5 


= = ~ .048543689 ~ 4.85%. 
1+ 1.03 103 A 


(c) If Tamilla underestimated the rate of inflation and it actually grew at 
3.5%, her actual growth in buying power was at the rate 


t—=r  .08— .035 _ 0.045 


l+r 1.035 1.035 


~ .043478261 ~ 4.35%. 


We note that the answer to question (c) of Example (1.15.9) was found 
using Equation (1.15.3). Had we ignored the denominator 1 +r of n, i-r 
would have given us a good approximation to Tamilla’s inflation-adjusted rate 
of interest, namely 4.5%, rather than the true rate that was slightly below 
4.35%. More generally, in times of low inflation, using the numerator i — r as 
an estimate to 7 will not lead to great inaccuracies. However, when there is 
high inflation, it is critical that one include the denominator for a meaningful 
analysis. 
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EXAMPLE 1.15.10 Illustrating the importance of the denominator of 
Equation (1.15.3) in economies with high inflation. 


Problem: Gustavo noted that the annual inflation rate was very high, some 
months in excess of 20%. He therefore usually converted his salary, paid in 
Brazilian Cruzados, to a more stable currency. However, one January 1st, 
Gustavo loaned his sister 20,000 Cruzados for one year at an effective interest 
rate of 620%. If the annual rate of inflation for the year was 600%, what was 
Gustavo’s real interest rate on this family loan? 


; ; s «. 6.20-6 n 
Solution According to (1.15.3), the real monthly rate of interest is >g ~ 


028571429. Thus, Gustavo had a modest return of about 2.86%, not the large 
20% gain that would result if one ignored the denominator. E 


Since ¿ is only equal to the real interest rate j if r = 0 [see Problem 
(1.15.2)], the interest rate į may be referred to as a nominal interest rate. 
Beware that this is a different use of the term “nominal interest rate” than was 
introduced in Section (1.10). In this book, except when explicitly stated to 
the contrary, we will ignore inflation. In real life problems, the stated effective 
interest rate should always be replaced by the real interest rate 7 if it is known, 
or by the anticipated real interest rate j’ if you are dealing with growth in the 
future. If the actual inflation rate significantly exceeds the anticipated one, 
the real interest rate is quite likely to be negative. However, 1 + j is equal to 
the quotient iti and is hence positive except if there is depreciation exceeding 
100% for the period under consideration. In periods where the actual rate of 
inflation is de-accelerating, overestimates of the inflation rate are common, 
and these result in real interest rates that are unexpectedly high. 

In this section, we saw how investors must consider the effects of antic- 
ipated and actual inflation when making investment decisions. Some ways 
that interest rates may be set to protect investors’ future buying power are 
discussed in Section (10.4). 


1.16 CHOICE OF QUOTATION BASE FOR INTEREST RATES 


There are many ways to express, or “quote,” the interest rate for a compound 
interest account. A quotation base is a way to express the growth rate of an 
account. Some examples of quotation bases are effective rates such as the an- 
nual effective interest rate and quarterly effective discount rate, nominal rates 
such as the nominal interest rate convertible monthly and nominal discount 
payable semiannually, as well as the force of interest (equivalently, “continu- 
ous interest rate per annum” or “compounded continuously”). It is important 
to use the same quotation base if one needs to compare options for a financial 
transaction. 
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EXAMPLE 1.16.1 


Problem: Mikhail has a choice of three accounts to deposit a sizable inher- 

itance that he just received from his grandmother. The quoted rates for the 
three accounts are: annual effective interest rate of 4.75%, nominal interest 
rate of 4.7% convertible quarterly, and 4.65% compounded continuously. All 
other account terms besides the interest rates are identical. Which account 
should Mikhail choose to maximize his balance? 


Solution The choice would be clear if the three interest rate were given 
using the same quotation base. We can choose any quotation base we like, say, 
the annual effective interest rate. A nominal interest rate of 4.7% convertible 
quarterly is equivalent to an annual effective interest rate of (1+ 0.0474 -lz 
4.7834883%. Compounded continuously at 4.65% is equivalent to an annual 
effective interest rate e9-°46° — 1 ~ 4.7598079%. Thus, Mikhail should choose 
the account that grows at the rate of 4.7% convertible quarterly. a 


In Example (1.16.1), there was no reason to prefer the annual effective 
interest rate over another. Converting all the rates to a continuously com- 
pounded rate or annual effective discount would have given the necessary 
information as well. However, the continuously compounded rate can be math- 
ematically more convenient at times. 

Let i* be the effective annual interest rate for one year and i** be the 
annual effective interest rates for the following year. Then, the average effective 
interest rate 7 satisfies 


(1.16.2) (+i? =04+)0+¢) 


which gives i = ,/(1+7%*)(1+7**) — 1. But if 6* and 6** were continu- 
ously compounded rates equivalent to i* and 7i**, respectively, then Equa- 
tion (1.16.2) is equivalent to 


s * gee 
e = g e 


where 6 is the average continuously compounded rate. Solving for 6 gives us 


———-— 


With continuously compounded interest rates, you can literally just take the 
average of the quoted rates. 

For another example, consider Equation (1.15.2) that relates inflation 
rate r, real interest rate 7, and stated interest rate i. By definition (Equa- 
tion (1.15.1)), the inflation rate r is given as an effective rate, as are the 
inflation adjusted interest rate j and the stated interest rate i. If r*, j*, 2* 
are the equivalent continuously compounded rates corresponding to r, j, and 
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i respectively, then we would have r* = In(1 +r), j* =In(1+ 7), and 
i* = ln(1 + i). Using these notations, Equation (1.15.2) is equivalent to 


which implies 
(1.16.3) j =i- r*. 


Some might argue that Equation is more intuitive than Equations 
(1.15.2) and (1.15.3). Similarly, if (r’)* is the anticipated inflation rate ex- 
pressed as a continuously compounded rate and (j’)* is the desired inflation- 
adjusted interest rate expressed as a continuously compounded rate, then 
r =e)" —1 and j’ = e00" — 1. Using this notation, Inequality (1.15.8) is 
equivalent to 


(1.16.4) > (7Y + ry 


which looks simpler than Inequality (1.15.8). Effective interest rates may be 
preferred by some, but choosing continuously compounded rates may have its 
benefits. 


1.17 PROBLEMS, CHAPTER 1 
(1.0) Writing problems 


(1) Choose a local bank. Learn what accounts and rates are available from 
the chosen bank with an initial deposit of $1,000 


(a) if you want access to your money at any time. 


(b) if you are willing to invest your money for a fixed term. (Ask about 
Certificates of Deposit.) 


(2) Interest is a rent for the use of money. Learn about rates charged for 
the rental of another commodity, e.g., vacuum cleaners, house, car. Then 
write a clear paragraph describing the rental situation. Be sure to in- 
clude the item to be rented, the approximate value of the item at the 
beginning of the rental period, the length of the rental period, the price 
paid for the rental, and estimates of the depreciation (or appreciation) 
and maintenance costs during the rental period. 

(3) In western cultures, the charging of interest is now well accepted as fair 
business practice. This was not always the case. Learn about the history 
of interest, and then write an essay describing what you have learned. 
You might include Aristotle’s views on interest, the views of various 
religious groups (over the ages) regarding interest, and Henry VIII of 
England’s contribution to the acceptance of interest. 


(4) 


(5) 
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Learn what “usury” means. Write an essay in which you either support 
or argue against laws limiting the rates of interest that lenders may 
charge. 

Learn the word meaning “interest” in several foreign languages. Discover 
the etymologies of these words, and try to think of English words with 
the same roots. Write a clear paragraph (or paragraphs) describing what 
you have discovered. 

[following Section (1.15)] Inflation rates vary over time and from country 
to country. Pick a country and describe its inflation history. Discuss po- 
litical and social developments that accompanied periods of remarkable 
inflation or deflation. 

The United States Treasury issues savings bonds for debt financing. 
These include EE bond and I bonds. Learn about how each of these are 
purchased and make returns to the investor. Write a short prospectus 
for each type of bonds. Include a paragraph discussing their relative 
advantages and disadvantages. 


(1.3) Accumulation and amount functions 


1) 
(2) 


3) 


(6) 


(7) 
(8) 


Given that Ax (t) = 73 for 0 < t < 100, find K and a(20). 
If you invest $2,000 at time 0 and a(t) = 1+ .04t, how much will you 
have at time 5? 

Suppose that an account is governed by a quadratic accumulation func- 
tion a(t) = at? + .01¢+ 6 and the interest rate i, for the first year is 
2%. Find a, 8, and the interest rate for the fourth year i4. 

Suppose a(t) = at? + Bt + y. If $100 invested at time 0 accumulates 
to $152 at time 4 and $200 invested at time 0 accumulates to $240 at 
time 2, find the accumulated value at time 8 of $1,600 invested at time 
6. [HINT: First find the unknowns a and 8. Then determine how much 
money X that you would need to deposit at time 0 in order to have an 
accumulation of $1,600 at time 6. The desired answer is the accumulated 
value of X at time 8.] 

It is known that for each positive integer k, the amount of interest earned 
by an investor in the k-th period is k. Find the amount of interest earned 
by the investor from time 0 to time n, n a fixed positive integer. 

It is known that for each positive integer k, the amount of interest earned 
by an investor in the k-th period is 2%. Find the amount of interest 
earned by the investor from time 0 to time n, n a fixed positive integer. 
Let Ax(t) = 3t? + 2t + 800. Show that the sequence of interest rates 
{in} is decreasing for n > 17. 

Prof. Oops reports to his class three facts: (a) a(t) = at? + Bt +1; 
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(b) $1,000 invested at time 0 accumulates to $1,200 at time 2; (c) $1,000 
invested at time 0 accumulates to $10,000 at time 4. Explain why all 
three of these statements cannot simultaneously be true. Give an exam- 
ple of an accumulation function such that facts (b) and (c) hold. 


(1.4) Simple interest 


(1) 


How much interest is earned in the fourth year if $1,000 is invested under 
simple interest at an annual rate of 5%? What is the balance at the end 
of the fourth year? 
In how many years will $500 accumulate to $800 at 6% simple interest? 
The monthly simple interest rate is .5%. What is the yearly simple 
interest rate? 
Find the yearly simple interest rate so that $1,000 invested at time 0 
will grow to $1,700 in eight years. 
At a particular rate of simple interest, $1,200 invested at time t = 0 will 
accumulate to $1,320 in T years. Find the accumulated value of $500 
invested at the same rate of simple interest and again at t = 0, but this 
time for 2T years. 
A loan is made at time 0 at simple interest at a rate of 5%. 

(a) In which period is this equivalent to an effective rate of 35? 

(b) What is the effective interest rate for the interval [4,6]? 


[BA II Plus Calculator] Use the Date worksheet and what you know about 
leap years to calculate the number of days Albert Einstein lived. His date 
of birth was March 14, 1879, and he died on April 18, 1955. [HINT: The 
calculator can count the days between March 14, 1979 and December 31, 
2049. It can also count the days between January 1, 1950 and April 18, 
1955. ] 


(1.5) Compound interest 


(1) 


(2) 


Alice invests $2,200. Her investment grows according to compound in- 
terest at an annual effective interest rate of 4% for T years, at which 
time it has accumulated to $8,000. Find T. 

Elliott received an inheritance from his Aunt Ruth when she died on 
his fifth birthday. On his eighteenth birthday, the inheritance has grown 
to $32,168. If the money has been growing by compound interest at an 
annual effective interest rate of 6.2%, find the amount of money Aunt 
Ruth left to Elliott. 

Horatio invests money in an account earning compound interest at an 
unknown annual effective interest rate 7. His money doubles in nine 
years. Find 2. 


(4) 
(5) 


(11) 
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How much interest is earned in the fourth year by $1,000 invested under 
compound interest at an annual effective interest rate of 5%? 

At a certain rate of compound interest, money will double in a years, 
money will triple in 6 years, and money will increase tenfold in y years. 
At this same rate of compound interest, $5 will increase to $12 in n 
years. Find integers a, b, and c so that n = aa + b8 + cy. 

Sean deposits $826 in a savings account that earns interest at Increasing 
Rates Bank. For the first three years the money is on deposit, the annual 
effective interest rate is 3%. For the next two years the annual effective 
interest rate is 4%, and for the following five years the annual effective 
interest rate is 5%. What is Sean’s balance at the end of ten years? 
For a fourteen-year investment, what level annual effective rate of inter- 
est gives the same accumulation as an annual effective rate of interest 
of 5% for eight years followed by a monthly effective rate of interest .6% 
for six years? 

Suppose you invest $2,500 in a fund earning 10% simple interest annu- 
ally. After two years you have the option of moving your money to an 
account that pays compound interest at an annual effective rate of 7%. 
Should you move your money to the compound interest account 


(a) if you wish to liquidate in five more years? 


b) if you are confident your money will stay on deposit for a total of 
ten years? 


In 1963, an investor opened a savings account with $K earning simple 
interest at an annual rate of 2.5%. Four years later, the investor closed 
the account and invested the accumulated amount in a savings account 
earning 5% compound interest. Determine the number of years (since 
1963) necessary for the balance to reach $3K. 

On March 1, 1993, Mr. Hernandez deposited $4,200 into an account that 
used a 4% annual effective interest rate when the balance was under 
$5,000 and a 5.5% annual effective interest rate when the balance is at 
least $5,000. Mr. Hernandez withdrew $1,000 on March 1, 1999. If there 
were no other deposits or withdrawals, find Mr. Hernandez’s account 
balance on March 1, 2003. 

In terms of accumulation functions, the condition that there should 
never be an advantage or disadvantage to closing and immediately re- 
opening one’s account means that for all positive real numbers s and t, 
a(s + t) = a(s)a(t). Assume that a(t) is differentiable for all t > 0 and 
differentiable from the right at t = 0. These conditions on derivatives 
amount to the accumulation function being continuous and not having 
any sudden changes in direction. 
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(a) Use the definition of the derivative to show that 


4 = ; a(h) =l 
a' (s) = a(s) lim pet 
(b) Show that a’(s) = a(s)a’(0) where a’(0) is a right-handed deriva- 
tive. 


) Note that 4 Ina(s 2 a . Use (b) to show that 
a(s) 


ofa ~ Ina(s)ds = a’(0)t. 


(d) Deduce Ina(t) = Ina(t) — Ina(0) = a'(0)t from (c). 
(e) Show that a’(0) = ln (1 + ô). 
(f) Show that a(t) = (1 +i}. 


(1.6) Effective discount rates/ Interest in advance 


(1) Antonio borrows $3,000 for one year at an annual discount rate of 8%. 
How much extra money does he have the use of? 

(2) Grace borrows $X for one year at a discount rate of 6%. She has use of 
an extra $2,400. Find X. 

(3) Jonathan borrows $1,450 for one year at a discount rate of D. He has 
the use of an extra $1,320. Find D and the annual interest rate that this 
is equivalent to. 

(4) The amount of interest earned on $K for one year is $256. The amount 
of discount paid on a one year loan “for $K,” transacted on a discounted 
basis at a discount rate that is equivalent to the interest rate of the first 
transaction, is $236. Find K. 

(5) A savings account earns compound interest at an annual effective inter- 
est rate i. Given that i245) = 20%, find dj, ,3). 


(1.7) Discount functions/ The time value of money 


(1) Suppose money grows according to the simple interest accumulation 
function a(t) = 1+ .05t. How much money would you need to invest at 
time 3 in order to have $3,200 at time 8? 

(2) Find the value at t = 6 of $4,850 to be paid at time 12 if a(t) = 
(1 — .04¢)~* 

(3) Laura Villella purchased a house for $243,000 on June 30, 2018. If real 


estate prices rose at a compound rate of 2.8% annually, how much was 
the home Laura bought worth on June 30, 2001? 


(4) 


(5) 


(7) 
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A payment of $X two years from now along with a payment of $2X 
four years from now repays a debt of $6,000 at 6.5% annual effective 
compound interest. Find X. 


What is the present value of $5,000 due in ten years assuming money 
grows according to compound interest and the annual effective rate of 
interest is 4% for the first three years, 5% for the next two years, and 
5.5% for the final five years? 


Show that if the growth of money is governed by compound interest at 
an annual effective interest rate i > 0, then the sum of the current value 
of a payment of $K made n periods ago and a payment of $K to be 
made n periods from now is greater than $2K. More generally, what 
must be true about the operative accumulation function a(t) in order 
that the stated conclusion holds? 


You have two options to repay a loan. You can repay $6,000 now and 
$5,940 in one year, or you can repay $12,000 in 6 months. Find the 
annual effective interest rate(s) i at which both options have the same 
present value. 


Two projects have equal net present values when calculated using a 
6% annual effective interest rate. Project 1 requires an investment of 
$20,000 immediately and will return $8,000 at the end of one year and 
$15,000 at the end of two years. Project 2 requires investments of $10,000 
immediately and $X in two years. It will return $3,000 at the end of one 
year and $14,000 at the end of three years. Find the difference in the 
net present values of the two projects if they are calculated using a 5% 
annual effective interest rate. 


(1.8) Simple discount 


(1) 
(2) 


(3) 


If money grows according to simple discount at an annual rate of 5%, 
what is the value at time 4 of $3,460 to be paid at time 9? 

Sylvia invests her money in an account earning interest based on simple 
discount at a 2% annual rate. What is her effective interest rate in the 
fifth year? 

Suppose you can invest $1,000 in a fund earning simple discount at an 
annual rate of 8% or in a fund earning simple interest at an annual rate 
of 12%. How long must you invest your money in order for the simple 
discount account to be preferable? 

On July 1, 1990, John invested $300 in an account that earned 8% 
simple interest. On July 1, 1993 he closed this account and deposited 
the liquidated funds in a new account earning q% simple discount. 
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(5) 


On July 1, 1998, John had a balance of $520 in the simple discount 
account. How much interest did he earn between July 1, 1993 and July 
1, 1994? 

Suppose you invest $300 in a fund earning simple interest at 6%. Three 
years later you withdraw the investment (principal and interest) and 
invest it in another fund earning 8% simple discount. 

(a) How much time (including the three years in the simple interest 
account) will be required for the original $300 to accumulate to 
$650? 

(b) At what annual effective rate of compound interest would $300 
accumulate to $650 in the same amount of time? 


(1.9) Compound discount 


(1) 


(2) 


A savings account starts with $1,000 and has a level annual effective 
discount rate of 6.4%. Find the accumulated value at the end of five 
years. 

Latisha wishes to obtain $4,000 to pay her college tuition now. She 
qualifies for a loan with a level annual effective discount rate of 3.5%. 


(a) How much will she have to repay if the loan term is six years? 
(b) What is the annual effective interest rate of Latisha’s loan? 


The annual effective interest rate on Mustafa’s loan is 6.8%. What is 
the equivalent effective quarterly discount rate on the loan? 

An account is governed by compound interest. The interest for three 
years on $480 is $52. Find the amount of discount for two years on 
$1000. 

An account is governed by compound interest. The discount for three 
years on $2,120 is $250. Find the amount of interest for two years on 
$380. 

An account with amount an initial amount $B earns compound interest 
at an annual effective interest rate 7. The interest in the third year is 
$426 and the discount in the seventh year is $812. Find i. 

The amount of interest on $X for two years is $320. The amount of 
discount on $X for one year is $148. Find the annual effective interest 
rate 7 and the value of X. 


(1.10) Nominal rates of interest and discount 


(1) 


Suppose we have compound interest and d) = 8%. Find equivalent 
rates d, d), i, and i). 
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(2) The annual effective interest rate on Rogelio’s loan is 6.6%. What is 
the equivalent nominal discount rate convertible monthly on the loan? 
What is the effective monthly discount rate? 

(3) Suppose we have compound interest and an effective monthly interest 
rate of 0.5%. Find equivalent rates i), i, and d. 

(4) Find the accumulated value of $2,480 at the end of twelve years if the 
nominal interest rate was 2% convertible monthly for the first three 
years, the nominal rate of discount was 3% convertible semiannually for 
the next two years, the nominal rate of interest was 4.2% convertible 
once every two years for the next four years, and the annual effective 
rate of discount was .058 for the last three years. 

(5) Given equivalent rates i) = .0469936613 and d‘”) = .046773854, find 
m. 

(6) Given that l 

d 1+5 


arr 


1 


find n. 

(7) Let m be a positive real number. Suppose interest is paid once every 
m years at a nominal interest rate iGn), This means that the borrower 
pays interest at an effective rate of itm = mim) per m year period. 

(a) Find an expression for i(s) in terms of i. 

(b) If i(3) = .06, find i. 

(c) Define dG) to be the nominal discount rate payable once every m 
years. This means that the borrower pays discount at an effective 
rate of pas 

1e = mdm) per m year period. 


iL 
Find a formula that gives dm) in terms of i), and a formula that 
1 
gives dGn) in terms of d. 


(1.11) A friendly competition (Constant force of interest) 


(1) Suppose d(@) = 3.2%. Find ô. 

(2) Given that ô = .04, find the accumulated value of $300 five years after 
it is deposited. 

(3) You have a choice of depositing your money in account A which has an 
annual effective interest rate of 5.2%, account B which has an effective 
monthly rate of .44%, or account C that is governed by force of interest 
ô = .0516. Which account should you choose? Which account would give 
you the lowest accumulation? 
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(4) 


Let i(z) = «[(1+ i)? — 1], 2 > 1. Note that i(m) = i™. 


(a) Find the derivative i'(x) and show that the condition that i(x) is 
decreasing is equivalent to (1 + i)? (l1—a-tIn(1+i)) <1. 
(b) Show that the condition i(x) is decreasing is equivalent to the equa- 
tion 
In [a 42 -27t n(1 + i))| <Inl=0. 


(c) Let z = 4In(1+ i). Show that i(x) is decreasing is equivalent to 
z+ 1n(1—- z) < 0 and therefore to 1 — z < e77. 

(d) Show that 1 — z < e77 follows from Taylor’s theorem with remain- 
der. 

(e) Explain how this problem allows us to conclude that if p > m > 1, 
then i) < i0, 


(1.12) Force of interest 


(1) 


(2) 


— 
aI 
ae 


(8) 


Given that the force of interest is 6; = .05 + .006¢, find the accumulated 
value after three years of an investment of $300 made at 


(a) time 0. 

(b) time 4. 
Given that the force of interest is 6; = TE find the effective rate of 
discount for the sixth year. 
Given that the force of interest is 6, = z find the present value at 


time 0 of $700 to be paid at time t = 4. 
Given that a(t) = e?3t+-002 | find ô. 
Given that a(t) = (1 + .02) (1 + .03t)(1 — .05t)~", find 53. 
Fund 1 accumulates with a discount rate of 2.4% convertible monthly. 
Fund 2 accumulates with a force of interest 6, = b for all t > 0. At 
time 0, $100 is deposited in each fund. Determine all later times at which 
the two funds have equal holdings, assuming that there are no further 
contributions to either fund. 
As in Problem (1.5.8), suppose you invest $2,500 in a fund earning 10% 
simple interest. Further suppose that you have the option at any time of 
closing this account and opening an account earning compound interest 
at an annual effective interest rate of 7%. At what instant should you 
do so in order to maximize your accumulation at the end of five years? 
How about if you wish to maximize the accumulation at the end of ten 
years? 

(a) Fund J grows according to simple interest at rate r. Find the force 

of interest 5) acting on fund J at time t. 
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(b) Fund D grows according to simple discount at rate s. Find the 
force of interest aP acting on fund D at time t. 
(c) Suppose r > s. Find all t such that g” = aP. 


(9) Fund A has a balance of $600 at time ¢ = 0 and its growth is determined 
by a force of interest 


5 — 08 
t 1+ .08t° 


Fund B has a balance of $300 at time t = 0, and its growth is deter- 
mined by a force of interest gP = .01t. Fund C has amount function 
AO (t) = A) (t) + 2AP) (t) where A) (t) is the amount function giv- 
ing the growth of fund A and ACP) (t) is the amount function giving the 
growth of fund B. The force of interest for fund Č is 5), Find 6, 


(10) Mr. Valdez has $10,000 to invest at time t = 0, and three ways to in- 
vest it. Investment account I is governed by compound interest with an 
annual effective discount rate of 3%. Investment account II has force 
of interest equal to Ee: Investment account III is governed by the 


accumulation function a! (t) = (1 — 005t2)~*. Mr. Valdez can transfer 
his money between the three investments at any time. What is the max- 
imum amount he can accumulate at time t = 5? [HINT: At all times, 
Mr. Valdez wishes to have his money in the account that has the great- 
est force of interest at that moment. Therefore, begin by determining 
the force of interest function for each of the investment accounts. Next 
decide for which time interval Mr. Valdez should have his money in each 
of the accounts. Assume that he accordingly moves his money to maxi- 
mize his return. You will then need the accumulation functions for the 
accounts in order to determine Mr. Valdez’s balance at t = 5. Remember 
to use Important Fact (1.7.4).] 


(1.13) Note for those who skipped Section (1.11) and (1.12) 
(1) What rate of annual effective interest does John earn if his money is 
invested in a bank that credits interest continuously at a rate of 3.75%? 


2) Andrea is upset because her bank does not compound interest contin- 
P P 

uously. Instead, they use a nominal discount rate of 4% compounded 

quarterly. To what rate of continuous compounding is that equivalent? 


(1.14) Quoted rates for Treasury bills 


(1) In hope of a risk-free investment, Ayub buys a U.S. Treasury bill that 
will mature for $10,000 in 180 days. Find the price Ayub pays and the 
amount of interest he will earn if the quoted rate is 2.85%. 


(2) Mr. Ismail has an obligation to pay $20,000 in six months. To prepare for 
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this liability, he considers buying a 26-week U.S. Treasury bill with face 
value of $20,000. Instead, he decides to buy a U.S. T-bill that matures 
in 13 weeks with face value of $19,800 and quoted rate of 3.27%. Upon 
maturity, he will immediately use the entire $19,800 to purchase another 
13-week U.S. Treasury bill. What is the minimum quoted rate he can 
accept for the second T-bill so as to meet his $20,000 liability? 

(3) Ms. Magnitsky purchased two newly issued Treasury bills, one issued by 
the U.S. Treasury and the other by the Government of Canada. She paid 
a total of 35,592.52 U.S. dollars for the two T-bills. The U.S. Treasury 
bill, quoted as 3.05%, matures in 26 weeks for $21,000. The Government 
of Canada bill has a face value of 15,000 U.S. dollars and matures in 13 
weeks. Find the rate quoted for the Canadian T-bill. 

(4) Two Treasury bills will mature in the same number of days. One is a 
Canadian Treasury bill, bought for P Canadian dollars and redeems for 
F Canadian dollars. The other is a U.S. Treasury bill, bought for P U.S. 
dollars and redeems for F U.S. dollars. Which is greater, the quoted rate 
for the Canadian T-bill or for the U.S. T-Bill? Justify your answer. 

(5) Duncan would like to purchase a Treasury bill that matures for X U.S. 
dollars in about six months. He found a U.S. Treasury bill that matures 
in 26 weeks with a quoted rate of q. He also found a bill issued by the 
Government of Canada that is traded in U.S. dollars and that would 
mature in the same number of weeks with quoted rate of q. Which bill 
would have the lower price? 


(1.15) Inflation 


(1) Inflation is forecast to be at an annual rate of 3% for the next year. 
(a) What will the real rate of interest be if the forecast holds true, and 
the stated effective rate for the year is 4.2%? 
(b) What will the real rate be if the actual rate of inflation is 4.6%? 
(2) Show that the nominal interest rate i and the real interest rate j are 
equal if and only if the inflation rate is zero. 
(3) The nominal rate of discount is 3% convertible quarterly. The inflation- 
adjusted (effective) rate of interest is 1.24%. Find the rate of inflation. 
(4) We have noted that the effective rate i should be replaced by the inflation- 
adjusted rate 
eR 
itr 


j 


in real life calculations. With notation as in Section (1.7), find Y such 
that 


PVa4;} ($X at time n) = PVa4i ($Y at time n). 


(5) 
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Money is invested in a savings account with a nominal interest rate of 
2.4% convertible monthly for three years. The rate of inflation is 1.5% 
for the first year, 2.8% for the second year, and 3.4% for the third year. 
Find the percentage of purchasing power lost during the time the money 
is invested; that is, find p so that if you could purchase exactly u units at 
the time the money was invested, three years later you could purchase 
u(1 — .O1p). 

Suppose that there is compound interest at an annual inflation adjusted 
rate of 1.8% and that the annual rate of inflation is 2.3%. Find the force 
of interest corresponding to the stated rate of interest and the inflation- 
adjusted force of interest corresponding to the real rate of interest. In 
general, what can you say about the difference between the force of 
interest and the inflation-adjusted force of interest? 


(1.16) Choice of quotation base for interest rates 


(1) 


(2) 


Arrange the following compound interest accounts from fastest growing 
to slowest: 6 = 7.9%, d'?) = 8.0%, d@ = 8.1%, i® = 8.1%, i02 = 
8.2%, i= 8.3%. 

A compound interest account is governed by annual effective interest 
rate of 6.3% for the first year, i for the second year, 8.4% for the third 
year, and 5.3% for the fourth year. Given that the average annual com- 
pound interest rate is 5.78%, find i. 

Interest is compounded continuously at an annual rate of 5.4% during 
the first year, 7.3% for the second year, 3.8% for the third year, 6 for 
the fourth year, and 10.2% for the fifth year. The average continuously 
compounded interest rate for the five-year period is 7.04%. Find ô. 


Chapter 1 review problems 


(1) 


Find the accumulated value of $6,208 at the end of eight years if the 
nominal rate of discount is 2.3% convertible quarterly for the first two 
years, the nominal rate of interest is 3% convertible monthly for the 
next year, the annual effective rate of discount is 4.2% for the next 
three years, and the force of interest is .046 for the last two years. 
Suppose that d?) — d = .00107584. Find i® — i. 

Assume that an investment is governed by compound interest at a level 
interest rate. The present value of $K payable at the end of two years 
is $1,039.98. If the force of interest is cut in half (resulting in a change 
in the level interest rate), the present value of $K payable at the end of 
two years is $1,060.78. What is the present value of $K payable at the 
end of two years if the annual effective discount rate is cut in half? 
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(4) (a) Express 4v as a function of d. 


(b) Express (£6) ( 


1 §) (4d) as a function of d. 


di 


(5) A borrower will have two options for repaying a loan. The first option 


(10 


Ww 


we 


Saat OA 


is to make a payment of $6,000 on December 1, 2003 and a payment 
of $4,000 on December 1, 2004. The second option is to make a single 
payment of $12,000 N months after December 1, 2003. Assuming that 
the two options have the same value on December 1, 2003, if the interest 
rate is an annual effective rate of 5%, determine N. 

On June 3, 1977, Alan borrowed $3,000 from Chan and gave Chan a 
promissory note at an annual rate of simple interest of 10% and a matu- 
rity date of May 15, 1978. Exact simple interest is used to compute the 
repayment amount on this note. Javier purchased the promissory note 
from Chan on December 20, 1977 based on simple discount at an an- 
nual rate of 12%, with time measured using the “actual/actual” method. 
Determine Javier’s purchase price, and the equivalent annual effective 
interest rates earned by Chan and by Javier. (In Chapter 2, such rates 
are called annual yield rates.) 


Suppose that an investment is governed by an accumulation function 


a(t 


= at? + bt +c, for0<t<6 
| (at? + bt + c)(1 4+ .05(¢-—6)), fort > 6. 


Further suppose that i3 = 50/1,088 and d4 = 54/1,192. 


(a) Determine the constants a, b, and c. 
(b) Find the value at t = 3 of $1,000 to be paid at t = 8. 


Shanon deposits $K into an account that earns compound interest at 
an annual effective interest rate i. She makes no further deposits or 
withdrawals. Her interest in the fifth year is $175.37, and the discount 
for the second year is $153.59. Find i. 

Suppose that 6; = = for 2 <t <8. For 2 <n <7, let f(n) =inyi +1. 
Write a simple formula for f(n). 

Shannon will receive four payments of $5,000 each, every 13 weeks. She 
decided that as soon as she receives each payment, except for the sec- 
ond, she will immediately invest half of the amount in a U.S. Treasury 
bill that will mature 52 weeks after her initial investment, and deposit 
the remainder in an account that earns interest at 2.3% compounded 
continuously per 365 days. She will donate half of the second payment 
to her favorite charity, then deposit the other half into the 2.3% account. 
What will her total accumulated value at the end of the 52-week period 
be if the quoted rates for the T-bills are 3.2%, 2.5%, and 2.0%, in the 
order of investment? 


CHAPTER 2 


Equations of value and yield 
rates 


2.1 INTRODUCTION 

2.2 EQUATIONS OF VALUE FOR INVESTMENTS INVOLVING A 
SINGLE DEPOSIT MADE UNDER COMPOUND INTEREST 

2.3 EQUATIONS OF VALUE FOR INVESTMENTS WITH MULTIPLE 
CONTRIBUTIONS 

2.4 INVESTMENT RETURN 

2.5 REINVESTMENT CONSIDERATIONS 

2.6 DOLLAR-WEIGHTED YIELD RATES 

2.7 FUND PERFORMANCE 

2.8 PROBLEMS, CHAPTER 2 


2.1 INTRODUCTION 


A financial transaction may be as simple as making a single deposit C, and 
the quantity being studied may be Ac(t), the accumulation ¢ time periods in 
the future. However, commonly there is a series of deposits and withdrawals 
before one focuses on the accumulation. For instance, a young couple may 
be saving to make a down payment on a home. At the end of each month 
the couple makes a deposit into a savings account using any available money. 
Occasionally, the couple has a month with many expenses and a withdrawal 
must be made from the savings account. Thus there is a contribution at the 
end of each month and while most of the contributions are positive, sometimes 
one is negative or conceivably zero. The couple might have a target date of two 
years from the opening of the savings account for the purchase of the house, 
and the accumulation at that time (the balance of the account) determines the 
amount available for a down payment. Alternatively, the couple might have a 
predictable contribution schedule, and the question is at what point will the 
balance reach $20,000, the minimum the couple wants to have saved before 
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becoming homeowners. To lay down the mathematical foundations for the 
study of such questions, in Sections (2.2) and (2.3) we introduce equations 
of value. These are essential to the discussion in the remainder of the tect. 

A problem in Interest Theory may often be solved using one or more 
equations of value. Often you must solve for unknowns. You have already 
seen problems where there is an unknown rate of interest, and in Section (2.4) 
we define the yield rate(s) to be the unknown rate(s) of interest. Questions 
of existence and uniqueness are discussed. Reinvestments have yield rate rami- 
fications, which are first studied in Section (2.5). Sometimes an exact solution 
to a yield rate problem is difficult or even impossible to obtain. A method 
for finding an approximate solution is introduced in Section (2.6). Finally, 
a different sort of “yield rate,” the so-called time-weighted yield rate, is 
discussed in Section (2.7). This new “yield rate” is a measure of how well a 
fund is managed. 


2.2 EQUATIONS OF VALUE FOR INVESTMENTS INVOLVING A 
SINGLE DEPOSIT MADE UNDER COMPOUND INTEREST 


The simplest of interest theory problems involves a single investment C for 
an interval of time of length T under an amount function Ac(t). If we have 
compound interest at an annual effective rate i and our basic units of time 
are years, then Ac(t) = C(1 + i). The value of the investment at time T is 
then Ac(T) = C(1 +i)". If any three of the four basic quantities C, T, i, and 
Ac(T) are known, we can use the equation 


(2.2.1) Ac(T) = C(1 +i)” 


to solve for the fourth unknown quantity. Equation (2.2.1) is a time T equation 
of value for the investment under consideration. More generally, a time T 
equation of value equates two different expressions, each giving the value of 
some cashflow or sequence of cashflows at time T. 


EXAMPLE 2.2.2 Unknown principal 


Problem: Aiko’s aunt opens an account for her niece. The account earns 
compound interest at an annual effective interest rate of 8%. The aunt notifies 
Aiko of the gift but not of the amount deposited. Five years after the account 
was opened, Aiko closes the account and receives $3,673.32. What was the 
amount C that Aiko’s aunt deposited? 


Solution We are given that the final account balance, which was the bal- 
ance after five years, was $3,673.32. On the other hand, the compound in- 
terest accumulation function (defined for an effective interest rate of 8%) 
has value C(1 + .08)° after five years. Therefore, our time 5 equation of 
value is $3,673.32 = C(1 + .08)°, and we find C = $3,673.32(1 + .08)-° = 


Section 2.2 Equations of value involving a single deposit 85 


$2,499.999869. Her aunt must have deposited an integral number of cents, so 
her deposit was for $2,500. E 


EXAMPLE 2.2.3 Unknown length of investment 


Problem: Chen opens an account with $1,000. The account earns interest 
at an annual effective rate of 4%. Chen learns that the balance is currently 
$1,342. How long did it take to earn the $342 of interest? 


Solution Let T denote the length of time. Then our time T equation of 


value is $1,342 = $1,000(1.04)”. Hence T = OFRAR ~ 7500145074. 


Thus the money has been invested for approximately T4 years. E 


EXAMPLE 2.2.4 Doubling your money / “The rule of seventy-two” 


Problem: Antonio plans to open an account. He notes that if the account 
has an annual effective interest rate of 7, then the length of time T required to 
double his money satisfies the time T equation of value 2 = (1 + i)”, whence 


T= arin If Antonio knows 7 and has a calculator handy, T may thus be 
quickly found. However, Antonio would like to make approximate calculations 


even when no calculator is available. Being mathematically inclined, he notes 


that me = COl): the function f(i) = ACL) grows very slowly 
for i positive and close to zero, and In(2)f(.08) = GONE) ~ .720517467, 


Use Antonio’s observations to derive a rule for approximating T, then check 
how well this rule works when i = 4% and when i = 9%. 


Solution 


ia mig ~ (=2) (cary) 


(72) fli) © (72) Ao OT ne 


l a 


Thus if 7 is given as a percent, you can approximate T by dividing 72 by 
that percentage. For example, if i = 4%, then T ~ 72 = 18 and if i = 


9%, then T ~ 2 = 8. In fact, the formula T = ats yields that the 
values are approximately 17.67298769 and 8.043231727, so these are excellent 


approximations! a 


We note that in Example (2.2.4) we used f(.08) to approximate f(i). 
This is a standard choice and yields the number 72 which has many divisors. 
Had we approximated f(t) by 18 we would have had a rule of 69, had we 


1 #(0) is undefined but if you apply l’Hospital’s rule from calculus, you may show that 
lim;-40 f(i) = 1., So approximating f(i) by 1 corresponds to using an interest rate of 0%. 
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approximated f(i) by f(.12) we would have had a rule of 73, while using f(.2) 
to approximate f(z) would have given us a rule of 76. The rule of seventy-two 
has commonly been used. 


EXAMPLE 2.2.5 Unknown interest rate 


Problem: Adrianna deposits $400 in an account for her daughter that grows 
by compound interest. After five years the balance has grown to $463.71. As- 
sume there is a constant annual effective interest rate i earned by the account, 
and find that rate. 


Solution $400(1 + i)ř = $463.71. Consequently, i = (463.71/400)? — 1 ~ 
030000164 ~ 3%. E 


2.3 EQUATIONS OF VALUE FOR INVESTMENTS WITH MULTIPLE 
CONTRIBUTIONS 


In Section (2.2) we considered investments under compound interest with a 
single contribution of principal. More generally, an interest theory problem 
involves a sequence of contributions {C;, }, the investment amount at time tg 
being C;,. We have a negative contribution C+, if there is a withdrawal at 
time tk. The growth of the contributions is governed by an amount function. 
The sequence of investments is liquidated at time T, producing a balance of B. 
If we choose a common date 7 at which to value all the contributions, since 
the total value of the contributions must equal the value of the liquidated 
amount, we obtain an equation, called the time 7 equation of value for the 
investment. If the growth of money is governed by an accumulation function 
a(t), then by Important Fact (1.7.4), the time 7 value of C;, contributed at 
a(r) 


time ty, is Cy, uy and the time 7 value of B at time T is Ban. We hence 


have the time 7 equation of value 


(2.3.1), 5 Ct, at) =B a7) (time T equation of value); 
k 


note that 7 is a number, and if you replace r with another number 7’, you get 
another equation that we will reference as (2.3.1) _,. 
In particular, since a(0) = 1 and the discount function v(t) is defined by 


v(t) = ay” the time 0 equation of value is 


(2.3.2) 5 Ci v(th) = Bv(T) (time 0 equation of value). 
k 
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The time T equation of value is 


T 
(2.3.3) > Ct, me =B (time T equation of value). 
a(t 
k 


Equation (2.3.1), and Equation (2.3.1), are equivalent for all choices of 7 
and 7’ since equation (2.3.1); may be obtained from (2.3.1), by multiplying 


by GEF. Therefore, if you solve for an unknown using a time 7 equation of 
value, the result is independent of the choice of 7. 

Before turning to some examples involving multiple contributions, we wish 
to explain how equation is an equation of type (2.3.3). With notation 
as in Section (2.2), let B = Ac(T), the accumulated value of our single con- 
tribution at the end of our investment period. Then, as we assumed in Section 
(2.2) that a(t) = (1 + i)Ý, (2.2.1) may be rewritten as B = Ca(T). Alterna- 
tively, since a(0) = 1, may be thought to be of the form B = can. 
This is (2.3.3) for the single contribution time t4. 

The examples we are about to consider are fairly simple, and you could 
probably follow them without drawing timelines. However, as the financial 
situations you consider become more complicated, you will likely find it help- 
ful to construct timelines. Therefore, to familiarize you with this illustrative 
technique, we include timelines for each of the examples in this section. 


EXAMPLE 2.3.4 Unknown payment 


Problem: John borrows $1,000. The loan is governed by compound interest 
at an annual effective interest rate of 10%. John repays $600 at the end of 
one year and plans to complete repayment of the loan with a payment of P 
at the end of the second year. Find P. 


Solution From John’s perspective, the financial arrangement may be rep- 
resented by the following timeline. 


PAYMENT: —$1,000 $600 P 
TIME: 0 1 2 


To determine P consider a time 2 equation of value 
$1,000(1.1)* = $600(1.1) + P. 


Solving for P, we find P = $1,000(1.1)” — $600(1.1) = $550. We note that P 
could also have been found by noting that John’s original debt was $1,000. 
After one year this debt has grown to $1,000(1.1) = $1,100 but John made 
a $600 payment, reducing outstanding debt to $500. At the end of another 
year, this debt has grown to $500(1.1) = $550. 
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We note that the problem may also be done starting with a different (but 
equivalent) equation of value, for instance a time 0 equation of value; but the 
solution is simpler if you begin as we did. | 


EXAMPLE 2.3.5 Unknown rate of interest and the quadratic formula 


Problem: Caitlin opens a savings account with a deposit of $5000. She de- 
posits $3000 a year later and $2,000 a year after that. The account grows by 
compound interest at a constant annual effective rate i. Just after Caitlin’s 
$2,000 deposit, her balance is $11,000. Find the effective rate of interest i. 


Solution Consider a timeline for Caitlin’s two-year investment. 


PAYMENT: —$5,000 —$3,000 ~$2,000 
TIME: 0 1 2 
BALANCE: $11,000 


To determine 7, note that the time 2 equation of value is 
$5,000(1 + i)? + $3,000(1 + 7) + $2,000 = $11,000. 


This is equivalent to the equation 5(1 + i)? + 3(1 + i) — 9 = 0. Letting x = 
1 +i, we have 5z? + 32 — 9 = 0 which is a quadratic equation. Recall that 
the quadratic formula tells us that the solutions to the quadratic equation 
az? + ba +c = 0 are x = ety dec vbt fae and z = =t tac AE Therefore, the 
quadratic formula and the fact that x = 1 + i is positive tell us that xz = 
=34+V/189 X 1.074772708, and i = x — 1 ~ 7.4772708%. 

BA II Plus calculator solution Use the Cash Flow worksheet to enter 
the deposit of $5,000 at time 0 and of $3,000 at time 1. This, along with advancing 
to the contribution register C02, is accomplished by pushing 
CF ||2ND || CLR WORK ||5||0|/0)/0 


ENTER || 4 ]/3|/0|/0)/0 | ENTER ||| |] 1]. 
Rather than entering $2,000 at time 2, we enter the negative of the balance at 
time 2 just prior to the $2,000 deposit, namely —$9,000 = —($11,000 — $2,000). 
We do so because had we made a withdrawal of $9,000 at time 2, neither Caitlin 
nor the savings institution would owe the other party any money. The enter- 
ing of the $9,000 imaginary withdrawal is accomplished by continuing with our 


Cash Flow worksheet and pushing | 9 || 0 || 0 || 0 | +/— | ENTER |. Now push 
IRR || CPT | and the display will show | IRR |=7.477270849. a 


If we alter the above problem so that we know the balance at time 3 rather 
than at time 2, then we can still easily write down an equation of value, but 
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we can not easily solve this equation in closed form for 1 + i. However, for 
those equipped with the BA II Plus calculator, the Cash Flow worksheet may 
still be used. Alternatively, a graphing calculator can be used to find a good 
approximation to 1+ 7. Moreover, as we now demonstrate, we can obtain the 
rate į to any desired degree of accuracy by the “guess and check method” 
or, for those familiar with Calculus, by Newton’s method. 


EXAMPLE 2.3.6 Unknown rate of interest and an equation of value 
that has no easy algebraic solution 


Problem: Daphne opens a savings account with a deposit of $5,000. She 
deposits $3,000 a year later and $2,000 a year after that. The account grows 
by compound interest at a constant annual effective rate 7. Three years after 
Daphne opened the account, it has a balance of $11,000. Find the effective 
rate of interest 7. 


Timeline Let’s represent Daphne’s three-year investment experience by a time- 


line. 
PAYMENT: —$5,000 —$3,000 —$2,000 
TIME: 0 1 2 3 
BALANCE: $11,000 


BA II Plus calculator solution Use the Cash Flow worksheet to enter 
the deposits of $5,000 at time 0, $3,000 at time 1, and $2,000 at time 2. This, 
along with advancing to the register C03, is done by pushing 

CF || 2ND | CLR WORK |510| 0| 0| ENTER || 1 || 3|/0||/0)/0 


ENTER || l4 l2 olol o| ENTER ||| |/ 1]. 


A withdrawal of $11,000 at time 3 would result in neither Daphne nor the savings 
institution owing the other party any money so we continue with our Cash Flow 
worksheet by pushing | 1 || 1 || 0 | 0 || 0 || +/— || ENTER |. Now push 


IRR || CPT | and the display will show | IRR |= 4.207651054. 


Guess and Check Solution To determine i, note that the time 3 equation 
of value is 


$5,000(1 + i)? + $3,000(1 + i)? + $2,000(1 + i) = $11,000. 


Comparing this to the scenario in Example (2.3.5), we see that it has taken an 
extra year for our account balance to grow to $11,000. Hence, the annual effec- 
tive interest governing Daphne’s account must be lower than the 7.48% rate 
we found in (2.3.5). Let P(i) = $5,000(1 + i)? + $3,000(1 + i)? + $2,000(1 + i). 
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The polynomial P(i) has only positive coefficients and therefore must be an 
increasing function of i. We then seek 7 so that P(z) = $11,000. Note that 
P(.03) = $10,706.335 < $11,000, so .03 < i, and P(.04) = $10,949.12 < 
$11,000. so .04 is also lower than the desired rate but fairly close. Further 
observe that P(.042) ~ $10,998.12. Thus 7 is just slightly more than 4.2%. 
In fact P(.0421) ~ $11,000.58. Consequently, i is between 4.2% and 4.21%. 
Noting that P(.04205) ~ $10, 999.35, we see that i is in fact between 4.205% 
and 4.21%. Hence, to the nearest hundredth of a percent it is 4.21%. Of course 
this procedure can be continued to get 7 to any desired degree of accuracy. 


Newton’s Method Solution (calculus required) Recall that Newton’s 
method is an iterative method used to find a solution of an equation of the 
form f(x) = 0. An initial approximation xo to the solution is specified and 
then one forms a sequence of approximations using the formula 


x = Tn — : 
n+l n P (En) 
The equation we wish to solve here is 


5,000(1 + x)? + 3,000(1 + x)? + 2,000(1 + x) = 11,000, 


so we set 
f(z) = 5,000(1 + x)? +3,000(1 + x)” + 2,000(1 + x) — 11,000. 
Note that this polynomial has derivative 
f’(x) = 15,000(1 + x)? + 6,000(1 + x) + 2,000. 


Just as in our “guess and check” solution, our initial approximation is .03. 
That is, we set zo = .03. We then calculate that 


f (ao) 293.665 
= z ~ 042188557. 
Bh PO ro) C7 0 VR 
Continuing, 
E fa) 2.75000276 _ 
za = 21 — Freng © 042188557 — zT gag Taare © 04207652, 
E Fe) _ 00023389 
Za = 2 — gp y ~ 04207652- ziggi stiz ~ 042076511, 
and 
E fas) _ 00000001 _ 
z4 = a3 — Fo © 04076511 — ziggi aipge ~ 042076511, 


Note that the approximations x3 and x4 are equal. Therefore, i ~ 4.2076511%. 
E 
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The “guess and check” method and Newton’s method proceed much bet- 
ter if you make a good initial guess. In general, we may not know as desirable 
a starting point for our analysis as we did in Example (2.3.6). In that case, 
just go ahead and guess. Suppose that in Example (2.3.6), we had started by 
guessing that the effective rate of interest was 8%. In the “guess and check” 
method, we would then have computed P(.08). Since P(.08) = $11,957.76, 
we would have known that we needed a considerably lower rate. Noting that 
P(0) = $10,000, we would next have looked for a rate approximately halfway 
between 8% and 0% (perhaps slightly closer to 8% since P(.08) is closer to the 
target $11,000 than P(0) is). In Newton’s method, an initial guess of zọ = .08 
would have lead to zı œ% .043129042 and we would have again quickly ob- 
tained the approximation 7 ~ 4.2076511%. However, a sufficiently poor initial 
estimate in Newton’s method may lead to a sequence of estimates that is 
nonconvergent . 

Problems involving an unknown time period may also be solved using an 
equation of value and the “guess and check method” or Newton’s method if 
needed. 


EXAMPLE 2.3.7 


Problem: Franklin borrows $1,000 and the loan is governed by compound 
interest at an annual effective interest rate of 10%. Franklin agrees to repay 
the loan by two equally spaced payments of $525. When should he make these 
payments? 


Algebraic solution The situation may be exhibited by a timeline. 


PAYMENT: —$1,000 $525 $525 
TIME: 0 T 2T 
BALANCE: $0 


We let the time of the loan be t = 0. Then, considering a time 0 equation 
of value, we note that the repayments should take place at times T and 2T 
where 

$1,000 = $525u" + $525v?". 


Letting x = vT, we can rewrite this equation as $1,000 = $525a + $5252?. 
Since x > 0, the quadratic formula yields 


—525 + (625) + 2,100,000 


1,050 = 967910728. 


T 


Then, taking natural logarithms of each side of the equation x = vT, we find 


T = BS m BOATS) ~ 342202894. Consequently, Franklin should make 


— ln(1.1 
payments at times .342202894 and .684405787. 
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BA II Plus calculator solution Push| CF || 2ND || CLR WORK | to open 
and clear the Cash Flow worksheet. Then push 

100| o| ENTER || J 5 |/2]|/5|/+/— |] ENTER | | || 2|| ENTER |. 
At this point you have entered CFo = 1,000, C01 = —525, and F01 = 2. Now push 
IRR || CPT | to obtain IRR = 3.315313209. Thus the length of time T until the 


first payment satisfies (1.1)? ~ 1.03315313209. Equivalently, T ~ hae 
~ .342202894. 


In the solution of Example (2.3.7), had we not thought to use the quadra- 
tic formula, we could have proceeded by setting 


F(T) = $525u" + $525v2? = $525(1.1) 7 + $525(1.1) °. 


Then F(T) is a decreasing function of T, F(0) = $1,050, and F(.5) ~ $977.84 
so T is clearly between 0 and .5. We get better and better estimates of T using 
the “guess and check” method. Newton’s method can also be used to find T 
[see Problem (2.3.12)]. 

We end this section by considering a method, the so-called method of 
equated time for finding approximate solutions to the following unknown 
time problem. The method of equated time is sometimes useful for finding an 
initial value in Newton’s method, the “guess and check method,” or another 
iterative method. 


PROBLEM 2.3.8 

An investor makes a sequence of contributions to an account gov- 
erned by compound interest. There is a contribution of amount 
Ci, at time ty, k = 1,2,...,n. Cr, is positive if we have a deposit 
and negative if we have a withdrawal. Find T so that a single 
payment of C = X`}; Cy, at time T has the same value at t = 0 
as the sequence of n contributions of our original scenario. 


An exact solution to Problem (2.3.8) may be obtained using the time 0 
equation of value 


n 
Cul = Cy 
k=1 
This equation is equivalent to 


n tk 
T_ Xka Gy 
C 


U 
and hence to 
Cip Utr 


Tlnv = p(t 
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Therefore, 


(2.3.9) r= 


An approximate solution to Problem (2.3.8) is given by the simpler ex- 
pression 


=, n t n 
(2.3.10) T = H1 Cute _ we Jtr- 


This weighted average of payment times is called the method of equated 
time approximation to the solution to Problem (2.3.8). If all the contribu- 
tions are positive, it can be shown [see Problems (2.3.7) and (2.3.8)] that 


(2.3.11) T>T. 
EXAMPLE 2.3.12 


Problem: A loan is negotiated with the lender agreeing to accept $12,000 
after five years and again after 10 years, then $30,000 after fifteen years in full 
repayment of the loan. The borrower wishes to renegotiate the loan so that 
these three payments are replaced by a single payment of $54,000. It is agreed 
that the new payment should have the same present value as the old sequence 
of payments if the present values are calculated using compound interest at an 
annual effective interest rate of 4.5%. When is the exact time T this payment 
should be made, and what is the method of equated time approximation T? 


Solution This time there are two timelines to consider, namely one for the 
originally negotiated repayment plan and another for the proposed payment 
plan. The second of these includes an unknown time T, and each timeline 
includes an unknown payment of —$L at time 0, $L being the loan amount. 


ORIGINAL 
PAYMENT: =E $12,000 $12,000 $30,000 
TIME: 0 5 10 15 
BALANCE: $0 

RENEGOTIATED 

PAYMENT: BS $54,000 
TIME: T 


BALANCE: $0 
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A time 0 equation of value giving T is 
$12,000(1.045)~° + $12,000(1.045)~*° + $30,000(1.045)~1” 
= $54,000(1.045) 7. 
Equivalently, 
p [(12,000(1.045)=* + 12,000(1.045)~29 + 30,000(1.045)~1®) /54,000] 
— In(1.045) 


Calculating we find T œ 11.28621406. 
Next we wish to find T. By (2.3.10), 


T 12,000 54 12,000 104 30,000 1b = 630,000 _ 112. 
54,000 54,000 54,000 54,000 3 
The values T and T are close. Moreover, as promised by (2.3.11), T does not 
exceed T. r] 


2.4 INVESTMENT RETURN 


In Examples (2.2.5), (2.3.5), and (2.3.6), we determined an unknown interest 
rate. The rates we found are known as yield rates for the investments. More 
generally, consider the time 7 equation of value (under compound interest at 
the rate i) 


(2.4.1) SoC, (1 +i)" = B iT. 
k 


A rate of interest which satisfies is called an (annual) yield rate 
or internal rate of return for the investment giving rise to (2.4.1). Think of 
a yield rate as an interest rate on savings and loans that would result in the 
contributions C;, accumulating to B at time T [as shown by setting 7 = T in 
Equation (2.4.1)]. 

Yield rates are a measure of how attractive a particular financial trans- 
action may be. A lender wishes to have a high yield rate while a borrower 
searches for a low yield rate. However, as we will consider in Section (2.5) and 
have already noted in our discussion of Example (1.7.8), there are complica- 
tions posed for the lender unless repayments may be invested at a rate equal 
to the original interest rate. Furthermore, if the signs of the contributions C;, 
fluctuate, there may not be a consistent “borrower” and “lender.” 

We shall see that Equation does not always have a solution and 
when it does, that solution need not be unique. However, in we discuss 
hypotheses under which uniqueness is guaranteed, and these hypotheses are 
frequently satisfied in real life applications. 
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EXAMPLE 2.4.2 A unique yield rate 


Problem: Gautam invested $1,000 on March 1, 1998 and $600 on March 1, 
2000. In return he received $600 on March 1, 1999 and $1,265 on March 1, 
2001. Show that i = 10% is the unique yield rate. 


Solution A March 1, 2001 equation of value describing Gautam’s invest- 
ment is 


$1,000(1 + i)? — $600(1 + i)? + $600(1 + i) — $1,265 = $0. 


Let p(x) = 1,000x° — 600x? + 600x — 1,265. Then i is a yield rate if and only if 
1+7 is a real root of p(x) = 0. Note that p(1.1) = 0. Therefore, i = .1 = 10% 
is a yield rate, and x — 1.1 divides the polynomial p(x). In fact, p(x) has the 
factorization p(x) = (x — 1.1)(1,000x? + 500x + 1,150). The quadratic formula 
shows that 1,000z? + 500z + 1,150 = 0 has no real roots, and consequently 1.1 
is the only real root of p(x) = 0. So, .1 = 10% is the only yield rate. We note 
that if a graphing calculator is available, you might use it to quickly locate 
this rate. a 


EXAMPLE 2.4.3 No yield rate 


Problem: Ace Manufacturing agrees to pay $100,000 immediately and again 
in exactly two years in return for a loan of $180,000 one year from now (to 
be used to replace a piece of machinery). Their CEO is asked what yield rate 
is associated with this transaction, but he is unable to answer the question. 
Why must this be the case? 


Solution A time 2 equation of value describing this financial arrangement 
is 

$100,000(1 + i)’ — $180,000(1 + 2) + $100,000 = $0. 
Equivalently, 10(1 + i)’ —18(1+72)+10 = 0. Thus, by the quadratic equation, 
1 +i = 1E TE Since 18? — 400 < 0, this leaves no real solutions to the 
yield equation. B 


EXAMPLE 2.4.4 Undefined yield 


Problem: Banker Johnson is always on the lookout for opportunities to make 
money without risking any of his own funds. Johnson is able to borrow $10,000 
for one year at an annual effective interest rate of 4%, then loan out the $10,000 
for one year at an annual effective rate of 6%. What is Johnson’s yield rate 
on this transaction? 


Solution Banker Johnson must pay .04($10,000) = $400 of interest for the 
money he borrows. However, he receives interest of .06($10,000) = $600 on the 
$10,000 he loans out. He thus makes $200 = $600 — $400 on the transaction 
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without tying up any of his own money. No finite yield rate describes this 
situation. It might be tempting to say that the yield rate is infinite. However, 
we refrain from that because this would not give us a way to distinguish 
Johnson’s situation from the even more favorable situation in which he is able 
to loan out the $10,000 at a rate higher than 6%. a 


EXAMPLE 2.4.5 Multiple yield rates 


Problem: Alice and Afshan are friends. Afshan agrees to give Alice $1,000 
today and $1,550 two years from now if Alice will give her $2,500 in one year. 
What is the yield rate for this transaction? 


Solution A time two equation of value for the given situation is 
$1,000(1 + i)? — $2,500(1 + i) + $1,550 = 0. 


This is quadratic in (1 + i) and the quadratic formula tells us that 


. _ 2,500 + v6,250,000 — 6,200,000 2,500 + 50,000 25+ V5 


1 = = 
ee 2,000 2,000 20 
Therefore, 
5-2 +V5 ~ 361803399 
20 
or 5 
5— V5 
ze ~ .138196601. 
t= 30 
We have two distinct positive interest rates. a 


EXAMPLE 2.4.6 Three distinct yield rates 


Problem: Parties A and B agree that A will pay B $1,000,000 at t = 0 and 
$3,471,437 at t = 2. In return, B will pay A $3,228,000 at t = 1 and $1,243,757 
at t = 3. Find the possible yield rates, estimating each to at least the nearest 
10,000th of a percent. 


Solution For those equipped with a BA II Plus calculator, the rate closest to 
zero may easily be found. (In general, if the cashflow worksheet gives you a 
yield rate, it is the one closest to zero.) The correct sequence of buttons to 
produce the approximate yield rate of 4.184306654% is 


CF | 2ND | CLR WORK || 1 ||0|/0)/0]/0 || 0/0 


ENTER | J |} 3 || 2 || 2 || 8|/0]/0))0)/ +/— 


ENTER || J |l 3lal zl ilala l7 
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ENTER ||| || 1/1 ]/2])/4|/3]/7//5|/ 7] +/- 


ENTER | IRR || CPT |. 


For those not using the BA-II Plus, this first yield may be found using ei- 
ther Newton’s method or “guess and check,” each of which might be facilitated 
by a good graph of the function 

f(x) =1,000,000(1 + £)? — 3,228,000(1 + x)? 
+ 3,471,437(1 + x) — 1,243,757, 


perhaps obtained on a graphing calculator. 


0 0.02 0.04 0.06 0.08 0.1 0.12 014 0.16 


The graph is helpful because the yield rates are the roots of this poly- 
nomial, and for either Newton’s method or the“guess and check” method, an 
initial approximation is needed. A graph shows that as well as being a root 
near 4%, there is a root close to 6% and another close to 12%. Here we use 
the “guess and check” method to find the root close to 6% and calculus-based 
Newton’s method to find the root near 12%. 


The root near 6%: We successively calculate f(.06) = 1.42, f(.061) = 
25, f(.0611) = .127951, f(.0612) = .005008, —f(.06121) = —.007335, 
f(.061205) = —.001163, f(.061204) = .000072, and f(.0612041) = —.000052. 
So, the yield rate is between 6.1204% and 6.12041%. 


The root near 12%: Note that 


f’(x) = 3,000,000(1 + x)” — 6,456,000(1 + x) + 3,471,437 
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and set ao = .12. Then zı = ap — $2 = 12 — =22:76 ~ 125810569, 


Fæ) 3917 
wo = z1 — HEY ~ 125810569 — BOSSE rw 124972561, v3 = ap — 4ER ~ 
.104354 n — f3) y 
124972561 — psi © 124952886, and x4 = x3 — 2 ~ 124952886 — 


000054 _ - F 
z295 155063 © -124952876. So, the rate is approximately equal to 12.49529%. 


Using the BA II Plus calculator for these methods: In the “guess and 
check” method and also in Newton’s method, one is repeatedly evaluating the 
polynomial f. It is helpful to store the coefficients of f in successive memories 
and also to reserve a register for one plus the argument at which the function is 
evaluated. Likewise, in Newton’s method, use successive memories for the coef- 
ficients of the derivative f’. As one calculates f or f’, store the partial results in 
an available register, remembering that the BA II Plus calculator allows you to add 
a displayed number to the value stored in register m by pushing | STO || + || mJ. 

k 


EXAMPLE 2.4.7 Three party example 


Problem: Brian, Filemon, and Harold are friends. Brian will pay Filemon 
$1,000 now. Filemon will pay Brian $300 and Harold $800 in exactly one 
year. Finally, Harold will pay Brian $900 two years from now. What is Brian’s 
annual yield for this three-way transaction spanning two years? 


Solution Brian’s time 2 equation of value is $1,000(1 + i)? — $300(1 + i) — 
$900 = $100[10(1 + i)?—3(1+i)—9]. The quadratic equation then tells us that 
1+i = 23 Since Brian invests $1,000 and receives $1,200 > $1,000, he 
has a positive yield rate, namely i = 54+V9+360 — 1 .11046836. E 


Note that the three-way financial transaction of Example (2.4.7) can be 
viewed in terms of two-party loans. We could think of it as the following 
package of loans. 


(1) Brian loans Filemon $1,000 at t = 0 and receives $1,100 from Filemon 
at time t = 1 in full repayment of the loan. 


(2) Brian loans Harold $800 at t = 1 and receives $900 from Harold at time 
t = 2 in full repayment of the loan. 


Note that the interest rate paid by Filemon is ee — 1 = .1 and the 
$900 


interest rate paid by Harold is 3354 — 1 = .125. Brian’s yield rate is in between 
these two rates. 

When computing Brian’s yield rate in Example (2.4.7), we were not con- 
cerned with the source of the money coming in or the recipient of outgoing 
money. Rather, we took a “bottom line approach.” We were only con- 
cerned with the times and amounts of all contributions (positive or negative) 
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by Brian. This approach is fundamental to the successful determination of 
yield rates. 


When computing the yield rate received by an investor, take a 
“bottom line approach.” Consider only the times and amounts 
of all contributions (positive or negative) by the investor. 


Our next task is to analyze conditions that assure that there is a unique 
yield rate i > —1. We continue with our previous notation and suppose that 
i is a yield rate. That is, we suppose that we have the equation of value 


Define 


(2.4.8) Ba (i) = X C,,(1+4)"™. 


q=1 


Then B;,(i) represents the outstanding balance at time t, just after the 
contribution C;,, provided that money grows by compound interest at a rate 
i. An important observation is that 


By, (i) = B, (D(L i) + Ci for = 2.32.90: 


We now are ready to explain a set of conditions that forces there to be 
exactly one yield rate that is also greater than —1. The proof of Important 
Fact 2.4.9 is discussed at the end of this section, and may be skipped without 
hindering your ability to understand the remainder of the book. 


IMPORTANT FACT 2.4.9 
If the contributions take place at times ti < tg < ... < tn-1 < 
tn and there is a yield rate i > —1 such that the first (n — 1) 


consecutive balances B, (i), B;,(i),...,Bz,_,(¢) are all positive 
or are all negative, then i is the unique yield rate that is greater 
than —1. 


The condition of (2.4.9) is that one party remains the lender throughout 
the period of the financial transaction. Among the situations in which this is 
the case is when all deposits take place before any withdrawals. When this 
happens, the existence of a unique yield rate ¿i for which 7 > —1 may also 
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easily be seen using Descartes’ rule of signs. Note that in Example (2.4.5), 
at time 0 Afshan is the lender, but at time 1 Afshan becomes the borrower. 
Therefore, (2.4.9) does not apply, and it was demonstrated that there are two 
distinct positive interest rates in Example (2.4.5). 


Proof of Important Fact (2.4.9) 

Assume that the hypotheses of (2.4.9) are satisfied. 

Note that Ba (i) = C;,, and we will assume that B+ (i) > 0. If this is not 
the case, interchanging the roles of borrower and lender changes the signs of 
all the contributions and makes it true, as well as changing the signs of the 
other balances so B;, (i) > 0 for k = 1,2,...,n—1. 

Now suppose that there is another interest rate j with j > i and 


n 


Yo Cn (1 +3)" = B. 


k=1 


Then j is also a yield rate. Just as we did for the rate i, we define 


and observe that 
B4, (i) = Bipa (J+ I) + Cir for k = 2,3, .. n. 


We now note that Bi, (i) = Cti = Bi, (J). But then Bi, (i) = Bi, (4)(1 + i) 
+ Cn, Belj) = Ba (j) +7) + Ca, and since B, (i) > 0, the inequality 
j > i forces Ba (j) > Ba (i). Since Be (i) = B, (i) + i) + Cn, Ba (j) = 
B (j) +j) + Ciz, j >i, and Bi, (i) > 0, this gives us Bi (j) > Bi (i). 
Continuing inductively, we arrive at B+, (j) > Bz, (4). However, provided that 
1 +i > 0, the inequalities j >i and B4, (j) > Bi, (i) combine to force 


B = B, (DO +H > B, OU +AT = B. 


With this contradiction, we see that there is no second yield rate j larger than 
the yield rate i. 

Similarly [see Problem (2.4.7)], we can show that there is no smaller yield 
rate. 


2.5 REINVESTMENT CONSIDERATIONS 


In Example (2.4.7), we saw a three-party financial transaction. The yield rate 
calculated by the lending party, Brian, was not equal to the interest rate paid 
by either of the other parties. When we have an investor who reinvests money 
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that is paid to him, that investor may be involved with multiple parties and 
his yield rate will not in general be equal to the interest rate of his initial 
borrower. In this section we look at two yield rate calculations, each involving 
reinvestments. We will look at further important examples in Section (3.10). 


EXAMPLE 2.5.1 


Problem: Jose loans Martin $12,000. Martin repays the loan by paying $5,000 
at the end of two years and $10,000 at the end of four years. The money 
received at t = 2 is immediately reinvested at an annual effective interest rate 
of 2.4%. Find Martin’s rate of interest and Jose’s annual yield rate. 


Solution Martin’s time 4 equation of value is $12,000(1+i)4—$5,000(1+%)? 
—$10,000=$0. Let z = (1+ iy Then Martin’s equation of value is equivalent 
to 12”? — 5a — 10 = 0. From the quadratic formula and the fact that x is non- 
negative, we deduce that x = 5+¥/505 x~ 1.144675211 and Martin’s yield rate is 
i = yx — 1 .069894953. (Another technique is to use the BA II Plus calculator 
Cash Flow worksheet with CFo = 12,000, C01 = 0, F01 = 1, C02 = —5,000, F02 
= 1, C03 = 0, F03 = 1, C04 = —10,000, and F04 = 1. Pushing) IRR || CPT | then 
gives the rate.) 

To calculate Jose’s yield rate, we remember the “bottom line” approach 
of Section (2.4). Jose contributes $12,000 at t = 0. The next time he has any 
of this $12,000 available to him is at time t = 4 since it is stipulated that the 
$5,000 that comes in at t = 2 is immediately invested at an annual effective 
rate of 2.4%. At time t = 4 Jose has available the proceeds of this account, 
namely $5,000(1.024)” = $5,242.88 and the $10,000 he is paid at time 4. Thus, 
the equation we must solve to find Jose’s annual yield rate i; is 


$12,000(1 + iz)“ = $5,242.88 + $10,000. 


It follows that iy = (iee)? — 1 ~ 061625755. 


Jose’s yield rate is lower than Martin’s interest since Jose reinvested the 
$5,000 at an interest rate lower than Martin’s rate. | 
EXAMPLE 2.5.2 


Problem: Julie pays Chan $1,000. In return, he pays her $300 at the end of 
1, 2, 3, and 4 years. Each time Julie receives a payment, she reinvests it at 
3%. She closes the 3% account at the end of 4 years. Find the annual effective 
interest rate paid by Chan and the annual yield rate earned by Julie. 


Solution Chan’s time 0 equation of value is 


$1,000 — $300v — $300v? — $300v? — $300v* = $0. 


There is only one change of signs in the sequence of coefficients —1,000, 
300, 300, 300, 300 so, by Descartes rule of signs, there is a unique interest 
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rate i which makes this equation true. Chan’s rate may be found to be about 
7.713847295% using the BA II Plus calculator Cash Flow worksheet with CFo 
= 1,000, C01 = —300, and F01 = 4. Alternatively, the rate may be estimated 
using the “guess and check method” or Newton’s method. 

Julie pays $1,000 at time 0 and the next time she has any money available 
is at time 4 when she gets the accumulated balance in her 3% savings account. 
This amount is $300(1.03)? + $300(1.03)” + $300(1.03) + $300 ~ $1255.09. 
Therefore, her yield rate is iz where 


$1,000(1 + iz)“ = $1,255.09. 


Consequently, iy = (+255-09)3 — 1 ~ 5.8446028%. Julie’s rate is lower than 


1,000 
Chan’s since she reinvested money in a savings account paying interest at 3%, 
a rate lower than Chan’s. E 


2.6 DOLLAR-WEIGHTED YIELD RATES 


The yield rates we have defined are solutions to equations of value. Sometimes, 
these equations may be solved easily by algebraic methods. Other times, the 
“guess and check” or other iterative method may reasonably be used to arrive 
at a good approximation(s) to the yield rate(s). Or, perhaps there is a single 
rate and the timing of the payments is such that the BA II Plus calculator Cash 
Flow worksheet applies. However, many times these methods are cumbersome, 
and one might wish for an elementary method to obtain an approximation to 
the yield rate. 

Suppose that we wish to study an investment fund over some finite time 
interval. We choose new units of time so that in our new units, the interval of 
our investment has length one. For example, if we wish to study an investment 
lasting from July 1, 1994 to January 1, 1997, then we let our new unit of time 
be a period of length two-and-a-half years. Furthermore, we let the starting 
time of the investment be denoted by time 0 and the ending point be denoted 
by time 1. 

Denote the amount of money in the fund at the beginning (t = 0) by A 
and the amount of money in the fund at the end (t = 1) by B. For each time 
t with 0 < t < 1, [4 let C; denote the contribution to the fund at time t. By 
assumption (and following real life), there are only finitely many times t at 
which C, is nonzero, and we may have a mixture of positive C;’s (deposits) 
and negative C;’s (withdrawals). Define the net contributions to the fund 


by 
C= C 
) 


te(0,1 


2That t lies in this interval is denoted t € (0, 1). 
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and let J denote the interest earned by the fund from t = 0 to t = 1. Then, 
(2.6.1) B=A+C+4T. 


If j denotes the interest rate for the period [0,1] of the investment, then 


(2.6.2) T=Aj+ SO [ats *- I]. 


t€(0,1) 


This last term, giving the interest on the contributions C; as determined by 
compound interest, may be hard to calculate if there are a large number of 
contributions. We therefore approximate it by supposing that on each contri- 
bution C, we earn simple interest at rate j from the time of deposit until 
t=1. 


(2.6.3) [a++ 1] a~ Cill t) forte (0,1). 
Combining (2.6.2) and (2.6.3), we obtain the important approximation 


(2.6.4) Tx Ajt+ X Cy(1-2). 
te(0,1) 


Equivalently, we have the following approximation for j 


. I 
JZ ; 
A+ dite (0,1) C,(1 -t) 


(2.6.5) 


The dollar-weighted yield, or equivalently, the dollar-weighted rate of 
return is the simple interest approximation of 7 given by the right-hand side 
of Equation (2.6.5). 


IMPORTANT DEFINITION 2.6.6 
The dollar-weighted yield, denoted by jaw, is 


‘ I 
Jdw = : 
i A+ Jeon C(1 — t) 


The denominator in (2.6.6) should be thought of as an average amount 
of money invested. Approximation (2.6.5) tends to be fairly good if the C;’s 
are relatively small compared to A. 

There may be times when the 74, is difficult or too time consuming to 
compute. If we approximate each t € (0,1) for which C; 4 0 by a constant k, 
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then gives us the new approximation 


T T 
1% A+ Duco GU —*) A+CU-k) 


(2.6.7) 


Note that approximation (2.6.7) only requires the total contribution C', not 
all the individual contributions and their times. Recalling (2.6.1), it may be 
rewritten as 


, I I 
1% AHB-A- N-k) kA- k)B- (0k) 


(2.6.8) 


A good k to use would be the dollar-weighted average Zeo 1) St. However, 
its precise value may take too long to calculate, so perhaps a quick estimate 
of it will suffice. If one uses k = E, then one obtains 


I =. 2 
\B—-(1-1)r A+B-I 


(2.6.9) GPG 


EXAMPLE 2.6.10 One year investment period 


Problem: On January 1, 1990, Martin’s investment account had a balance 
of $10,210. He deposited $4,000 on March 1, 1990, withdrew $3,000 on June 
1, 1990, and deposited $1,000 on December 1, 1990. At the end of 1990, 
Martin’s balance was $12,982. Find Martin’s dollar-weighted yield for the 
year 1990, then find another approximation of the yield for the year 1990 by 


using Equation (2.6.9). 


Solution 
DATE CONTRIBUTION BALANCE 
Jan. 1, 1990 $0 A = $10,210 
Mar. 1, 1990 Cc, = $4,000 ? 
Ta 
June 1, 1990 Cc. = —$3,000 ? 
12 
Dec. 1, 1990 C.. = $1,000 ? 


Dec. 31, 1990 $0 B = $12,982 
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Since we are considering an investment over a period of exactly one year, 
our unit of time is a year. With the notation of this section, A = $10,210, 

= $12,982, Cz = $4,000, Cs = —$3,000, and Cu = = $1,000. Then C = 
os 000 — $3,000 + $1,000 = $2, 000 and l= B-—A-— ce $12,982 — $10,210 — 
$2,000 = $772. Then, Martin’s dollar-weighted yield is 


ae $772 ie 
Jaw = $10,210 + $4,000(1 — 4) — $3,000 — 5) + $1,000(1 — 44) ~ 


Note that since the investment period is one year, the ae dollar-weighted 
yield is 0.065 as well. On the other hand, Equation (2 gives us another 
approximation for the annual yield: 


2($772) 
~ $10, 210 + $12,982 — $772 


= .069. 
a 


We note that the (annual) yield j of Example (2.6.10) satisfies the time 
1 equation of value 


$12,982 = $10,210(1 + 7) + $4,000(1 + j)? — $3,000(1 + j)? 
+ $1,000(1 + 7)™. 


We let 


p(j) = $10,210(1 + 7) + $4,000(1 + j) — $3,000(1 + j)? 
a 
+ $1,000(1 + j)”, 


the right-hand side of this time one equation of value. Then p(.064985) ~ 
$12,982.00004, and therefore the yield j is extremely close to 6.4985%. (In this 
example the BA II Plus calculator Cash Flow worksheet could be used to find the 


yield rate (1 + j)? — 1 for a 12-th of a year and then to find j.) 


EXAMPLE 2.6.11 Investment period not equal to one year 


Problem: On January 1, 1995, Siobhan’s investment account had a balance 
of $8,412. She deposited $1,000 on November 1, 1995 and withdrew $600 
on November 1, 1997. Her balance on July 1, 1998 was $9,620. What was 
Siobhan’s annual dollar-weighted yield for the forty-two month period from 
January 1, 1995 to July 1, 1998? 
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Solution 
DATE CONTRIBUTION BALANCE 
Jan. 1, 1995 $0 $8,412 
Nov. 1, 1995 $1,000 ? 
Nov. 1, 1997 —$600 ? 
July 1, 1998 $0 $9,620 


Note that A = $8,412, B = $9,620, Cw = = $1,000, and Cs = —$600. It 
follows that C = $1,000 — $600 = $400 and I = $9,620 — $8,412 — $400 = $808. 
Therefore, we have a forty-two month dollar-weighted yield 


808 
we ~ .089186973. 
Jaw ™ $8,412 + $1,000(32) — $600(5) 


It follows that the annual (12 month) dollar- weighted yield for the forty-two- 
month period is idw = (1 + .089186973) 32 — 1 2.470934465%. 

We note that the BA II Plus calculator Cash Flow worksheet could be 
used to find the yield rate in this example; you can first find a monthly yield 
rate and then calculate the equivalent annual yield rate. Clear the worksheet 
and enter CFo = 8,412, C01 = 0, F01 = 9, C02=1,000, F02=1, C03 = 0, F03 
= 23, C04=—600, F04 = 1, C05 = 0, F05 = 7, CO6=—9,620, and FO6=1. Then 
IRR || CPT | gives a monthly yield rate of .203699333%. The equivalent annual 


yield rate is (1.002036993)'” — 1 ~ 2.471964455, and this is close to the above 
approximation. a 


The next example is designed so that the Cash Flow worksheet (of the BA 
II Plus calculator or of the BA II Plus Professional calculator) cannot be used to 
calculate the yield rate. (The reason for this is that one is limited to one initial 
Cash Flow and then at most twenty-four others, each made at the end of up to 
9,999 successive periods.) However, it still might be used to estimate the rate by 
shifting all the deposits forward one month. 


EXAMPLE 2.6.12 Investment period not equal to one year 


Problem: On January 1, 1995, Saul’s investment account had a balance of 
$7,688. He deposited $100 on February 1, 1995 and then again at the end of 
every two months (that is on April 1, 1995, June 1, 1995, ..., December 1, 
1997). His balance on January 1, 1998 is $10,830. What was Saul’s approxi- 
mate annual yield for the three-year period, calculated using (2.6.9)? 
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Solution Note that A = $7,688, B = $10,830, and since there are eighteen 
$100 deposits and no withdrawals C = $1,800. Therefore, J = $10,830 — 
$7,688 — $1,800 = $1,342 and using we have the approximate three- 
year yield 

2 x 1,342 


os z~ .156264555. 
7,688 + 10,830 — 1,342 ae 


j 


It follows that the approximate annual yield for the three-year period is 
(1 + .156264555)3 — 1 ~ 4.959%. 

To approximate the yield 7 by calculating jg,, would be quite time- 
consuming. However, in Chapter 3 we will come back to this problem [see Exam- 
ple (3.2.23)] and see a good approximation to the rate. 

Let's take a moment to see why this problem cannot be solved using the BA 
II Plus calculator. We are given the balance on January 1, 1995 and enter this 
as our initial cashflow CFo. Then, we have a payment one month later (of $100) 
which we enter as C01. This establishes that the time period being used in the 
Cash Flow worksheet is one month. Thus, we would wish to alternately enter 
cashflows of $0 (for the months there were no deposits) and $100 (for the months 
when Saul deposited $100). But then, to span the three-year time period from 
January 1, 1995 to January 1, 1998 would require registers to enter 36 payments. 
The problem is that the BA II Plus calculator has 24 cashflow registers, and the 
BA II Plus Professional has 32 registers, rather than 36 appropriate registers. 

Since we can’t solve the given problem, we look at the similar problem where 
the deposits occurred every two months starting with March 1, 1995. The Cash 
Flow worksheet can then be used with CFo = 7,688, C01 = 100, F01 = 17, C02 = 
—10,830 + 100 = —10,730, F02=1. Then | IRR || CPT | gives a two-month yield 


of J ~ .81628332% and this corresponds to an annual yield of (1+ J)° —1 ~ 
4,.998742257%. Our shift of each of the deposits forward one month (from the 
original problem) results in this rate being a bit higher than the yield rate for the 
given problem. a 


We end this section with an example showing the usefulness of approxi- 
mation (2.6.7). 


EXAMPLE 2.6.13 The average date for contributions 


Problem: An investment fund had a balance of $320,000 on January 1, 2002 
and a balance of $374,000 one year later. The amount of interest earned during 
the year was $14,000, and the annual yield rate on the fund was 4%. Estimate 
the (dollar-weighted) average date of contributions to the account. 


Solution We are given that A = $320,000, B = $374,000, and 7 = $14,000. 
So, C = B — A — I = $40,000, and if k denotes the average (dollar-weighted) 
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time of the contributions, approximation (2.6.7) gives 


ae $14,000 
“~~ $320,000 + $40,000(1 — k)” 


Equivalently, k ~ i. The average date of contributions to the account is a 
quarter of the way through the year, that is to say on April 1. | 


2.7 FUND PERFORMANCE 


As in Section (2.6), let us consider an investment fund over a given interval of 
time. However, rather than considering the annual yield which is a measure 
of how the investment actually grew, we define a new “yield rate,” called 
the annual time-weighted yield rate that quantifies how well the fund was 
managed. The yield rate and time-weighted yield rates are often close, but this 
is not always the case. For example, if an investor makes large deposits right 
before the fund does particularly well and makes large withdrawals just before 
the fund does poorly, the investor’s yield will be considerably higher than the 
time-weighted yield associated with the fund. This is the case considered in 
Example (2.7.5). 

As in Section (2.6), introduce units so that the given investment period has 
length one unit. Let B, denote the account balance at time t, just before any 
time ¢ contributions. (In the notation of Section (2.6), Bo = A and Bı = B.) 
Let C; denote the contribution at time t, and assume that there are only 
finitely many t’s in the interval (0,1) for which C; 4 0, namely t1, t2, ..., tr 
where 0 < ty < t2 <-:-<t, < 1. Let t,4, = 1. The balance then progresses 
as is indicated in the following diagram: 


Bo > Bi, Biz Bi, Bi, Bi. Bias 
Bi, + Cr, Big + Cty Bi + Ctr Bi, + Ct, 


The vertical arrows arise due to contributions to the investment fund, 
and the nonvertical arrows reflect the growth (or shrinkage) of the investment 
fund over time. In the case of a non-vertical arrow to B;,, the balance grows 
by multiplying by 1 + 7, where 


. Ba ifk=1 
(2.7.1) l+je=4 ° By eons 
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Think of jẹ as the yield rate for the interval [t,_1, t,]. The time-weighted 
yield jiw for the investment period is defined so that the sum 1+ jz, is equal 
to the product (1+ j1)(1 + j2)... (1 + jr+1); standard mathematical notation 
for this is JJ} (1 + jx). Thus, 


r+1 


(2.7.2) Jw = |] +4] -1 


k=1 


The motivation for the definition of jiw is as follows. The growth of money 
over the interval [0,1] is given by its successive growth over the subintervals 
[t.-1, tx], and on the subinterval [tk—1, tk] the growth of money is governed 
by multiplication by 1+ jx. 

Note that jw is a “yield rate” for the interval of interest. If the interval 
lasts T years, the annual time-weighted yield rate titw is 


r+1 T 
(2.7.3) iw = (1+ je)? -1=|[J[0 +] -1 
k=l 


EXAMPLE 2.7.4 Investment period not equal to one year 


Problem: Mohammed had $20,000 in his investment account on August 15, 
1999. On August 15, 2000 his balance was $21,200 and he deposited an ad- 
ditional $5,000, giving him a new balance of $26,200. On August 15, 2001, 
Mohammed’s account had a balance of $27,300. Assuming that there are no 
other contributions to the account, find the annual time-weighted yield and 
note that it is very close to the annual yield. 


Solution The balance grows as follows: 


$20,000 ———~ $21,200 $27,300 
$26,200 
Therefore 


T 
$21, 200\ /$27,300\ ]? 
tw = i 1 ~ .050953765. 
a (Seam (Sean) | 
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On the other hand, the annual yield 7 satisfies the equation of value 
$20,000(1 + i)? + $5,000(1 + i) = $27,300. 


This equation may be solved using the quadratic equation, and 7 = .05 is the 
only positive yield rate. a 


EXAMPLE 2.7.5 Time-weighted yield less than yield 


Problem: Astute Mr. Haywood notices that although the “Tomorrow Fund” 
has an excellent performance history, it performed less well when the price of 
gasoline experienced a sharp rise. He decides to invest in the fund but, to the 
extent possible, move his money away from the fund during periods when he 
anticipates a sharp increase in gasoline prices. On January 1, Mr. Haywood 
deposits $100,000 in the fund. On March 1 his balance is $102,000, and he 
withdraws $50,000. On May 1 his balance is $52,500 and he deposits $50,000. 
At the end of the year Mr. Haywood’s fund balance is $111,000. Find the 
time-weighted yield for the “Tomorrow Fund” for the year, and show that 
this is lower than Mr. Haywood’s yield. 


Solution The balance grows as follows: 


$100,000 ——— $102,000 $52,500 $111,000 
$52,000 $102,500 
Therefore 
$102,000 /$52,500\ / $111,000 
liw = j w Z i 2 : 1x .1152 A 
aR (Sao (5-000) (Faso) PADR 


The annual yield 7 satisfies 
$111,000 = $100,000(1 + 2) — $50,000(1 + i)? + $50,000(1 + DÈ, 


Let q(i) = $100,000(1 + i) — $50,000(1 + i)? + $50,000(1 + i)®, Then q(itw) 
œ~ $110,534.53 < 111,000. Therefore, Mr. Haywood’s yield is higher than 
itw. In fact, using the “guess and check” method or Newton’s method, one 
may determine that Mr. Haywood has a yield rate of approximately .1203. 
More easily, the BA II Plus calculator Cash Flow worksheet may be used to 
find a monthly yield rate of .951201439 is equivalent to an annual yield rate of 
12.03092019%. 
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The reason that Mr. Haywood’s yield exceeds the Tomorrow Fund’s time- 
weighted yield is that he timed his deposits and withdrawals well. Had they 
been poorly timed, his yield would have been worse than the Fund’s time- 
weighted yield. | 


2.8 PROBLEMS, CHAPTER 2 
(2.0) Chapter 2 writing problems 


(1) [following Section (2.3)] Consider the equation 


N= 


WN 


wa 


$2,000(1 + i)* — $300(1 + i)? + $600(1 + i) = $2,925. 


Describe a financial situation for which this is the associated time 4 
equation of value. Give details explaining the sources of any deposits 
and the reasons for any withdrawals. 


[following Section (2.3)] Consider the equation 


35 
$2,000(1 +2)" = $10,000 


k=1 mæt 


Describe a financial situation for which this is the associated time 35 
equation of value. 


[following Section (2.7)] Write an advertisement for an investment fund, 
giving annual yields earned by the fund over each of five years and an 
annual time-weighted yield for the period. 

Learn about three mutual funds and the portfolio focus of each fund. For 
each fund, note the annual yield rates over various time periods. Include 
the period from the date of date of inception to a recent date and a 
recent five-year period. Comment on similarities and differences in the 
performance of the funds. Speculate on the causes of any performance 
discrepancies. 


(2.2) Equations of value for investments involving a single deposit 
made under compound interest 


(1) Mr. Lopez deposits $K in an account paying 4% annual effective dis- 


count. The balance at the end of three years is $982. Find K. 


(2) Marianne deposits $2,000 in a five-year certificate of deposit. At matu- 


rity the balance is $2,580.64. Find the annual effective rate of interest 
governing the account. 


(3) Suzanne remembers that her only deposit into her savings account was a 


$1,800 deposit. She knows that the account has had a constant nominal 
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interest rate of 3.2% convertible monthly and that the balance is now 
$1,965.35. How long ago did Suzanne make her deposit? 

Use the rule of seventy-two to approximate the length of time it takes 
money to double at an annual effective interest rate of 5% and then at 
an annual effective rate of 10%. Then find the exact time it takes for 
money to double at each of these interest rates. 

Derive a “rule of n” to approximate the length of time it takes for money 
to triple. As in the derivation of the “rule of seventy-two,” your rule 
should be derived to give an especially good estimate when the annual 
effective interest rate is 8%. After you have stated your rule, compare 
the approximations it gives for annual effective interest rates of 4% and 
12% with the true values at these rates. 


(2.3) Equations of value for investments with multiple contributions 


(1) 


Sidney borrows $12,000. The loan is governed by compound interest and 
the annual effective rate of discount is 6%. Sidney repays $4,000 at the 
end of one year, X at the end of two years, and $3,000 at the end of 
three years in order to exactly pay off the loan. Find X. 

Rafael opens a savings account with a deposit of $1,500. He deposits 
$500 one year later and $1,000 a year after that. Just after Rafael’s 
deposit of $1,000, the balance in his account is $3,078. Find the annual 
effective interest rate governing the account. 

Esteban borrows $20,000, and the loan is governed by compound interest 
at an annual effective interest rate of 6%. Esteban agrees to repay the 
loan by making a payment of $10,000 at the end of T years and a 
payment of $12,000 at the end of 2T years. Find T. 

Shakari opens a savings account with a deposit of $3,500. She deposits 
$500 six months later and $800 nine months after opening the account. 
The balance in Shakari’s account one year after she opened it is $5,012. 
Assuming that the account grows by compound interest at a constant 
annual effective interest rate i, find i. 

A loan is negotiated with the lender agreeing to accept $8,000 after 
one year, $9,000 after two years, and $20,000 after four years in full 
repayment of the loan. The loan is renegotiated so that the borrower 
makes a single payment of $37,000 at time T and this results in the 
same total present value of payments when calculated using an annual 
effective rate of 5%. Estimate T using the method of equated time. Also 
find T exactly. 

Anne and Frank Smith each borrow $12,000 from their father. Anne 
and Mr. Smith have agreed that she will repay her loan in full by paying 
$6000 in two years and $8000 in four years. Frank prefers to make one 
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lump payment of $15,000 to fully repay his loan. When should he make 
that payment so that he and his sister will each have the same effective 
interest rate? 

Let 61, b2,...,bn be positive real numbers. Set A = (Dee 1 on) /n, the 


arithmetic mean of the numbers, and G = ([];_, bt)”, the geometric 
mean of the numbers. The objective of this problem is to establish that 
A > G and that A > G whenever bj, b2,...,bn are not all equal. 


“—— 
“NI 
— 


(a) Write the point-slope equation for the tangent line to y = Inz at 
(A, ln A). 

(b) Use (a) and concavity to show that lnx < A~!(a@—A)+In A for all 
positive x. Moreover, show that equality holds if and only if x = A. 

(c) Use (b) to prove that InG < +5}; A71(b, — A) + In A and that 
this is a strict inequality unless all the b;’s are equal. 

(d) Show that 4 X}; At (bp — A) + nA = nA. 

(e) Conclude that G < A and G < A unless all the 6,’s are equal. 


(8) Let Ci, denote the contribution in cents made at distinct times ty, 
k = 1,2,...,n. Suppose that these are all positive so that we have 
deposits, but no withdrawals. Then the C;,’s are positive integers. As 


n (2.3.9), let 
= m (Zena re =) fine. 


As in (2.3.10), let T = ee )t,. The objective of this problem is 


to use the result of Problem (2.3.7) to establish that T > T and that 
this is a strict inequality unless n = 1. 


(a) Consider C, quantities each equal to v’*, k = 1,2,...,n. Then in 
all we are considering C = Ch +C, +-+ Ci, quantities. Use the 
result of Problem [2.3.7(e)] to show that 

Cy, 0 + Cut ee Ciut” > uT 


and that this is a strict inequality unless n = 1. 
(b) Use (a) to show that the present value of the deposits is at least 
as large as the present value given by the method of equated time 
and that it is strictly larger unless n = 1. 
(c) Show that T > T with strict inequality unless n = 1. 
(9) Suppose that you pay $1,000 at time 0, get $4,000 at time 1, and pay 


$2,000 at time 2. Let Co = $1,000, C1 = —$4,000, and Cy = $2,000. Set 
C = Co + Ci + Co = $1,000 — $4,000 + $2,000 = —$1,000. Find T such 
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that getting an inflow of —C at time T has the same present value as 
the above sequence of financial transactions, assuming that the growth 
of money is governed by compound interest at i = 1%. Show that T is 
greater than the weighted average T = S204 11+ S22, [This shows that 
Inequality (2.3.11) need not hold if you have a negative contribution.] 

(10) [recommended for those with a BA II Plus calculator ] 
Dax borrows $300,000 and the loan is governed by compound interest at 
an annual effective interest rate of 4.75%. Dax agrees to repay the loan 
by ten equally spaced payments, the first four of which are for $25,000 
and the next six of which are for $40,000. When should he make the 
first payment? 

(11) Find the amount to be paid at the end of eight years that is equivalent 
to a payment of $400 now and a payment of $300 at the end of four 
years 


(a) if 6% simple interest is earned from the date each payment is made 
and use a comparison date of right now. 

(b) if 6% simple interest is earned from the date each payment is made 
and use a comparison date of eight years from now. 

(c) Explain why the fact you get different answers in parts (a) and 
(b) does not contradict the fact that equations of value at different 
times are equivalent equations. 

(d) Repeat parts (a) and (b) except replace “simple interest” with 
“compound interest.” 


(12) [calculus needed] Use Newton’s method to solve the problem of Example 
(2.3.7). More specifically, set f(t) = 525(1.1)~?4 + 525(1.1)~* — 1,000, 
make an initial guess Tı for a root T, and find a sequence of approxi- 
mations {T,} to T that allow you to obtain T to the nearest hundredth 
of a percent. Why might Tı = .3 be a reasonable initial guess? 


(2.4) Investment return 


(1) Payments of $3,000 now and $8,000 eight years from now are equivalent 
to a payment of $10,000 four years from now at either rate i or rate j. 
Find |i — j|. Explain why the yield rate is not unique in this case. 

(2) Success, Inc. enters into a financial arrangement in which it agrees to 
pay $100,000 today and $101,000 two years from now in exchange for 
$200,000 one year from now. Show that there is no yield rate that can 
be assigned to this two-year transaction. 

(3) Sigmund, Inc. agrees to pay $150,000 today and $40,000 four years from 
today in return for $210,000 two years from today. What is the yield 
rate for this four-year financial arrangement? 
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(4) Firms A, B, C, and D enter into a financial arrangement. Money flush 


(10 


wm 


Ke 


= 


firm A will pay expanding firms B and C each $1,000,000 today. B will 
pay D $2,200,000 three years from today. C will pay B $800,000 two years 
from today and D $350,000 two years from today. Finally, D will pay A 
$3,200,000 six years from today. Calculate the yield rate or interest rate, 
to the nearest hundredth of a percent, that each firm experiences over 
the period of their involvement (6 years for A, 3 years for B, 2 years for 
C, and 4 years for D). 

Sulsa invests $8,572.80 at t = 0 and $28,500 at t = 2. In return, she 
receives $27,074 at t = 1 and $10,000 at t = 3. Write down a time 0 
equation of value and verify that it is satisfied for v = .94, v = .95, and 
v = .96. Find the corresponding three yield rates. 

Pedro invests $100,000 at t = 0 and $60,000 at t = 2. In return he gets 
$60,000 at t = 1 and $126,500 at t = 3. Write down a time 3 equation 
of value describing Pedro’s investment. Explain why there is a unique 
yield rate and find it. 

Jie purchased two U.S. Treasury bills on the same day. The first one will 
mature in 13 weeks for $12,000, with quoted rate of 1.93%. The other 
one will mature in 26 weeks for $16,000 and has a quoted rate of 2.35%. 
What is Jie’s annual effective yield for the 26-week period, assuming 
that there are 365 days in a year? 

Louie borrowed $2,000 from Phil. Under this agreement, Louie would 
repay with $1,200 at t = 1 and $1,700 at t = 4 where time is given 
in years. Louie successfully made the payment in full at t = 1, but he 
faced some financial difficulty and was only able to pay 60% of what he 
owed at the time of the second payment. What was the annual interest 
rate for the original loan? What is Phil’s annual yield for this four-year 
period? 

Show that if -l<j <7, 


YO +P = DONES ™, 


k=1 k=1 


and By, (i), Be, (i),..., Bz,_,(é) are all positive [with B;, (i) as given in 
(2.4.8)], then 7 = i. 

[recommended for those with a BA II Plus calculator ] 

On January 1, Ezequiel opens an account at Friendly Bank. His opening 
deposit is for $50 and he makes deposits at the end of each quarter for 
four years, then makes no more deposits. He closes the account exactly 
seven years after he opens it and receives $3423.28. Find his annual 
yield rate for this seven-year period if his quarterly deposits were $60 
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in the first year, $75 in the second year, $50 in the third year, and were 
successively $300, $450, $800, and $240 in the fourth year. 
[recommended for those with a BA II Plus calculator ] 

A loan of $20,000 is to be repaid by thirty-three end-of-month payments. 
The first payment is $400 and then each payment is $25 more than the 
previous payment. Find the annual yield rate correct to the nearest 
hundredth of a percent. [HINT: The Cash Flow worksheet only accepts 
twenty-four payments, or thirty-two if you have a BA II Plus Professional 
calculator. If you are working with the BA II Plus calculator, suppose that 
the payments beyond the twenty-fourth, which you do not have registers to 
accommodate, are made along with the twenty-fourth. Now use the “guess 
and check” method, obtaining your first estimate by using | IRR | CPT |. 
This is a challenging problem, especially for those of you with only 24 reg- 
isters. However, when performing the successive calculations required by 
the “guess and check” method, you may make judicious use of the NPV 
subworksheet to decrease your work.] 


(2.5) Reinvestment considerations 


(1) 


Angela loans Kathy $8,000. Kathy repays the loan by paying $6,000 at 
the end of one and a half years and $4,000 at the end of three years. 
The money received at t = 15 is immediately reinvested at an annual 
effective interest rate of 6%. Find Kathy’s annual effective rate of interest 
and Angela’s annual yield. 

Kurt loans Randy $14,000. Randy repays the loan by paying Kurt $4,000 
at the end of one year and $6,000 at the end of two years and as well as 
at the end of three years. The money received at t = 1 and at t = 2 is 
immediately reinvested at an annual effective interest rate of 3%. Find 
Randy’s annual effective interest rate and Kurt’s annual yield. 

On January 15, 2000, Enterprise A loans $6,000 to Enterprise B and 
$17,000 to Enterprise C. Enterprise B repays Enterprise A $7,000 on 
January 15, 2002 and this money is reinvested at a 5% annual effective 
rate. Enterprise C repays Enterprise A $22,500 on January 15, 2004. 
What is the annual yield received by Enterprise A over the four-year 
interval. Compare it to the annual effective interest rates paid by En- 
terprises B and C. 


(2.6) Dollar-weighted yield rates 


(1) 


Sandra invests $10,832 in the Wise Investment Fund. Three months 
later her balance has grown to $11,902 and she deposits $2,000. Two 
months later her fund holdings are $14,308 and she withdraws $7,000. 
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Two years after her initial investment, she learns that her holdings are 
worth $12,566. 


(a) Write an equation of value involving the (exact) annual yield į over 
the two-year period. 

(b) Compute the dollar-weighted annual yield over the investment pe- 
riod, then compute another approximation of the annual yield using 
(2.6.9). 

On February 1, Arshak’s investment account has a balance of $19,800. 
He deposited $1,200 on April 1 and $2,600 on May 1. He withdrew 
$8,400 on July 1. On November 1, Arshak’s balance was $14,820. Find 
Arshak’s dollar-weighted annual yield for this nine-month period. 
Franklin’s investment fund had a balance of $290,000 on January 1, 1995 
and a balance of $448,000 two years later. The amount of interest earned 
during the two years was $34,000, and the annual yield rate on the fund 
was 5.4%. Estimate the (dollar-weighted) average date of contributions 
to the account. 

The investment balance of a firm is $5,000,000 at the beginning of a 
two-year period and $7,000,000 at the end. The firm makes a single 
contribution during the two-year interval of $1,200,000. What is the 
difference between the annual dollar-weighted yield earned by the firm 
if the contribution is made after 6 months as opposed to it being made 
after one year? 


(2.7) Fund performance 


(1) On January 1, 1988, Antonio invests $9,400 in an investment fund. On 


N= 


Ww 


January 1, 1989 his balance is $10,600 and he deposits $2,400. On July 
1, 1989 his balance is $14,400 and he withdraws $1,000. On January 
1, 1992 his balance is $P. Express his annual time-weighted yield as a 
function of P. 

Arthur buys $2,000 worth of stock. Six months later, the value of the 
stock has risen to $2,200 and Arthur buys another $1,000 worth of stock. 
After another eight months, Arthur’s holdings are worth $2,700 and he 
sells off $800 of them. Ten months later, Arthur finds that his stock has 
a value of $2,100. 


(a) Compute the annual time-weighted yield rate of the stock over the 
two-year period. 

(b) Compute the annual yield for Arthur over the two-year period. 

(c) Should the answer in part (a) or part (b) be larger? Why? 


Bright Future Investment Fund has a balance of $1,205,000 on January 
1. On May 1, the balance is $1,230,000. Immediately after this balance is 
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noted, $800,000 is added to the fund. If there are no further contributions 
to the fund for the year and the time-weighted annual yield for the fund 
is 16%, what is the fund balance at the end of the year? 


Chapter 2 review problems 


(1) 


(3) 


Sohail makes an initial investment of $20,000. In return, he receives 
$4,000 at the end of one year and another $18,000 at the end of three 
years. 


(a) Assuming that the investment is made at simple interest at rate r, 
write down an equation of value for the investment and find r. 

(b) Assuming that the investment is made at compound interest at 
effective interest rate i, write down an equation of value for the 
investment and justify the statement that there is a unique yield 
rate. Use the “guess and check method” to estimate 7 to the nearest 
hundredth of a percent. 

(c) Starting with the same initial guess for i that you used in (b), check 
you answer using Newton’s method. 

(d) (recommended for those with a BA II Plus calculator ) 

Use the Cash Flow worksheet to find 2 to the nearest millionth. 


(a) Suppose now that investments are governed by compound interest 
at an effective interest rate i > 0. By how much does the sum of 
the time n value of $K paid at time 0 and the time n value of $K 
paid at time 2n exceed $2K? Express your answer as a function 
g(n) and show that g(n) > 0 ifn > 0. 

(b) Suppose that investments are governed by the simple interest ac- 
cumulation function a(t) = 1+ rt,r > 0. Does the sum of the time 
n value of $K paid at time 0 and the time n value of $K paid at 
time 2n exceed $2K for all r and n? Justify your answer. 

Elyse invests $16,312 at t = 0. In return, she gets $8,000 at t = 1 
and $10,000 at t = 2. Half of the time 1 payment, she reinvests at an 
annual effective interest rate of 5%. What is her annual yield rate for 
the two-year period? 

Sports Manufacturing needs capital for expansion. It borrows $1,000,000 
from Venture Bank for three years at 6% nominal interest convertible 
quarterly, and $500,000 for five years from a private investor at a 5% 
effective discount rate. At the end of two years, Sports Manufacturing 
makes a $200,000 three-year loan to its supplier of titanium (for baseball 
bats) at 7% annual effective interest. What annual internal rate of return 
should Sports Manufacturing report for the combined cashflows over the 
five-year period? 
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(5) Abiyote invested $24,500 on January 1, 1994 in the Utopia Fund. On 


we 


May 1, 1995, his balance was $28,212 and he withdrew $10,000. On 
December 1, 1995, his balance was $15,892, and he deposited $8,000. 
On January 1, 1997 his balance was $30,309. 

(a) Find the annual time-weighted yield for the Utopia Fund for the 

three-year period from January 1, 1994 until January 1, 1997. 

(b) Find an annual dollar-weighted yield received by Abiyote for the 
three-year period from January 1, 1994 until January 1, 1997. 
(recommended for those with a BA II Plus calculator ) Find the yield 
received by Abiyote for the three-year period from January 1, 1994 
until January 1, 1997, correct to the nearest millionth of a percent. 


(c 


We 


(d 


wa 


Compare the time-weighted yield experienced by the Utopia Fund 
and the yield received by Abiyote from his investment in the Utopia 
Fund. Discuss why the inequality between them is in the direction 
it is. 

Xiang and Dmitry are friends. They agree that Xiang will pay Dmitry 
$800 immediately and another $200 at the end of three years. In return, 
Dmitry will pay Xiang $K in exactly one year and again at the end of 
exactly two years. 


(a) Find K if the transaction is based on compound interest at a nom- 
inal discount rate of 6% convertible monthly. 

(b) If K = 600, is there a unique positive yield rate for the transaction? 
Justify your answer. 
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3.12 ANNUITIES GOVERNED BY GENERAL ACCUMULATION 
FUNCTIONS 

3.13 THE INVESTMENT YEAR METHOD 

3.14 PROBLEMS, CHAPTER 3 


3.1 INTRODUCTION 


Common financial obligations include the repayment of a loan by a series of 
equally spaced payments. Deposits to a retirement fund are also often made 
at regular intervals, as are interest payments on an investment. An annuity 
is a series of payments made at specified intervals for a fixed or contingent 
period. When the payments are equally spaced and form an orderly sequence, 
for instance a constant, arithmetic, or geometric sequence, and accumulation 
is by compound interest at a level interest rate, the value of the sequence at a 
given time may be most easily found using algebraic methods. Understanding 
the summation of geometric series is essential and is discussed in Section (3.2). 

The Latin root of the word annuity is annus meaning year. The original 
use of the word annuity was a sequence of payments with the remittances at 
yearly intervals. However, the current usage allows other payment intervals, 
and the interval is called the payment period. It is convenient to have coin- 
cident payment periods and interest periods, and in this chapter (by finding 
an equivalent interest rate if necessary) this will be the case. So, in addition 
to considering payment periods of one year, we will consider periods of, for 
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example, a month or a quarter. If payments occur at the end of each payment 
period, the annuity is called an annuity-immediate. Annuities-immediate 
with level payments are the subject of Section (3.2). If payments occur at the 
beginning of each payment period, the annuity is an annuity-due. In Section 
(3.3) we consider annuities-due with level payments. 


When the length of time that the payments will be made is predetermined 
and no risk is involved, the annuity is called an annuity-certain. In contrast, 
a contingent annuity has payments for an uncertain term. If that term is 
the lifetime of the recipient, it is called a life annuity. In this text we only 
consider annuities-certain, and these will be referred to as “annuities.” An 
annuity that has an infinite term is called a perpetuity. Level perpetuities 
are discussed in Section (3.4). 


Suppose we have an annuity beginning at time T and lasting for n periods. 
In Sections (3.2) and (3.3), we concentrate on the value of the annuity at times 
T and T +n. In Section (3.5) we look at its value on an arbitrary date, and 
the important technique of introducing imaginary payments is introduced. 


Imagine that a loan is to be repaid by an annuity lasting n periods with 
level payments, except perhaps for a slightly reduced final payment. Examples 
of such loans include most mortgages. In Section (3.6) we consider the inter- 
mediate outstanding loan balances. For a home mortgage, these are important 
if the homeowners wish to sell their home or refinance before the end of the 
loan. 


Nonlevel payments are also common in annuities, and such annuities are 
called nonlevel annuities. If the sequence of payments has a pattern, com- 
puting the annuity’s value at a given date may be facilitated if one makes 
clever use of level annuities. Examples of how to do this are presented in 
Section (3.7). Annuities with payments forming a geometric sequence are the 
topic of Section (3.8), and those whose payments form an arithmetic sequence 
are looked at in Section (3.9). 


In Chapter 2 we introduced the important concept of the yield rate. In 
Section (3.10) we compute the yield rate for a number of financial transactions 
that involve annuities. 


The methods of this chapter include the introduction of a number of an- 
nuity symbols. These are defined to give the value of a particular annuity 
at the beginning of the term of the annuity or at the end of the term of the 
annuity, and this term is an integral number of interest conversion periods. 
For each of the annuity symbols that we introduce, we derive an algebraic ex- 
pression assuming growth is governed by compound interest. These algebraic 
expressions make sense even when the variable giving the term of the annuity 
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does not take on an integer value. In Section (3.11) we use this fact to define 
annuity symbols with nonintegral terms. 

The basic definitions and ideas of Sections (3.2)—(3.7) apply to invest- 
ments governed by arbitrary accumulation functions. However, our examples 
prior to Section (3.12) all involve compound interest accumulation functions 
with a level interest rate. In Section (3.12) we consider examples concerning 
annuities where the growth of money is not governed by an accumulation 
function of the form a(t) = (1 +7)’. Our examples include growth by simple 
interest and growth by nonlevel rates of compound interest. 

Following Section (3.12), it is natural to introduce the investment year 
method that is used by investment funds that wish to consider the year of 
investment as well as the current time in determining the rate of interest to 
be applied. This is done in Section (3.13). 


3.2 ANNUITIES - IMMEDIATE 


An annuity lasting n interest periods with payments at the end of each in- 
terest period is called an annuity-immediate. Students are often confused 
by the term annuity-immediate as they view “immediate” as meaning “occur- 
ring without delay.” However, when we speak of an annuity-immediate, the 
“immediate” signifies “of or near the future time.” Just as the immediate suc- 
cessor to the monarchy must wait until the present king or queen steps down 
or dies, the owner (the annuitant) of an annuity-immediate must wait until 
the end of one period to receive his or her first annuity payment. This is in 
contrast to the annuitant of an annuity-due who is due to receive a payment 
as soon as the annuity begins. We introduce annuities-due in Section (3.3). 

By a basic annuity-immediate, we mean an annuity-immediate with 
level payments, each of which is equal to 1. Thanks to the distributive law, 
the value at a given time of a level annuity-immediate with payments of Q is 
just Q times the value of the basic annuity-immediate. 

Provided that the growth of money is governed by an increasing accumu- 
lation function, receiving a basic annuity-immediate lasting n periods is less 
advantageous than receiving $n immediately. The present value of the basic 
annuity immediate lasting n periods equals the sum of the present value of 
the n end-of-period payments, namely 


v(1) + v(2) + v(3) +--+ + v(m). 


When we have compound interest at an effective rate of i per interest period, 
v(t) = (1 + i)™* = vt, and this sum is the geometric series v+u? +u’ +--+”. 
EXAMPLE 3.2.1 


Problem: Marguerite receives an allowance of $20 at the end of each month. 
Her four-year old brother Stevie receives an allowance of $1 at month’s end. 
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Find the value on January 1 of each of their allowances for the three-month 
period consisting of January, February, and March, using a monthly effective 
interest rate of .5%. 


Solution Stevie receives $1 at the end of each of the three months. The 
January 1 value of his end of January payment is $1/1.005 œ~ $.99502, of 
his end of February payment is $1/(1.005)* œ~ $.99007, and of his end of 
March payment is $1/(1.005)? ~ $.98515. The sum of these is $1/1.005 + 
$1/(1.005)? + $1/(1.005)? ~ $2.97. Each month big sister Marguerite receives 
$20, so the January 1 value of her three allowance payments is $20/1.005 + 
$20/(1.005)” + $20/(1.005)*? = 20($1/1.005 + $1/(1.005)” + $1/(1.005)°) ~ 
$59.40. Note that $59.40 = 20 x $2.97. a 


We next recall that there is a nice algebraic expression for the sum of a 
geometric series. Specifically, 


{= n 
(3.2.2) eter ber? tton = UT") for rAl. 
-r 
This is easy to derive. Let S = c + cr + cer? +--+ oer”! then rS = 


er+cer? +cr3---+er", and (1 r)S = S—rS = (c+ er + er? + er”) 
(er + cr? + cr? -+ cr”) = c — cr” = c(1 — r”). Solving for S, the left-hand 
side of (3.2.2), we obtain e="), 
When c = r = v, since v(1 + i) = 1, formula (8.2.2) gives 
v(1 =v”) (1+i(1-) 1- 


3.2.3 Fy yi peipot = = 
( ) vtu tue te ty inv +a —») ; 


The present value of the basic annuity-immediate lasting n in- 
terest periods is used frequently. If the accumulation function to be used 
is clear, the present value is denoted by the annuity symbol am. If a com- 
pound interest accumulation function is operative, and the effective interest 
rate for the payment period is i, then you often write amy; instead of just am. 
This allows you to emphasize the effective interest rate used. The annuity 
symbol amy; is read “a angle n at interest rate i.” Equation (3.2.3) may now 
be rewritten 


1—y” 
(3.2.4) ami =V +V H +---f U7 = 2, 


i 
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The identity ami = m can be rewritten as the present value relation 1 = 
iami + lv”; a unit invested for n years will produce end-of-year interest of i 
for each of the n years, as well as the return of the unit investment at the end 
of the n years. 


IMPORTANT FACT 3.2.5 

With an annuity-immediate, you must wait one period to start re- 
ceiving payments. The present value of a basic annuity-immediate 
lasting n periods is denoted by am. It gives the value of the annuity 
one period before the first payment. 


It is also useful to have a symbol giving the accumulated value of a basic 
annuity-immediate lasting n periods at the time of its final payment. The 
annuity symbol sq or sm; denotes this accumulated value. Of course the latter 
is only used when the accumulation is governed by the compound interest 
accumulation function a(t) = (1 +1)’. Read the symbol Sm as “s angle n at 
interest rate i.” 


IMPORTANT FACT 3.2.6 

With an annuity-immediate lasting n periods, the final payment 
is made at time n. The accumulated value of a basic annuity- 
immediate lasting n periods at the time of the last payment 
is denoted sq). 


Note that sq and ay each measure the value of the same sequence of 
payments, but sm measures the value n interest periods later. 


PAYMENT: 1 1 1 vee 1 
TIME: 0 1 2 3 n 
VALUE: an S7] 


FIGURE (3.2.7) 


When a(n) = (1 +i)”, we have the important equalities 


(3.2.8) Sni = (1 + i)" am and ani = v” Smi- 
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More generally, 


(3.2.9) Sm =a(n)am and am = v(n)sm. 


It follows from (3.2.4) and (3.2.8), or directly from the definition of smy, 
that 


(+i) -1 
. 


(3.2.10) smi = (1 +i)" + (1 40)" 7 4+---41= 


Here (1 +)" “ is the accumulated value at time n of the k-th payment. 


EXAMPLE 3.2.11 An unknown present value 


Problem: Candace wishes to buy a new car. Her budget allows her to make 
monthly payments of $500, and she has saved $1,800 for a down payment. 
Candace qualifies for a 36-month auto loan which has a nominal interest rate 
of 4.8% convertible monthly. How expensive a car can Candace buy? 


Solution The monthly interest rate is = 4.8%/12 = 4% = .004, and 
Candace is prepared to make 36 successive end-of-month payments of $500. 
The present value of her payments must equal the balance due on the car 


after the down payment. Therefore, she can take out a loan for $500a36).004 = 


1—(1.004)~3¢] : 
$500 | —G57-— | ~ $16,732.94. Since she has $1,800 for a down payment, 


she can buy a car costing $16,732.94 + $1,800 = $18,532.94. E 


EXAMPLE 3.2.12 An unknown contribution 


Problem: Seth wishes to borrow $4,400 so he can pay his tuition. He qualifies 
for a two-year loan with a monthly effective interest rate of .25% and level 
payments. Find the amount of Seth’s monthly payments under this loan. 


Solution The loan lasts twenty-four months. Therefore, if Q is the pay- 
ment amount, the time 0 equation of value stating that his payments have 
$4,400 __ ($4,400)(.0025) _ 


present value $4,400 is $4,400 =Qagzq, 9925. So, Q = azoo  1—(1.0025)-=* ~ 


$189.1173327. Since Seth’s monthly payments must be an integral number of 
cents, they are $189.12. These payments will in fact repay a loan of $4,400.06 
since $189.12a9q).9925 © $4,400.062057114. (The display will just show “PV = 
4,400.062057,” but if you subtract 4,400.06, you obtain .002057114.) Thus the 
last payment may be reduced by .062057114(1.0025)** = .065889578 ~ .07. 
The last payment should therefore be $189.05. E 
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We note that in the solution to Example (8.2.12), we used the following 
basic fact. 


IMPORTANT FACT 3.2.13 

If a loan of amount L is to be repaid by n level end-of-period 
payments of Q and the effective interest rate for the payment 
period is i, then Q = 4 


ani 


We also note the following useful algorithm. 


ALGORITHM 3.2.14 


Suppose that a loan of amount L is to be repaid by n end-of-period 
payments, the effective interest rate for the payment period is 7, and it 
is stipulated that the payments be level except that the last payment be 
slightly reduced if that is necessary so that the borrower does not repay 
more than the loan amount (rounded to the nearest penny). 

(1) Compute = and round this to the nearest penny. Call the result Q1. 
(2) Compute Qami and round to the nearest penny. If this is L, then a 
slightly reduced final payment is not needed and the payments are all equal 
to Qı. 

(3) Otherwise, ~ is not an integral number of cents and we round-up 
to the next cent. Call this Q2. The first n — 1 payments are Qo. 

(4) Compute E = Q2am;i — L. This is the amount beyond the loan amount 
that level payments of Q2 would pay off. 


(5) The final irregular payment is R = Qə — E(1 +i)”. 


Henceforth, use Algorithm (3.2.14) [or the equivalent BA II Plus calculator 
Algorithm (3.2.19)] to find the payments of an annuity set up to have 
level payments unless an alternate method is specified. 


EXAMPLE 3.2.15 An unknown contribution 


Problem: Mr. Liang wishes to accumulate $200,000 in a college fund for 
his newborn daughter. He wishes the money to be available to her on her 
eighteenth birthday, and he is prepared to make level contributions on her 
first through eighteenth birthdays. The fund has an annual effective discount 
rate of 5%. How large will Mr. Liang’s contributions need to be? 
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Solution The annual interest rate earned by the fund is i = 7 25 = b- 


Denote the amount of Mr. Liang’s contributions by Q. Then, we need 


(+4) -1 


$200,000 = Qst3 =Q ( 2 ) ~ 28.8331196Q. 
19 


Therefore Q = et = $6,936.47. In fact, these payments will produce 


$200,000.07, so Mr. Liang could reduce his last payment by seven cents. W 


The basic principle used in Example was 


IMPORTANT FACT 3.2.16 
If an amount B is to be accumulated by n level end-of-period pay- 
ments of Q and the effective interest rate for the payment period is 


i, then Q = ae 


EXAMPLE 3.2.17 An unknown number of contributions 


Problem: Hyun wishes to contribute $100 at the end of each month to his 
savings account until the account has a balance of at least $3,000, at which 
time he will buy his grandmother’s piano. Hyun’s savings account has an 
annual interest rate of 5.4% convertible monthly. How many months it will 
take Hyun to accumulate the needed money, and how much money will he 
then have saved? 


Solution The monthly interest rate is 5.4%/12 = .45% = .0045, and Hyun 
makes $100 end-of-month payments. We wish to find the smallest integer n 


such that $100s7.0045 > $3,000. But $100sm.0045 = $100 (cer), 32 


what we need is the smallest integer n with = > 30. This inequality 
is equivalent to (1.0045)” > 1+30(.0045) = 1.135. Taking natural logarithms, 
we need n > PHE x 28.2. So, n = 29 and Hyun’s balance is 


1.0045)? — 1 
$1008391 9045 = $100 (oo) ~ $3,090.32. 


Another method would have been to make a guess as to the number of 
payments and calculate the balance resulting from that guess. Had we found 
a balance less than $3,000, we would have increased our guess and tried again. 
Had we guessed 30 or more, the balance would have been over $3,200 and we 
would have decreased our guess. | 
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The fundamental relation between am; and smy; is given by (3.2.8). There 
is a second connection that we now derive using (8.2.10) and (8.2.4). First 
note that 


sood , i i(1+i)”-— 1] +i i(1 +i)” 
a+ =1+ : = f = z . 
Smi (1+2)"-1 (1+i)"-1 (1+i)"-1 


We have derived the relation 


1 1 
(3.2.18) (eee, 
Smi Omi 


It is instructive to give a second demonstration of Equation (3.2.18) that 
involves interest theory interpretations of the terms involved. This latter ar- 
gument will be important in Chapter 5 when we study sinking fund loans. 
Consider a loan of amount 1, to be repaid at the end of n periods, and let 
i denote the effective interest rate per period. The loan may be repaid by n 
level end-of-period payments. Recalling Important Fact (3.2.13), these level 
payments will each be =n An alternate way to repay the loan would be as 
follows. At the end of each period, pay the lender the interest for that period, 
namely i. Also, make a deposit to a savings account (paying interest at an 
effective rate i per payment period) so that at time n the balance in the sav- 
ings account will be 1. According to (3.2.16), the deposit amounts should be 
E Finally, at time n, remove the balance 1 from the savings account, and 
give it to the lender. Each of these repayment scenarios have level costs to 
the borrower, utilize the interest rate i, and result in the loan being exactly 
repaid at time n. The level payments under the two schemes must be equal. 
This equality is (3.2.18). 


The BA II Plus calculator has special buttons 


N| |I/Y| |PV| | PMT FV 


that, along with | CPT |, are useful for solving level annuity problems that have 


one unknown. These special keys appear on the third row of the BA II Plus cal- 
culator, and together they govern the so-called Time - Value- Money (or TVM) 
worksheet. All five of the registers governed by the TVM buttons may simul- 


taneously be set to zero by pushing | 2ND || CLR TVM |. This also happens 
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when you press | 2ND || RESET | but, as discussed in Chapter 0, the latter has 
additional consequences. 


Recall that an annuity-immediate has end-of-period payments. In order for 
the TVM worksheet of the BA II Plus calculator to handle a problem involving a 
level annuity-immediate, it must be set to interpret payments as coming at the end 
of the period. This is the factory default setting, but if you have not just reset your 
calculator, you should confirm that your calculator is so designated by glancing at 
the display window. If the display contains “BGN” at the top of the right-hand side, 
the calculator is not as desired, and you should remedy the situation by pushing 
2ND || BGN || 2ND || SET || 2ND || QUIT |. The calculator will be said to be in 
“END mode’ when “BGN ” is not displayed. 


The registers PMT, PV, and FV accept dollar amounts, and the labels 
are abbreviations for payment, present value, and future value. One uses 
PMT | to enter the dollar amount of each of the level annuity payments. This 
amount (and a cashflow amount in general) should be entered as positive if it is 
received (an inflow) and negative if it is paid out (an outflow). Of course whether 
a payment is an inflow or an outflow depends on which party is being considered, 
but the important thing here is to take a consistent viewpoint, thereby minimizing 
the number of error messages and incorrect answers. 


Choose a perspective, and then enter inflows 
as positive and outflows as negative. 


If the annuity is to repay a loan , from the borrower's perspective , the annuity 
payments will be out payments, while if the annuity is to accumulate money in 
a savings account, from the investor’s perspective, the annuity payments will be 
out payments. Sticking with a consistent viewpoint, in the first case there will be 
an inflow (the loan) at the beginning of the annuity and this should be entered in 
the register) PV | while zero should be entered in the | FV | register. In the latter 
case, the accumulated amount at the end of the annuity period (for an annuity- 
immediate, the time of the last payment) needs to go in| FV | as an inflow (one 
imagines the investor closing the account and withdrawing his money), while zero 
should be put in the | PV |. In these simple situations the entry in either | PV 


or | FV | will be zero, but later there will be many examples where one enters 
nonzero numbers in both. 


Registers I/Y, P/Y, and C/Y are all filled using the | 1/Y | key, but P/Y 
and C/Y first require | 2ND | to be pushed to access their worksheet. Note that 
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I/Y is a shorthand for “interest rate per year” and is designed to store a nom- 
inal interest rate, P/Y stands for “payments per year,” and C/Y indicates the 
number of interest conversion periods per year. The “per year” designation is 
somewhat confusing in that the user may choose a basic time period other than 
a year when choosing entries for registers I/Y, P/Y, and C/Y, for instance, a 
month if you have an effective monthly interest rate and monthly payments. It is 
essential that you consider the same basic period when filling all three of these 
registers! 


Use |1/Y | to enter a nominal interest rate convertible m times per period 
as a percentage. A convenient choice for m depends on what sort of an interest 
rate you know. When an effective interest rate per payment period is handy, en- 
ter that rate as a percentage. In this case, you will wish the | P/Y | and | C/Y 
registers to each hold the value 1. (You may prefer to keep the number 1 in the 
P/Y | and |C/Y | registers, and convert to an effective interest rate per pay- 
ment period if one is not provided. This choice makes your calculator seem more 
similar to the Texas Instruments BA-35 calculator and is the factory default set- 
ting on the BA II Plus Professional calculator. The factory default setting on some 
BA II Plus calculators for the | P/Y | register and also for the | C/Y | register is 
12, which is perfect if you have monthly payments and a nominal interest rate 
convertible monthly.) 


If you have a nominal interest rate convertible m times per period, k pay- 
ments for that same period, and do not wish to convert to an effective interest 
rate per payment period, set the | P/Y and | C/Y | registers to m and k respec- 


tively by first pushing | 2ND || P/Y |, then entering m, pushing | 4 |, entering k, 


and finally pushing | 2ND || QUIT |. For example, if you wish to have P/Y = 6 
and C/Y= 4, depress 


2ND || P/Y || 6 | ENTER || 4 || 4|| ENTER | 2ND | QUIT |. 


If m = k, you can skip pushing | | | and entering k, since when a value is entered 


in| P/Y |, itis also automatically entered in| C/Y |. So, if you desire to have P/Y 
= 6 and C/Y= 6, just push | 2ND || P/Y || 6 || 2ND || QUIT |. Again note that 


the factory default entries for the registers |P/Y | and | C/Y | on the BA II Plus 
calculator (but not on the BA Plus Professional) are both 12. So, if you wish to 
store P/Y = 12 and C/Y = 12 on the BA II Plus calculator, you may accomplish 
this by simply keying | 2ND || P/Y || 2ND || CLR WORK |. (A similar shortcut is 
available on the BA II Plus Professional if you want to enter 1 into the P/Y and 
C/Y registers.) 
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The register N is designed to hold the number q of payments that the annuity 
has. This may be done directly by entering the number q and then depressing 
N |. (Alternatively, if you have an annuity lasting n periods with m payments per 
period and m has been entered in the P/Y register, you may enter n and then 
push | 2ND || xP/Y || N | to correctly fill the N register.) 


The TVM worksheet is designed so that if values are entered in any order 
into the four of the registers and the key | CPT | is depressed, followed by the 
fifth TVM key, the value of the fifth TVM variable is displayed and simultaneously 
entered into the fifth TVM register. Of course this is only possible when consis- 
tent values are stored in the first four registers. If incompatible values are found, 
“ERROR 5” is displayed. (A common cause of this error message appearing is 
for an inflow or outflow to be entered with the incorrect sign.) If the unknown is 
the interest rate, there may be a delay of a number of seconds before a display 
appears. This is because the calculation requires an iterative method. It is possi- 
ble that the calculator will fail to find a solution, even if one exists, if its limit of time 
for performing iterations has expired. In this case, “ERROR 7” will be displayed. 
Note that the TVM worksheet covers a situation where there is one borrower until 
the end of the annuity term, hence a unique yield rate. 

Utilizing the Cash Flow worksheet is an alternate way of letting the BA 
II Plus calculator help solve annuity-immediate problems if the unknown is the 
present value of the sequence of annuity payments or the interest rate. (On the 
BA II Plus Professional calculator, the NPV subworksheet is more extensive, 
and the Cash Flow worksheet can also be used to compute unknown future 
values.) In the case of an unknown present value, the amount of the level pay- 
ments needs to be entered as C01 and the number of payments is entered as 
F01. Then push | NPV |. The display will show “I =” and you need to enter the 
effective interest rate per payment period. Do this by entering the numerical value 
of the rate as a percentage and then depressing| ENTER |. Now push| | |, orif 


so that “NPV =” appears. Pushing | CPT | will give you the previously unknown 
present value. If the interest rate per payment period is the unknown, enter the 
present value of the sequence of annuity payments as CFo, the negative of the 
amount of the individual level payments as C01, and the number of payments as 
F01. Now hit | IRR || CPT | to display a computed value of the effective interest 
rate per payment period as a percentage. Again, it is possible to receive ERROR 
5 if you have entered inconsistent values or ERROR 7 if the iteration fails to pro- 
duce a rate in the allotted time. If the interest rate required was other than the 
effective rate per payment period, make a suitable interest rate conversion. 

Algorithm (3.2.14) may be efficiently carried out using the BA II Plus calcula- 
tor. We refer to this equivalent algorithm as Algorithm (3.2.19). 
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ALGORITHM 3.2.19 
(Entries made from the lender’s perspective) 


Suppose that a loan of amount L is to be repaid by n end-of-period 
payments, the effective interest rate for the payment period is i, and it 
is stipulated that the payments be level except that the last payment 
be slightly reduced if that is necessary so that the borrower does not 
repay more than the loan amount (rounded to the nearest penny). 


(1) Put your calculator in END mode with P/Y=C/Y=1. Then fill the 
N register with the number n, the I/Y register with the number i, the 
PV register with the number — L, and the FV register with 0. Push 
CPT || PMT |. Since you are working from the lender's 

perspective, the resulting computed payment will be positive. Round 
itto the nearest .01, so that in dollars it represents an integral number 
of cents, and enter this value into the PMT register. Call this value 


Qı. 


(2) Push | CPT || PV |. If this is equal to —L when rounded to the 
nearest .01, a slightly reduced final payment is not needed. All the 
payments are equal to the number Q, currently stored in the PMT 
register. 


(3) Otherwise, you still need to find the payments. Let 


AR Qı if you rounded up to find Q; in (2) 
>) Qi +.01_if you rounded down to find Q1 in (2). 


So, Q2 is the number obtained in (1) by pushing | CPT || PMT |, 
rounded up to the nearest .01. Thus, $Q2 represents an integral 
number of cents. Enter Qə into the PMT register. The first n — 1 
payments are $Q». 


(4) Reenter —L into the PV register. Push | CPT || FV |. This will 
be negative because you rounded up, increasing the lender’s total 
contribution. The negative number F is the amount (in dollars) by 
which the borrower would overpay if all n payments were for $Qo. 


(5) The final irregular payment is $R = $Q2+ $F. 


133 


134 Chapter 3 Annuities (annuities certain) 


We end this section with some examples illustrating the use of the BA II Plus 
calculator for the solution of problems involving an annuity-immediate, beginning 
with one illustrating Algorithm (3.2.19). 


EXAMPLE 3.2.20 Example 3.2.12 revisited, an unknown present 
value 


Problem: Seth wishes to borrow $4,400 so he can pay his tuition. He quali- 
fies for a two-year loan with a monthly effective interest rate of .25% and level 
payments. Find the amount of Seth’s monthly payments under this loan using 
Algorithm (3.2.19). 


Solution In END mode with P/Y = 1 and C/Y=1, depress 

2/4) N]je 2) 5|/I/y |} 4] 4|/0|/0|/+/-] PV |o] Fv || CPT | PMT]. 
The display should now show “PMT = 189.1173327”. Key 

1| 8| 9l e|| 112| PMT], andthen| CPT |) PV |. 
We thereby obtain “PV = —4,400.062057”. So, level payments of $189.12 pay 


off a loan of $4,400.06, which is 6 cents more than Seth wishes to borrow. Push 
4| 41 0|/0||+/- || PV | to reenter the desired loan amount, then | CPT || FV |. 
The display reads “FV = —.065889577”. Rounding to the nearest .01, the value 
displayed in the FV register is —.07. So, the final payment is $189.12 + (—$.07) = 
$189.05. "s 


EXAMPLE 3.2.21 Example 3.2.11 revisited, an unknown present 
value 


Problem: Candace wishes to buy a new car. Her budget allows her to make 
monthly payments of $500, and she has saved $1,800 for a down payment. Can- 
dace qualifies for a 36-month auto loan which has a nominal interest rate of 4.8% 
convertible monthly. Use the BA II Plus calculator TVM worksheet to determine 
how expensive a car Candace can buy. Check your answer using the BA II Plus 
calculator Cash Flow worksheet. 


TVM worksheet solution 1 |In END mode with P/Y = 12 and C/Y=12, de- 
press 


3//6|N|/4]/¢]8|/I/Y|/5]/ 0/0 || +/- || PMT |/o 


FV || CPT || PV || +] 1 |} 8]| 0 || 0 |) =]. 


The calculator display then shows 18,532.93794, assuming the calculator was 
formatted for nine decimal places. Rounding to the nearest penny, Candace may 
buy a car for $18,532.94. 


TVM worksheet solution 2 In END mode with P/Y = 1 and C/Y=1, depress 


Section 3.2 Annuities -immediate 135 


3lelni elal rxs lolol +/- | Pmt | o 


FV | CPT || PV || +]}1//8|/0]/ 0 |] =}. 


The calculator again displays 18,532.93794, once again assuming the calculator 
was formatted for nine decimal places. Rounding to the nearest penny, Candace 
may buy a car for $18,532.94. 


Cash Flow worksheet solution Press 
CF || 2ND || CLR WORK 


to open and clear the Cash Flow worksheet. Now key 
45o o| ENTER | | || 3 ||6|| ENTER || NPV || «|| 4 


ENTER ||| || CPT + |}1|/8|/0//0|/ =]. 
Once more 18,532.93794 appears, so we have checked our answer. | 


EXAMPLE 3.2.22 Example 3.2.17 revisited. An unknown number of 
payments 


Problem: Hyun wishes to contribute $100 at the end of each month to his 
savings account until the account has a balance of at least $3,000, at which 
time he will buy his grandmother’s piano. Hyun’s savings account has an annual 
interest rate of 5.4% convertible monthly. Use the TVM worksheet to determine 
how many months it will take Hyun to accumulate the needed money, and how 
much money he will then have saved. 


Solution With P/Y = 12 and C/Y = 12, push the following sequence of keys 
5 el 4i1/Y 1) 0 0+/-||PMT]3]0]0|/0||/FV||o||PV| CPT ||N 


to display 28.20385804. The smallest integer greater than this number is 29, so 
Hyun needs to make twenty-nine $100 deposits. Depressing 
2|/|}9 | NI CPT || FV], 


the calculator display shows 3090.32074, so Hyun will have saved $3,090.32. E 


Note that when we wished to answer the second question posed in Exam- 
ple (3.2.22), we only had to make an entry to one TVM register. The reason for 
this was that the other registers where we wished to hold data already held the 
desired entries. This is a typical savings of work. 


EXAMPLE 3.2.23 Example 2.6.12 revisited. An unknown yield 


Problem: On January 1, 1995, Saul’s investment account had a balance of 
$7,688. He deposited $100 on February 1, 1995 and then again at the end 
of each two months (that is on April 1, 1995, June 1, 1995, ..., December 
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1, 1997). His balance on January 1, 1998 was $10,830. Approximate Saul’s 
annual yield, correct to the nearest hundredth of a percent. 


Solution We view this as a three-year investment beginning on January 1, 
1995 and ending on January 1, 1998 by pretending that Saul deposits $7,688 
on January 1, 1995 and liquidates the account on January 1, 1998 by making a 
withdrawal of $10,830. A January 1, 1995 equation of value for this investment 
is 


(3.2.24) 0 = $7,688 + (1+ J)? $100a7q,; = $10,830(1 + a) 


where J is the yield rate for a two-month period. We note that the interest 
rate that satisfies this equation is unique since the deposits all precede the 
withdrawal, but it eludes solution by algebraic means, the TVM worksheet, 
or the Cash Flow worksheet (since there are fewer than thirty-six contribution 
registers). However, there is a modified equation that may be solved by either 
the TVM worksheet or the Cash Flow worksheet and allows you to obtain a 
good approximation J’ to J, an approximation that you may then modify using 
the “guess and check” method and (3.2.4). This modified equation 


0 = $7,688 + $100aqg,;, — $10,830(1 + J’) 


corresponds to Saul delaying each of his $100 deposits by one month. Since 
such delays would be advantageous to Saul, the rate J’ is an overestimate of J. 
To use the TVM worksheet to find J’ (which like J is unique), set your calculator 
in END mode with P/Y = 1 and C/Y = 1. Then key 

T688 PV] 1/8) Ni] 1/0] 0] PMT 


1|0|/8||3 | 0] +/—| Fv | CPT] 1/yY]. 


Your display should now read “I/Y = .816283332”. This gives J’ as a percent. Al- 
ternatively, you may obtain this rate using the Cash Flow worksheet and keying 


CF || 2ND || CLR WORK || 7 || 6 || 8 || 8 || ENTER | || || 1 |/0|/ 0 


ENTER || { || 1 || 7 ||] ENTER |} 1 | 0 || 0 


—||1//0)/8]/ 3] 0] =| ENTER || IRR || CPT). 


We note that this Cash Flow worksheet calculation was already mentioned in 
Example (2.6.12). 

We now know that the 2-month yield rate J is a little less than .00816283332. 
If you compute the right-hand side of (3.2.24) with J’ substituted for J, you ob- 
tain approximately 6.79, a positive number. Calculating the right-hand side of 
(3.2.24) using .0081 for J, gives a negative number (approximately —2.79). So, 
the rate J is sandwiched between .0081 and .00816283332. You may narrow the 
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interval that must contain J by further “guess and check.” In fact, .0081182 < 
J < .0081183. Since (1.0081182)° — 1 .049708547 and (1.0081183)° -1x 
.049709168, Saul’s annual dollar-weighted yield is approximately 4.97%. a 


3.3 ANNUITIES - DUE 


An annuity lasting n interest periods with payments at the beginning of each 
interest period is called an annuity-due. By a basic annuity-due, we mean 
an annuity-due with level payments, each of which is equal to 1. The value at 
a given time of a level annuity-due with payments of Q is just Q times the 
value of the basic annuity-due. 


Having fixed a choice of accumulation function a(t), let äm denote the 
value at the time of the first payment of the basic annuity-due that lasts n 
periods, and write 5m for the value at the end of the n-th payment period 
of this annuity. Note that time n is one period after the final payment of 
an annuity-due with duration n periods. If the chosen accumulation function 
is the compound interest accumulation function a(t) = (1+ i)‘, the symbol 
ami is commonly used for the value at the time of the first payment, and the 
symbol Sm; indicates the value at time n. The annuity symbol Gy; is read “a 
double-dot, angle n, at interest rate i” or “a due, angle n, at interest rate i.” 
Likewise, 57 is “s double-dot, angle n, at interest rate i” or “s due, angle n, 
at interest rate i.” 


PAYMENT: a a ee 1 
TIME: 0 12 2 8 +. n-l n 
VALUE: äm Sm 


FIGURE (3.3.1) 


Analogously to (8.2.8) and (8.2.9), we have 


and more generally, 


(3.3.3) öm =a(n)äm and äm = v(n)sq. 
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IMPORTANT FACT (3.3.4) 

With an annuity-due, you start receiving payments immediately. 
The value of a basic annuity-due lasting n periods at the time 
of the first payment is denoted by äm. The last payment is made 
at the beginning of the n-th period, and 5m gives the annuity’s 
value one period after this last payment, that is to say at the end 
of the n-th period. 


The annuity symbol äm; is given by a geometric series, the sum of which 
may be computed using (3.2.2). Recalling that 1 — v = d (Equation 1.9.7), we 
find 


1(1—v" 1—v” 
(3.3.5) ami =l +u +u? tue t-.-fu" 7! = ( = ) = Ai 
l-v d 
A formula for the annuity symbol 
Smi = (1 +4)" + (14a)? 7+ (14a)? 74-54 (1 +4) 


can also be computed using the formula for summing a geometric series (3.2.2), 
but it is somewhat simpler to use (8.3.2) and (8.3.5). One arrives at 


Sm = (1 +4)" + (1 40)" 14 (1 4+)" 2 4+---4+ (14%)! 


(3.3.6) ee 
Ge, 


Note that the formula for the present value Gz; given in (3.3.5) is the 
same as the formula for the present value amy presented in (3.2.4) except that 
in the formula for the annuity-due there is a d in the denominator, while the 
equation for the annuity-immediate has an 7. There is a similar statement 
for the accumulated values. Perhaps you will find the following memory aid 


6599 


helpful. The word “immediate” begins with the letter “i” and the annuity 
symbols for a basic annuity-immediate have an “2” in the denominator. In 
contrast, “due” begins with “d” and the annuity symbols for a basic annuity- 
due have a “d” in the denominator. 

The symbols ami and Sai are closely related to the symbols ami and Smi- 
Since äm; measures the value of an n-payment basic annuity at the time of 
the first payment, and am; measures the value of an n-payment basic annuity 
one period before the first payment, 


Similarly, 


(3.3.8) Sma = (1+ i)smp. 
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There is a second type of relationship between the annuity-immediate 
symbols and the annuity-due symbols. The annuity symbol äm; measures the 
value at time 0 of payments of 1 made at times 0,1,2,...,n—1 , while the 
annuity symbol a;,—7; measures the value at time 0 of payments of 1 made 
at times 1,2,...,n — 1. So, these two symbols give the time 0 value of the 
same series of payments, except that Gm; includes the value of an additional 
payment of 1 at time 0. Therefore 


(3.3.9) am = anzi + 1. 


Similarly, 


(3.3.10) Sm + 1 = sap, 


since sppr measures the value at time n + 1 of payments of 1 made at times 
1,2,...,n+1, while the annuity symbol Sm; measures the value at time n+1 of 
payments of 1 made at times 1, 2,...,n; this interpretation of 57; is dependent 
on accumulation being by compound interest at a constant rate i. 

Given the relations (3.3.7)—(3.3.10) between the annuity-due and annuity- 
immediate symbols, it is clear that the annuity-due symbols are not strictly 
speaking essential. However, if you continue your actuarial studies, you will 
likely encounter heavy use of the annuity-due symbols. The following examples 
will hopefully convince you of their convenience and encourage you to master 
them. Moreover, calculators with annuity buttons are usually designed to 
handle the annuity-due symbols as well as the annuity-immediate symbols, 
and this adds to their usefulness. 

The BA II Plus calculator handles problems with level annuities-due just 
like those with level annuities-immediate except now one wishes to have “BGN” 
showing on the display before making TVM worksheet computations. The state 
of having “BGN” displayed is called BGAN mode (“begin mode”) and if the calcu- 
lator is in END mode, BGN mode is activated by pushing 


2ND | BGN || 2ND || SET || 2ND || QUIT |. 


This same sequence of keystrokes will also change the calculator’s status from 
BGN mode to END mode. 


EXAMPLE 3.3.11 


Problem: During 1998, Omar had a dividend payment of $100 directly de- 
posited to his savings account on the first day of each month. Find the accu- 
mulated value of these payments at the end of the year if his savings account 
had a nominal discount rate of 4.8% payable monthly. 


Solution His account has a monthly discount rate of 4.8%/12 = .4% = .004. 


This is equivalent to a monthly interest rate of TT = z- The accumulated 
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1000) 1? _ 
value at the end of the year is therefore $100579),4, = $100 pa N 
$1,231.79. 


BA II Plus calculator solution With the calculator in BGN mode and P/Y 
= 1 and C/Y= 1, depress the following sequence of keys 


12N 4i +] 9), 9]/6]]/ =|) x100 


=||1/Y|/o|/Pv|j1|ollo|/+/-|PpmMT] cpr] Fv]. 


The calculator display then shows 1,231.791249, and Omar’s accumulated value 
is $1,231.79. a 


EXAMPLE 3.3.12 


Problem: Dr. Hillary Street began making contributions to a new retire- 
ment account on her thirtieth birthday. She made a contribution of $4,000 
at the beginning of each year through her sixty-fourth birthday. Starting at 
age sixty-five and continuing through her eightieth birthday, she made a level 
withdrawal on her birthday. Find the amount of these withdrawals if they 
completely exhaust the balance in her account, and the annual effective inter- 
est rate is 6% until she is sixty-five, then 5% thereafter. 


Solution Let W denote the amount of the level withdrawals. A time dia- 
gram for the problem is as follows. 


PAYMENT: $4,000 $4,000 ... $4,000 -W -W __... -W 
TIME: 30 31 eT 64 65 66 oe 80 
RATE: 


SS amam M l 
6% = .06 5% = .05 


There are thirty-five deposits of $4,000 and the accumulated value of these 
deposits one period after the last of them, that is to say on her sixty-fifth birth- 
day, is $4,000535) 9g. There are also sixteen withdrawals of W and the value of 
these at time 65 (her sixty-fifth birthday) is Wa7g_o5. Since the withdrawals 
exactly exhaust the balance, we must therefore have $4,000535].06 = W ûTēl.os- 


$4,000535].06 _, $472,483.4667 
Thus, W = qlee wy St aroossoa ~ $41,520.01. 


BA II Plus calculator solution With the calculator in BGN mode and P/Y 
= 1 and C/Y= 1, depress the following sequence of keys 

3/5 ||/N|/6||1/Y |0||/PV]4|/0|/0]/0 | +/—| PMT | CPT || FV 
to calculate Dr. Street's accumulated value at the time of her sixty-fifth birthday. 
With the accumulated value still displayed on the calculator, push 
PV//1//6||N]/5//I/Y |0| FV] CPT || PMT]. 
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The calculator now shows —41,520.0057. The retirement plan pays out to Dr. 
Street $41,520.01 each year. E 


3.4 PERPETUITIES 


A perpetuity is an annuity with an infinite term. That is to say, a perpetuity 
has payments lasting forever. The basic perpetuity-immediate has payments 
of 1 at the end of each period, and we denote its present value (calculated 
using an effective rate of i per payment period) by asy. The symbol äss; 
gives the present value (calculated using an effective rate of i per payment 
period) of the basic perpetuity-due, the perpetuity that has payments of 1 at 
the beginning of each period. More generally, for an arbitrary accumulation 
function, the symbol ag gives the value one period before the first payment of 
a perpetuity with payments of 1, and Ga gives the value of such a perpetuity 
at the time of the first payment. 

The annuity involved in the definition of as has payments of 1 at times 1, 
2, 3,.... The annuity involved in the definition of äs has all these payments 
and an additional payment of 1 at time 0. Therefore, 


(3.4.1) dix = 1 + as 


Suppose one deposits 1 in a bank account, which pays out interest at 


the end of each period at an effective rate of i > 0 per period. Then, the 
balance at the beginning of each period is i, and hence the amount of each 
interest payment is (4)i = 1. Therefore, it takes + remaining on deposit forever 


(beginning at time 0) to create a basic level annuity-immediate. So, 


1 
(3.4.2) asi = = 


It follows from (1.9.4) that 144 = lti = L, Equations (3.4.1) and (3.4.2) 
therefore combine to yield 


1 
A, asi = —. 


Those who know calculus should note alternate derivations of (8.4.2) and 
(3.4.3). The annuity symbols asy; and Gao, equal the sums of infinite geomet- 
ric series. More precisely, 


(3.4.4) ax =V HU HU Ho ; 


and 


(3.4.5) üäsgi =ltuteu HHH 
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To sum an infinite series, look at the limit of the partial sums. Assuming 
i>0,0<vu< -Ł, and therefore 


IF 
7 >. l~” 1 
asi = lim ami = lim - =-, 
noo noo vA KA 
and 
s AE. . E 1 
äs = lim äm; = lim =— 
n= oo n= oo d 
EXAMPLE 3.4.6 


Problem: Gustave Larson has saved $20,000. On January 1, he purchases a 
perpetuity with annual end-of-year payments. The perpetuity price is based 
on an annual effective interest rate of 5%. What are the annual payments for 
Gustave’s perpetuity? 


Solution The value on January 1 of a perpetuity with annual end-of-year 
payments of Q is Q(B) = 20Q. Setting this value equal to $20,000, we find 
Q = $1,000. E 


EXAMPLE 3.4.7 


Problem: Norman wishes to leave an inheritance to three charities. The total 
inheritance is a series of level payments at the beginning of each year forever. 
He wishes charities A and B (which support medical research) to share the 
payments equally for ten years, and then all payments revert to charity C 
(that helps needy children). If the shares received by all three charities have 
the same value at the time of the bequest, find the annual effective interest 
rate i. 


Solution Since the shares have the same value at the time of the bequest, 
they have the same value at the time of the first January 1. Let P denote 
the amount paid out each January 1. Since charities A and B share the first 
ten payments equally, each receives a level annuity-due with payments of È. 
The value of charity A’s share on the first January 1, the time of the first 
payment, is therefore Sami: Recalling (3.3.5), the value of charity A’s share 


may also be expressed as £ (=). Charity C receives level payments of P 


2 
beginning exactly ten years after the bequest. The value of charity C’s share 
at the time of its first cash inflow is 5, and the value on the first January 1 is 
/y'0. Equating the values of charity A’s and charity C’s shares on that first 
January 1, we have 4( ae) = įv", Equivalently, 1— vt? = 2u!°. Therefore, 
vt? = 1 andi = (144) -—1L=v71—1= 310 — 1% 116123174. a 
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3.5 DEFERRED ANNUITIES AND VALUES ON ANY DATE 


In previous sections, we have introduced annuity symbols to measure the 
present value of an annuity or perpetuity at the time of the first payment or 
one period before the first payment. We also have symbols for the accumulated 
value of an annuity at the time of the last payment and at one period after 
the last payment. The symbols amy, dm, Smi, and äm; each measure the value 
of n consecutive payments of 1, but they do so at different times. We next 
illustrate the times they each give the value, supposing that the first payment 
is at time k + 1. 


PAYMENT: 1 1 1 tee 1 
TIME: k k+l k+2 k4+3 ee ktn k+nt+l1 


If we want the value of an annuity at some other time, we can multiply these 
symbols by an appropriate power of 1+7. For example, the value of the above 
annuity at time (k + 5) is 


n 


amy (1 +i)? = äm (1 +4)" = sll +i)" = S(t ao”. 


However, sometimes it is preferable to avoid introducing powers of (1 + i). 
Assuming that the evaluation date is an integral number of payment periods 
from each payment date, an alternative is to represent the value as a sum of 
two annuity symbols or the difference between two annuity symbols. Exactly 
how this is done depends on whether the desired value is before, during, or 
after the term of the annuity. We look at an example in each of these cases. 


EXAMPLE 3.5.1 The value before the term of the annuity 


Problem: On her eighteenth birthday, Latisha receives an annuity that is 
to pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate 
the value of the annuity on her eighteenth birthday using an annual effective 
interest rate of 5%. 


Solution If the annuity had payments on Latisha’s nineteenth through 
thirty-ninth birthdays, its value on her eighteenth birthday would have been 
$5,000a37,.05- But the first six of these payments (those boxed in the figure 
below) did not actually take place (and their value is $5,000ag 95), so the 
value of Latisha’s annuity is $5,000a37).95 — $5,000ag,95 = $64,105.76354 — 
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$25,378.46034 ~ $38,727.3032. 


PAYMENT: Mel aN) ses TL i + eas a 
TIME: 18 19 20 24 25 26 39 
TIME 18 VALUE: $5,000a37) 95 — | $5,000az] 95 


This difference of present values is very quick to calculate if your calculator has 
special buttons to calculate the value of an annuity symbol. (As an historical 
note, this would also have been an attractive method if you depended on 
interest tables for the value of annuity symbols.) Otherwise, it is just as quick 
to calculate (1.05) °$5,000a75) 05 = $38,727.3032. Yet another possibility is to 
express the value as a difference of two annuity symbols referring to annuities- 
due. If we add imaginary payments (boxed in the figure below) on Latisha’s 
eighteenth through twenty-fourth birthdays, the value would be $5,0004 35.05. 
These imaginary payments have value $5,00047, 65, so the value of the original 
annuity is $5,000433).05 5 $5,000ä7.05- 


PAYMENT: E I E ees E E ete Sap 
TIME: 18 19 20 24 25 26 39 
TIME 18 VALUE: $5,000é55 95 —| $5,000ä7 05 


EXAMPLE 3.5.2 The value after the term of the annuity 


Problem: On her eighteenth birthday, Latisha receives an annuity that is to 
pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate the 
value of the annuity on her fiftieth birthday using an annual effective interest 
rate of 5%. 


Solution If the annuity had payments on Latisha’s twenty-fifth through 
fiftieth birthdays, then its value on her fiftieth birthday would have been 
$5,000836).05- But the last eleven of these payments did not actually take place, 
so the value is $5,000835].05 — $5,000s7705 = $255,567.2688 — 71,033.93581 ~ 
$184,533.3333. 


PAYMENT: ts ee se? ah 1) = fl 


TIME: 24 25 26 39 40 41 50 


TIME 50 VALUE: $5,000s39,95 — | $5,000s 77,95 
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Alternatively, the value is (1.05)''$5,000s75)95 © $184,533.3333. Again, 
a third possibility is to use symbols corresponding to annuities-due. Add in 
imaginary payments on Latisha’s fortieth through forty-ninth birthdays, and 
find the value is $5,000835) 95 — $5,000579) 05- 


PAYMENT: i 4 ee 1 ew 
TIME: 25 26 39 40 41 49 
TIME 50 VALUE: $5,0008 351,95 — | $5,0008 75,05 


EXAMPLE 3.5.3 The value during the term of the annuity 


Problem: On her eighteenth birthday, Latisha receives an annuity that is 
to pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate 
the value of the annuity on her thirtieth birthday using an annual effective 
interest rate of 5%. 


Solution The value of the annuity on her thirtieth birthday is the sum 
of the value of the payments already made and the value of the payments 
yet to be made. On her thirtieth birthday she receives her sixth payment 
and she has nine yet to receive. Thus the value is $5,000sg 95 + $5,000a9], 95, ~ 
$34,009.56406 + $35,539.10838 ~ $69,548.67244. Had annuities-due been used, 
the value would have the expression $5,000 95 +$5,0004 79] 9;. You could also 


have calculated that the value is (1.05)°$5,000a75) 05 ~ $69,548.67244. a 


The annuity of Examples (8.5.1)—(8.5.3) is called a deferred annuity 
since there is a wait of more than one payment period for a payment. You can 
consider an annuity-immediate as an annuity-due deferred for one period. You 
may see the notation ,,/,@ used to denote the value, w periods before the first 
payment, of an annuity that pays 1 each period for n periods. The notation 
w|n@ gives the value, w+ 1 periods before the first payment, of an annuity that 
pays 1 each period for n periods. With this notation am = 1jnä = ojn@, and 
Example (3.5.1) asks for 7)154 = ¢)15@. Note that the methods of this section 
can also be applied to perpetuities, and that in Example (3.4.7), charity C 
received a deferred-perpetuity, the value of which we could express as P19|o04. 

In our solutions to Examples (3.5.1) and (8.5.2), we used the important 
concept of introducing imaginary payments. As we did in the diagrams of 
these solutions, it is our convention that imaginary payments will be indicated 
by putting them in boxes. We note that one way of thinking of an imaginary 
payment is that at the instant the money is received, an offsetting outgoing 
payment is made. This viewpoint is seen in the first solution to the following 
example concerning an annuity with nonlevel payments. 
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EXAMPLE 3.5.4 


Problem: Marlene received a gift of a thirty-year annuity-immediate on the 
day she was born. The annuity pays $1,000 on her first ten birthdays, $2,000 
on her next ten birthdays, and $3,000 on the following ten birthdays. (i) If 
the nominal rate of interest is 5% convertible quarterly, find the value of the 
annuity on the day she was born. (ii) If the value of the annuity on the day she 
was born is $25,000 when calculated using an annual effective rate of interest 
of j, find j correct to the nearest one-hundredth of a percent. 


Solution (i) Since the annuity payments are made annually, we want the 
annual effective rate of interest equivalent to i” = 5%. This annual effective 
rate is i = (1 + £) — 1 ~ .050945337. 

The $1,000 payments that Marlene receives at times 1,2,...,10 may be 
thought of as a $3,000 payment, $2,000 dollars of which is imaginary, less 
two imaginary payments of $1,000. The $2,000 payments she receives at times 
11,12,..., 20 may be viewed as a $3,000 payment, $1,000 dollars of which is 
imaginary, less an imaginary payment of $1,000. So, Marlene receives $3,000 
payments at times 1, 2,...,30 and makes $1,000 payments at times 1,2,..., 20 
and additional $1,000 payments at times 1,2,...,10. Therefore, the value 
of Marlene’s annuity on the day she was born is $3,000a39}; = $1,000a zj; = 
$1,000aqg;, ~ $45,624.5245 — $12,362.92174 — $7,686.408379 ~ $25,575.19. 
Alternatively, the value is 


$1,000azq, + (1 + 4) “°$2,000aqq, + (1 +2) 7°$3,000a75; 
= (14+ 2(1+4)~" + 3(1 + t)~”)$1,000az5), 
 (3.327327032) ($7,686.408379) 
~ $25,575.19. 


(ii) To find the rate j, we use the “guess and check method” [see Section 
(2.3)]. Since the rate i gives a present value that is greater than $25,000, 
j >i .0509. As we guess various rates for j, we may either use $3,000a39), — 
$1,000az5; —$1,000a Tg; or (1+-2(1+j)~'°+3(1+j) 7°) $1,000a7zp); to calculate 
the corresponding present value. If you have a calculator with annuity buttons, 
using the first of these is more efficient. We try the rate 5.2% and obtain a 
present value of about $25,183.48, then 5.25% and get $25,000.64. So, 7 is 
slightly greater than 5.25%. Since the rate 5.255% yields a present value of 
$24,982.45, 5.25% < 7 < 5.255%, and correct to the nearest one hundredth, 
j = 5.25%. 


Cash Flow worksheet solution (i) Open and clear the Cash Flow work- 
sheet by depressing | CF || 2ND || CLR WORK |. Then push 


ENTER | | |1| olo ol ENTER |l 10 | ENTER | 1 |/2]/0|/0|/0 
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ENTER || J |1| 0| ENTER || | || 3 |/0//0//0 || ENTER J] | || 1/0 || ENTER 
to set CFo = 0, C01 = 1,000, C02 = 2,000, C03 = 3,000, and F01 = F02 = F03 = 
10. Continue by keying 
NPV |} ¢|/0//5|/ = || 4]/=]/+]} 1] =|} y* |] 4]}=]/ -}}1 


=||x 1 lolol =| ENTER ||| || CPT |. 


At this point the calculator displays the net present value 25,575.19437, and the 
answer to (i) is approximately $25,575.19. 

(ii) To compute the desired annual effective interest rate, we continue with 
our calculator just as itis. Push] CF || 2 || 5 |/ 0 || 0|/ 0 || +/— || ENTER | to change 


the setting of CFo so that CFo = —25,000. Depressing | IRR || CPT | displays an 


approximate value for the desired interest rate as a percent, namely 5.2501 75513. 
E 


3.6 OUTSTANDING LOAN BALANCES 


A loan of amount L is to be repaid at the end of n time periods by payments 
at the end of each period. These payments are to be level except for a slightly 
reduced final payment if need be. We now consider the important question 
of how to find the loan balance at an intermediate date between the loan 
origination date and the date of the final payment. Once we have developed 
methods to do this, we apply them to problems concerning home mortgages 
and car loans. 

The first method is called the retrospective method. The word “ret- 
rospective” means “looking back on or directed towards the past.” In this 
method we note that had there been no payments, if the effective interest rate 
per payment period is 2, then the loan balance at time k would be L(1 + i). If 
OLB, denotes the loan-balance at the end of k payment period, just after any 
time k payment, and Q denotes the amount of each of the first k payments, 
then OLB, is equal to the accumulated value of the original loan amount 
L(+ i)’, less the accumulated value Qsqi of the payments that have been 
made. 


(3.6.1) OLB, = L(1 +i)" — Qs; (Retrospective Method). 


More generally, if the loan is made at time 0 and you desire the balance OLB, 
just after the payment at time k, it is given by 


(3.6.2) OLB; = La(k) — Qsq (Retrospective Method). 


Note that the retrospective method does not require you to first calculate 
the amount of any irregular final payment. In fact, the only payments that 
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must be level are the first k, and the remaining payments could be haphazard. 
Moreover, the retrospective method does not require you to know the total 
number of payments scheduled for the loan repayment. 

The second method is referred to as the prospective method. “Prospec- 
tive” means “potential, looking forward in time.” In the prospective method 
we observe that OLB, should equal the time k value just after the time k 
payment of the remaining payments, since those payments must pay off the 
outstanding balance. If Q denotes the amount of all but the last payment, 
the accumulation function is a(t) = (1 +i), and as in (3.2.14) R denotes 
the amount of the last payment, then the value of the remaining payments is 


Qaraj + R(1 + eE. 


3.6.3) | OLB; = Qa—y; + R(1+i)7 Prospective Method). 
n—k-—l1ļi 


If the payments are all equal (that is if Q = R), then we have the simpler 
formula 


(Prospective Method when 


(36-4) OLB; = Qan—ay. all payments equal Q). 


When all the payments are equal to a known amount Q, accumulation is 
at a level rate of compound interest 7, and the total number of payments n is 
known, (8.6.4) is the most desirable formula to utilize. Formulas (8.6.3) and 
(8.6.4) do not require the initial loan balance L to be known. 


EXAMPLE 3.6.5 


Problem: Sasha is obligated to repay a loan made on the first of the month by 
paying $80 at the end of each of the next thirty months, including this month. 
The effective monthly rate on the loan is .4%. Find Sasha’s loan balance 
immediately after her twelfth payment. 


Solution By the prospective method, the desired loan balance is 
—18 
$80a35=19,001, = $80 ( =P) ~ $1,386.71. E 


EXAMPLE 3.6.6 


Problem: A loan of $20,000 is being repaid by payments of $2,500 at the 
end of each year and a final smaller payment one year after the last $2,500 
payment. The annual effective interest rate on the loan is 8%. Find the out- 
standing loan balance just after the borrower has made payments totaling 
$15,000. 
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Solution We want the outstanding balance OLBs. According to the ret- 
rospective method, OLBg = $20,000(1.08)° — $2,5005s5].08 = $31,737.48646 — 
$18,339.82259 ~ $13,397.66387. (Note that the prospective method was un- 
suitable since we did not know the number of payments, nor the amount of 
the last payment.) a 


EXAMPLE 3.6.7 Home Mortgage 


Problem: Mr. and Mrs. Harper purchase a home for $256,000. They make 
a down payment of $40,000 and finance the remainder of the purchase price 
with a thirty-year mortgage at an annual effective interest rate of 6.5%. The 
Harpers sell their home at the end of eight years, just after having made their 
ninety-sixth end-of-month mortgage payment. The sales price is $282,000, and 
the Harpers closing costs are 3% of the selling price. The outstanding loan 
balance is deducted from the amount the Harpers receive and sent to the 
lender. How large a check do the Harpers receive, and how much interest did 
they pay over the eight years? 


Solution The initial loan amount on the Harper’s mortgage was $256,000 — 
$40,000 = $216,000. There are 30 x 12 = 360 monthly payments with a 
thirty-year mortgage. The monthly interest rate is (1.065) -l= jg 
.005261694. Therefore, by algorithm (3.2.14), the amount of the first 359 
$216,000 
a360]j 


monthly payments is rounded up to the nearest penny. This is cal- 


culated to be $1,338.96. Then, by the retrospective method, the outstanding 
loan balance at the time the Harpers sell the house is $216,000(1.065)* — 
$1,338.96 599); = $357,479.065 — $166,678.8219 ~ $190,800.24. The closing 
costs reduce the Harper’s check amount by ($282,000) (.03) = $8,460. Putting 
this all together, the Harpers get a check for $282,000—$190,800.24—$8,460 = 
$82,739.76. The interest the Harpers paid is the difference in the total pay- 
ments (in this case 96 x $1,338.96 = $128,540.16) and the change in the debt 
($216,000 — $190,800.24 = $25,199.76). So, the amount of interest they paid 
is $128,540.16 — $25,199.76 = $103,340.40. a 


To calculate the interest paid in Example (8.6.7), we used the following 
important fact. 


IMPORTANT FACT 3.6.8 

The amount of interest paid over a period may be calculated by 
first determining the difference between the outstanding balance 
at the beginning of the period and the outstanding balance at 
the end of the period. This is called the amount of principal 
paid. The amount of interest paid is obtained by subtracting the 
amount of principal paid from the total amount paid. 
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Formulas (3.6.1)—(8.6.4) apply when all of the payments are made as orig- 
inally scheduled. In real life, this does not always happen. The next example 
illustrates how one can compute an outstanding loan balance if there have 
been missed payments. 


EXAMPLE 3.6.9 Missed payments 


Problem: Waswate took out a sixty-month car loan with an interest rate of 
3% convertible monthly. To repay the loan, Waswate was to make monthly 
payments of $252.65. During the first three years of the loan, he made all of 
the payments as scheduled except that he neglected to pay the fourteenth and 
thirtieth. What is the outstanding balance at the end of three years, just after 
he has made the payment scheduled at that time? 


Solution To calculate the sought after outstanding loan balance, we imag- 
ine that Waswate made all thirty-six payments he was scheduled to make 
during the first three years and calculate what the balance would be by the 
prospective method. To obtain the actual balance, we must add on the accu- 
mulated value at time 36 months of the two skipped payments. We thus find 
that the outstanding balance at the end of three years is $252.65a%9=39).0025 + 


$252.65(1.0025)°°- 4 + $252.65(1.0025)°° °° ~ $5,878.149739 + $266.9166657 
+$256.463515 ~ $6401.53. (Note that the prospective method was used to cal- 
culate the outstanding loan balance assuming the two missed payments had 
been made, since this was simpler than applying the retrospective method. 
The original loan amount was not given.) a 


We next consider an example in which we have level payments, none of 
which are missed, but we have the complication of an interest rate change. 


EXAMPLE 3.6.10 Varying interest rate 


Problem: Suppose that a loan is to be repaid by twenty end-of-quarter pay- 
ments of $1,000. The interest rate for the first two years is 6% convertible 
quarterly, and for the last three years it is 8% convertible quarterly. Find the 
loan amount, the outstanding loan balance just after the sixth payment, and 
the outstanding loan balance immediately after the fifteenth payment. 


Solution The loan amount is 
$1,000aq 015 + (1.015) °$1,000az3,02 a~ $7,485.925 + $9,387.848 ~ $16,873.77. 


For use in the following timeline, we set L = 16.87377, the loan amount 
expressed in thousands of dollars. In the timeline, due to space constraints, 
payments and balances are given in thousands of dollars. Time is given in 
quarters. 
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PAYMENT: 1oi---t1 1 1 1 1 >. 1 1 1 1 1 1 
TIME: 0 1 2...6 7 8 9 10 --- 15 16 17 18 19 20 
Ca 
quarterly interest rate 1.5% quarterly interest rate 2% 
BALANCE: L L(1.015)° — sg] .5% ap% 
———— mm > 
time 6 balance (retrospective) time 15 balance(prospective) 


We prefer the retrospective method for computing the balance just after the 
sixth payment because the initial loan balance has already been calculated 
and, looking back from the time 6 to the time of the loan initiation, the 
quarterly interest rate was level at 1.5%. The outstanding loan balance just 
after the sixth payment is 


OLBg = $16,873.77(1.015)° — $1,000sq,915 © $18,450.510 — $6,229.551 
~ $12,220.96. 


Note that had we not already calculated the loan amount, we might have 
preferred to use the prospective method 


OLBg = $1,000aq 915 + (1.015) °$1,000az5 99 
= $1,955.883 + $10,265.079 ~ $12,220.96. 


In any case, the prospective method most easily yields the outstanding loan 
balance immediately after the fifteenth payment since the quarterly interest 
rate stays level at 2% from time 15 quarters through the end of the loan five 
quarters later. In fact, 


OLBi5 = $1,000a3 99 © $4,713.46. 
E 


Outstanding loan balances may also be calculated using the Amortization 
worksheet of the BA II Plus calculator. This worksheet will be discussed in 
greater depth in Section (5.2). For the time being, we note that the worksheet 
should only be opened after a compatible set of five values is stored in the five 
TVM registers. — Here the last of these is usually entered by computing its value. 


The Amortization worksheet is opened by keying | 2ND || AMORT | and once it 


is opened “P1 =” appears. Pushing | || repeatedly causes the entries “P2 = ”, 


“BAL =”, “PRN = ”, and “INT = ” to appear in that order. One more push of | | 


would cause “P1 =” to reappear and further depressing of | || would cause the 
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entries to continue to cycle. (The key |t| may be used to cycle in the opposite 
order.) Numbers for the values of P1 and P2 must be entered or left at their pre- 
vious values, the default entries both being 1. Together the values of P1 and P2 
give a range of payment numbers to focus on, the P1 entry being the first of these 
numbers and the P2 entry being the last. (You will get the error message “ER- 
ROR 2” if you have entered a larger value in the P2 register than is stored in the 
P1 register and then proceed to either the BAL or INT registers. Registers P1 and 
P2 will only accept positive integers, but should you attempt to enter a number 
that is at least .5, the calculator will enter the nearest integer, rounding up if there 
is a tie.) The BAL entry is an automatically calculated amount. It represents the 
balance just after the payment number stored as P2, and INT (again an automat- 
ically calculated entry) will give the total amount of interest paid in the designated 
payment range. [PRN will give the amount paid in the assigned payment range 
that is not interest, but we will leave further discussion of this to Section (5.2).] 

The solutions to the problems posed in Examples (3.6.5)—(3.6.7) may all be 
checked using the Amortization worksheet. For each we indicate how this can 
be done, assuming at all times that BA II Plus calculator is in END mode with P/Y 
=C/Y =1. 


Amortization worksheet solution to (3.6.5) Fill the five TVM worksheet 
entries by pushing 
3|lo|N]-]4]/1/y]o/ Fv]s]o]/+/-]_ Pmt] cer] Pv 


Now push |2ND | AMORT | 4 |1| 2| ENTER |4 |. At this point “BAL = 
1,386.709088’ will be displayed. 


Amortization worksheet solution to (3.6.6) To use the Amortization 
worksheet here, you first need to figure out the number of payments. Key 

8| I/Y || 2} 0], 0/0) 0}} PV} 0] EFV|215 0l 0| +/-—| PMT || CPT || N). 
At this point “N = 13.27491459” is displayed. We therefore will need fourteen 
payments, the last being less than $2,500. Push |1 || 4| Nj} CPT || FV). This 
causes the amount by which the last payment is reduced to be displayed and 
stored in the FV register. Now open the Amortization worksheet by depressing 
2ND | AMORT | and once it is opened push | | || 6 || ENTER | to set P2 = 6. 


Then pushing | 4 | displays “BAL = 13,397.66387”. 


Amortization worksheet solution to (3.6.7) We begin by working with the 
TVM worksheet. Push} 3 |/ 6/0 |] N| 1]/¢|/0|/6|/ 5 ily* |} 1]/2]}1/x |] =|}—||1 


x |} 1]) 0], 0 | =|} 1/Y |} 2) 1]/ 6] 0}/0 0] PV || 0| FV || CPT || PMT | to ob- 


tain “PMT = —1,338.957713”. We wish to round up the payment so push) 1 | 3 || 3 


8 || °|/ 9/6 || +/— |] PMT |, then] CPT || FV | so that the TVM worksheet holds 


Section 3.7 Nonlevel annuities 153 


a set of consistent values. Keying the sequence | 2ND | AMORT || | | | 9 || 6 


ENTER |} | gives you “BAL = 190,800.243”. Pushing |4 ||| shows “INT = 
—103,340.403”. 


3.7 NONLEVEL ANNUITIES 


In Example (8.5.4) we looked at an annuity that was not level (that is, the 
payments varied) but for which level annuities were used in the present value 
calculation. In this section we look at more examples of nonlevel annuities for 
which the payments form a pattern that is neither geometric [see Section (3.8)] 
nor arithmetic [see Section (3.9)]. 


EXAMPLE 3.7.1 


Problem: On July 1, Dimas wins a lottery. His prize is a twenty-year annuity- 
due with payments of $1,000 each July 1st and payments of $2,000 each Jan- 
uary 1. If the payments are all left to accumulate in a new account earning 
interest at an annual effective interest rate of 5%, what is the accumulated 
value exactly twenty years after Dimas won the lottery? 


Solution There are twenty annual (July 1) payments of $1,000, and the 
accumulation date we are interested in is one year after the last of these pay- 
ments. Therefore, the accumulated value of the $1,000 payments is $1,000839) 95 
= $34,719.252. 

There are twenty annual (January 1) payments of $2,000 and the accu- 
mulated value of these at the time of the last payment is $2,000835).05- The 
accumulation date we are interested in is six months later, at which point the 
$2,000 payments have accumulated to (1.05)? $2,000s35 05 æ $67,765.041. 

Exactly twenty years after Dimas won the lottery, his prize payments have 
accumulated to about $34,719.252 + $67,765.041 ~ $102,484.29. E 


EXAMPLE 3.7.2 


Problem: An annuity lasts for twelve calendar years. At the end of each 
quarter, there is a payment. First quarter payments are $200, second quarter 
payments are $300, third quarter payments are $150, and fourth quarter pay- 
ments are $400. Find the accumulated value of this annuity just after the last 
payment using a nominal quarterly interest rate of 7.2%. 


Solution The quarterly interest rate is Tah = 1.8%. Therefore, at the 
end of each year the accumulated value of that year’s payments are Y = 
$200(1.018)? + $300(1.018)? + $150(1.018) + $400 ~ $1,074.592766. 

The annual effective interest rate is i = (1.018)4 — 1 ~ 7.396743298%. So, 
the accumulated value of the annuity at the end of the twelfth year is the ac- 
cumulated value of these accumulated values Y, namely Y sta; ~ $19,677.64. 

E 
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The Cash Flow worksheet of the BA II Plus calculator is ideal for solving 
many problems with nonlevel payments, but is ill-suited for direct use for the prob- 
lems of Examples and because the payments cycle. (Alternating 
payments present a cycle of length two, while has a cycle of length four.) 
The Cash Flow worksheet may be used indirectly if the cycle length is no more 
than twenty-four. For instance, in Problem (3.7.2) you can use the Cash Flow 
worksheet and | NPV | to calculate the value of each year’s payments at the 
beginning of each year. Then enter this amount in the TVM and use BGN mode 
to calculate the desired accumulated value. 

Here is a loan problem with nonlevel payments for which the BA II Plus cal- 
culator’s Cash Flow worksheet is a perfect tool. 


EXAMPLE 3.7.3 Cash Flow worksheet 


Problem: Dr. Sara Hamilton makes monthly contributions to her savings account 
which has a nominal discount rate of 5.4% convertible monthly. During her first 
year of practice, at the end of each month she deposits $600 and the following 
year the end-of-month deposits are level at $1,000. During Dr. Hamilton’s third 
year, the sequence of her end-of-month contributions begins with $1,200, $1,400, 
—$5,000, $2,000, $2,200, and then ends with seven deposits of $1,600. Find the 
balance of Dr. Hamilton’s savings account at the end of the three years. 


Solution Open and clear the Cash Flow worksheet by pushing 
CF | 2ND || CLR WORK |. Then push 


© 


Lie ENTER 


0 
lill ENTER | J ]/1|/2|/0|/0] ENTER, 41l olo] ENTER 
4 


4} 
LL l2l2lol o| ENTER |) |) lile lol ol ENTER] ||| 7) ENTER l. 


At this point Dr. Hamilton’s contributions are all properly stored in the Cash Flow 
worksheet so it is time to compute their net present value, remembering that 
the nominal rate .054 we are given is a discount rate convertible monthly. The 
computation of the net present value may be accomplished by depressing 


NPV | ejoj 5 ja = |} 1]/2])/=]}4+/— |} +]/ 1] =|] 1/x}]}-— a= 


0| ENTER ||| |/1]|/2 || ENTER || | |/1]/0//0 


5|/0 ||0|/0]/ +/—||/ ENTER ||| | |/2|/0 0/0] ENTER 


STO | O| x |/1]/0]/0}|/=||/ ENTER || {|| CPT |. 
Now the monthly effective interest rate is stored in register 0 in decimal notation 
and “NPV = 29,268.50864” is displayed. To move from this time 0 value to the 
desired time thirty-six months value, one may key 

STO || 1 | 2ND | QUIT | RCL |o |+| 1 || y* || 3 || 6 |] =|] x || RCL] 1 || =}. 
The time three years (thirty-six months) accumulation is now displayed in dol- 
lars. Rounding the displayed 34,428.26021, you see that Dr. Hamilton’s account 
has a balance of $34,428.26 at the end of her third year of practice. Of course 
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the choices of registers number 0 and 1 are not required here. Any two distinct 
registers would be fine. a 


3.8 ANNUITIES WITH PAYMENTS IN GEOMETRIC PROGRESSION 


Problems concerning the value of an annuity whose payments form a geometric 
progression are best solved by noting that the value of the annuity is the sum 
of the values of the individual payments of the annuity, and these values also 
form a geometric progression. So Equation (3.2.2), which gives the sum of a 
geometric series, may be used to compute the desired value of the annuity. 


EXAMPLE 3.8.1 


Problem: On June 15, 1975, Roy purchased an annuity-immediate with an- 
nual payments for twenty-five years. The first payment was $800 and the 
payments increased by 3% each year. The purchase price was based on an 
annual effective interest rate of 7%. Find this price. 


Solution The price is the June 15, 1975 value of the annuity payments. 
The k-th payment occurred k years after the purchase was made and had 
amount $800(1.03)*~'. So, the value of this payment on June 15, 1975 was 
$800(1.03)*— (1.07). Therefore, the June 15 value of the annuity is 


25 1.03 k-1 
S5 $800( 1.03)*~1(1.07)-* = $ © $800(1.07)~ (35) 


1.07 
k=1 k=1 
iq (18) (108)? (8N 
1.07 1.07 1.07 
ie 1.03 25 i= 1.03 25 
= $800(1.07)7! (i = $800 Ga) 


x~ $12, 284.46. 


= $800(1.07)7t 


In Example (38.8.1), the 3% rate meant that each payment was for an 
amount 1.03 times that of the previous payment. On the other nand; to com- 
pute the present value of a payment, we multiply by an extra HF beyond 
what we needed to compute the present value of the previous payment; this 
was because we need to bring back the value one more year. Hence, when look- 
ing at the present values of the payments, we found they formed a sequence 
where each term was ree times the previous term. Their sum therefore was 
a geometric series. 


156 Chapter 3 Annuities (annuities certain) 


More generally, suppose that an annuity has payments where each pay- 
ment is 1 + g times its predecessor. Let i denote the effective interest rate 
for the payment period. If the annuity is an annuity-immediate lasting for 
n payment periods with initial payment P and i Æ g, then the value of the 
annuity one period before the first payment is 


n n k-1 
Y Pty)" (+i) SA Pa (; Z 2) 


VERY, 
Alternatively, if j = ar , then 
1 1 1 l+g 
UV = 7 = — — 7 = a 
7 1+j 1458 Grotli) 1 +4 


and the value of the annuity one period before the first payment is given by 


n 


1—v" 
P(O +i) G 1 ) = P(1 +i)" äny. 


eS 


1.03 
Note that if the situation is as described in the previous paragraph but 


i = g, then the calculation of the value of the annuity one period before the 
first payment is fine until we use formula (3.2.2) to sum the geometric series. 


But if i = g, 
=1414+---4+1l=n, 
me———~_ -—_“_ 


T 1+ 2 j$ n-1 
ripe ay pat) ope 
1+7 1+i 1+i 
n times 


and therefore the value of the annuity one period before the first payment is 
nP +i. 


[In Example (3.8.1), g = .03, i = .07, and j = +% = 3.883495146%.] 
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SUMMARY 3.8.2 

Suppose that an annuity has payments with each payment equal 
to (1 + g) times its predecessor. Let i denote the effective in- 
terest rate for the payment period. If the annuity is an annuity- 
immediate lasting for n payment periods, the initial payment is P, 
and i Æ g, then the value of the annuity one payment period be- 


(e#)" 


T= 
fore the first payment is P ( = 


. This value is also equal to 


P(1 +i) 'äny where j = 754. If i = g, the value is nP(1 +i)’. 


Our next example involves a perpetuity rather than an annuity, and it 
has the further complication of a change in interest rate. 


EXAMPLE 3.8.3 


Problem: On January 1, 2002, Andrea inherits a perpetuity-immediate with 
annual payments. The first payment is $2,000 and after that the payments 
increase by 2% each year. Find the value of this perpetuity on January 1, 
2002 if the annual effective rate of interest is 3% from January 1, 2002 through 
January 1, 2009 and 4% thereafter. 


Solution Indicating the payment amounts in thousands of dollars, a time 
diagram for this problem is as follows: 


PAYMENT 2  2(1.02) --» 2(1.02)® 2(1.02)7 2(1.02)8 
TIME: 02 03 04 > 09 10 11 
RATE: 


—_—_—=F=FE_—_—_—_ 
3% = .03 4% = .04 


The January 1, 2002 value of the payments that occur in 2003 through 
2009 is 
1.02 1.02\ ° 1.02\° 
2,000(1.03)~* |14 vf ( 
ne) | (GS) T (=) yeas Gra) | 
1 — (1.02\" 
= $2,000(1.03)~* += tig) 


= $200, 000 i = (G) 


= $13,202.68689. 
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The January 1, 2002 value of the deferred perpetuity that begins with the 


2010 payment is 
te 1.02 P: 1.02 ar 
1.04 1.04) ` 


= (1.03)~"$2,000(1.02)7(1.04)~* (r) 


(1.03)~7$2,000(1.02)7(1.04)~1 


= $93,398.65656. 


Thus Andrea’s inheritance has a January 1, 2002 value of about $13,202.68688 
+$93,398.65656 ~ $106,601.34. a 


3.9 ANNUITIES WITH PAYMENTS IN ARITHMETIC PROGRESSION 


Consider an annuity lasting n interest periods with a payment of P+ Q(j—1) 
at the end of the j-th interest period. The first payment is P and the pay- 
ments increase by the constant amount @ each interest period, hence form 
an “arithmetic progression.” We introduce the annuity symbol (I P,Q®) mi to 
denote the present value of this annuity, and the annuity symbol (Ip Qs) 
denotes its accumulated value at the time of the last payment. 


mi 


PAYMENT: P P+Q P+2Q--- P+(n-1)Q 
TIME: 0 1 2 3 o ooe” n 
VALUE: (IP Qa) mi (IP QS) mi 


FIGURE (3.9.1) 


Our next task is to derive a concise formula for the accumulated value 
(I PQS) mi: The accumulated value (I PQS) mi is obtained by adding the accu- 
mulated values of the individual payments. Therefore, 


(Ip.98)m; = P+) HPHOH)? 


(3.9.2) (P 2Q)(1 | i$ 
fer SP + = 10), 


Multiplying Equation (3.9.2) by (1 + i), we have 


(1+4)(Ip.98)m, = P +i” + (POU 


+ (P +2Q)(1 +)? 
++ (P+ (n—-1)Q)(1 +i). 


Section 3.9 Annuities with payments in arithmetic progression 159 


This may be combined with Equation (3.9.2) to obtain 


i(Ip.98)m = (1+) (p.98)m; — (PoS) mi 
=PO +i) +UI TT AQUA? H.H 
Q(1+i)- (P+ (n-1)Q) 
=P[(1+i)"-]] +Q[(1+i" HAH? 
(1+2)+1]—Qn 
= P[(1+4)"—1) +Q (sm: - n). 


So, dividing by i yields the equation 


(Ip,Q8)m =P E = a — | + © (sm n). 


Recalling Equation (3.2.10), this may be rewritten as 


Q 
22) (17,98) mj = Psmi + = (smi =n) 


This completes our task of finding a simple formula for (I P,Q) ai: Moreover, 
if you multiply Equation (3.9.3) by v”, you have the companion equation 


Q 
(3.9.4) (Ip,.Q@) mi = Pami + 


=; (ami — nv”). 


When P = Q = 1, it is customary to write (Ja); for (Ip,qa) 
(Is); for (Ip,Q8)q- Then, according to (3.9.3), 


mi and 


1 
(Ls); = (L115) mi = Sri + (Sami n). 
7 


On the other hand, 


ismi + Sai CIE) Ose 1) es sae n 


smi + = (Sai — n) = 
l l (7 


SaFili — (n+ 1) 


l 


Recalling (3.3.10) szym; — 1 = Sm, we have 


aa eee co 
(3.9.5) = Cet) ine 


a i 


160 Chapter 3 Annuities (annuities certain) 


Multiplying (3.9.5) by v” yields 


ami — nv” 


i 


There is also a special notation for (IP Qa) mi and for (Ip.98) mi when 
P = n and Q = —1, that is, when the sequence of payments is n,n — 1,n — 2, 


..+,2,1. We let (Da)m; = (In,-1) ay; and (Ds) _; = n,-18) mj: The D re- 
minds us that this is a decreasing annuity. Observe that (3.9.4) gives us 


1 
(Da) x; = nang — 7 (am — nv”). 


On the other hand, 


1 
(ami — nv”) 


NATI Sx f 
_ niami ami tnu” n(1—v”)— ami tnu”  n— ami 
7 i 7 i nr vee 
Therefore, 
n — Ani 
(3.9.7) (Da) = n 


Of course, one can multiply this by (1 + i)” to obtain a formula for (Ds) xi 
EXAMPLE 3.9.8 


Problem: Susan receives an annuity for her eighteenth birthday. The annuity 
pays $2,000 on her nineteenth birthday and then has an annual payment on 
each of her birthdays through her thirty-fifth birthday. Each year the pay- 
ments increase by $500. Find the value of the annuity on Susan’s eighteenth 
birthday, assuming the annual effective rate of interest is 4.2%. 


Solution The desired value is (Is2,000,85004) 77] 49° According to (3.9.4), this 


is equal to $2,000a77],942 + 5500 (aT7.042 17(1.042)717). Calculating, we find 
that this is approximately $23,958.24444 + $42,050.18436 ~ $66,008.43. E 


EXAMPLE 3.9.9 


Problem: At the end of each year Mr. Dunn deposits $6,000 into an invest- 
ment fund. The fund pays out interest each year at an annual effective interest 
rate of 6%. Mr. Dunn is only able to reinvest this interest at an annual ef- 
fective interest rate of 4%. Assuming Mr. Dunn continues to make his $6,000 
deposits for twenty years, that he always immediately deposits all the interest 
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paid out into the 4% account, and that he makes no withdrawals, what is the 
accumulated value of Mr. Dunn’s investments at the time of the last deposit? 


Solution Mr. Dunn makes twenty $6,000 annual payments into the in- 
vestment fund. Refer to the times he made these as times 1, 2, ..., 20. If 
k € {1,2,...,20}, then during the year that begins at time k, Mr. Dunn earns 
6% interest on k $6,000 deposits. Therefore, at the end of the (k + 1)-st year 
(which begins at time k), he earns k(.06)($6,000) = $360k. These earnings are 
deposited into his 4% savings account. Thus, during the nineteen-year period 
from time 1 to time 20, the deposits into the 4% account form an annuity- 
immediate which is $360 times the one whose accumulated value is denoted 
(Is) 79,04: So, the balance in the 4% account at time 20 is $360(1s)79194 = 


$360 (Mls) ~ $88,002.71. There are also 20($6,000) = $120,000 in the 


6% fund, so at the time of Mr. Dunn’s last deposit (time 20), the accumulated 
value of his investments is $88,002.71 + $120,000 = $208,002.71. a 


Heretofore, the studied annuities with payments in arithmetic progression 
have all been annuities-immediate. However, we can also define annuity sym- 
bols for annuities-due. Let (I P QÖ) mi denote the present value of an annuity 
lasting n interest periods of an annuity with a payment of P + Q(k — 1) at 
the beginning of the k-th interest period, and let (Ip 23) mi denote its value 
at the end of the n-th period. 


PAYMENT: P P+Q P+2Q--. P+(n-1)Q 
TIME: 0 1 2 es n—-1 n 
VALUE: (IP Qü) mi (p.e8) mi 


FIGURE (3.9.10) 


Comparing Figures (3.9.1) and (3.9.10) and recalling (3.9.3), we see that 


(IP Që)mi =(1 + 1) (IP,Q8) mi =(1 i) Psmi + © (sm n) 


Since (1+ i)smi = ëm; (3.3.8) and d= z4 (1.9.4), 


(3.9.11) (1P,98) mj, = Pmi + 


Multiplying (3.9.11) by v” yields 


(3.9.12) (Ip, Qa) my = Pam + + “(am — nv”). 
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Introduce 
(1a) mi = (11,14) mi, (18) mi = (11,18) mi: 
(Da) x; = (In, 18) mi, (D3) mi = (In, 18) 7i- 


If one multiplies equation (3.9.5) by (1 + i), one finds 


ee eee oe 


Similarly, from (3.9.7) one obtains 


n — Ani 


(3.9.14) (Dai) mi = 


Note that (Ja)m; + (Da) qj = (n+ Iam, and (14)q; + (Da) q, = (n + lam. 
These equalities give us alternate derivations of equations (3.9.7) and (3.9.14) 
[see Problem (3.9.8)]. 


EXAMPLE 3.9.15 


Problem: Alfonso has an annuity that will pay $4,000 on October 30, 2010 
and has annual payments through October 30, 2024. The payments increase 
by $800 each year. As soon as Alfonso receives a payment, he will deposit it 
in a savings account with a 4% annual effective interest rate, and he will not 
make any withdrawals. What will be the balance in Alfonso’s 4% account on 
October 30, 2025? 


Solution The annuity has fifteen payments and we are looking for an accu- 


mulated value one period after the final payment. When i = .04, d = 4. The 


desired value is therefore (1s4,000,88008) 75}. 94 = $4,0008 Boto o (s 504 15) 
œ~ $83,298.12457 + $20,800(20.02358764 — 15) ~ $187,788.75. | 


Perpetuities with payments in arithmetic progression also deserve men- 
tion. In this case, we replace the n in our present value annuity symbols 
by oo. For example, let (I PQ) x denote the present value of a perpetuity- 
immediate that has an initial payment of P and payments increasing by Q 
each interest period, and (I a) signify the present value of an annuity-due 
with a payment of k in the k-th interest period. 

We may take limits (calculus!) in (3.9.4) and (3.9.12). In each case, we 
will need limp. nv”. Using ’Hospital’s rule, we find 

1 


n 
li "= lim ———— = li = 0. 
ee = eee ee ee) 
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Recalling (3.4.2), from (3.9.4) we obtain, 


o Pg 
(3.9.16) (1P,Q4) aj = Pami + [ao = > Ha 


Likewise, referencing (8.4.2) and (3.4.3), (3.9.12) gives us 


P Q 
d id 


. 7 Q 
(3.9.17) (Ip.e@) xi = Pax d ax = 


Equation (3.9.17) may also be derived by multiplying (3.9.16) by (1 +i). You 
may choose just to memorize (3.9.16), but be forewarned that the expression 
for (Ip Qä)s is not just obtained by replacing the 7 in the expression for 
(IP Qa)si by ad. 


EXAMPLE 3.9.18 


Problem: Rafael purchases a perpetuity-immediate. The perpetuity pays 
$1,000 at the end of each of the first eleven years and then has payments 
that increase by $180 each year. So, the payment at time 11 is $1,000, and 
the payment at time 12 is $1,180. The purchase price was determined using a 
5% annual effective interest rate. Find Rafael’s purchase price. 


Solution Think of the perpetuity as a level annuity-immediate paying $1,000 
for ten years, followed by a deferred perpetuity-immediate. The perpetuity is 
deferred for ten years, has an initial payment of $1,000, and has payments 
that increase by $180 each year. The ten-year annuity has a present value of 
1,000a79).05 © $7,721.73 and the deferred perpetuity has a present value 


05 (.05)2 
= (1.05)~1°($20,000 + $72,000) 
~ $56,480.02 . 


1,000 180 
1.05) ~'° (Igi000,180@)a5).05 = (1.05)~"° = . 
,000, oo] 


So, the purchase price is $7,721.73 + $56,480.02 = $64,201.75. = 


This section contains formulas for computing present value of annuities with 
payments in arithmetic progression. In particular, we draw your attention to Equa- 
tion (3.9.4), along with the more specialized Equation (3.9.6). We now wish to 
explain how, given these equations, you may use your BA II Plus calculator to 
efficiently calculate the quantitites (Ja)m:, and (Ipga) 

According to Equation (3.9.6), to calculate (Ja)my, you just need to calculate 
äm — nv” and then divide your answer by the interest rate 7. This can be done 
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in BGN mode by first entering n in the | N | register and also in the | FV | register, 


i as a percent in the | I/Y | register, —1 in the | PMT | register, and then keying 


CPT || PV |; next divide by 7 as a decimal rather than as a percent. 


EXAMPLE 3.9.19 
Problem: Use the BA II Plus calculator to compute (Ia) tg9).5%- 


Solution Put your calculator in BGN mode and key 


1] slo)|N] FV | els liy 1+- | PMT cpr] pv 


At this point you will have computed äzsm.s% — 180(1.005)~'®°, and the display 
should read “PV = 45.74919544”. To complete the calculation, divide by i = .005 
by pressing | + || e o0 || 5]. This gives the result $9,149.839088. | 


Let’s now move on to the more general Uproar You may rewrite equation 


(3.9.4) as 
(1p,9@) mi = (r H 2) ami (2) v’. 


So, you may compute UP, Qami by putting — 4 + 2) in the | PMT | register, 


2” in the | FV | register, i in the |1/Y | register, n in the | N | register, and then 


pressing | CPT || PV |. 

Here we have calculated the present value of an n-period annuity-immediate 
that pays P in the first period and whose payments increase by Q each subse- 
quent period. Should you wish to find the accumulated value at the end of the 
period, since Equation (3.9.3) is equivalent to 


(IP QS)mi = (r 2) Smi (2) i 


you may easily compute (P+ Q Smi, and then subtract Qn (Ip Qä) 


Tfi 


(IP Që)»; are perhaps most easily obtained by first obtaining (Ip Qa); and 
(IP Qs); respectively, and then multiplying by (1 + i). 


3.10 YIELD RATE EXAMPLES INVOLVING ANNUITIES 


In Chapter 2 we introduced the yield rate. We now look at several yield rate 
problems that involve annuities. 
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EXAMPLE 3.10.1 


Problem: Melanie pays $24,000 and receives a fifteen-year annuity with end- 
of-year payments of $2,100. What is Melanie’s annual yield on this investment? 


Solution The time 0 equation of value describing Melanie’s investment is 
$24,000 = $2,100aq5};. 


Recalling (8.2.4), we see that this equation is equivalent to the equation 
24,0002 — 2,100[1 — (1+ 2)~!°] = 0. So, the unknown yield rate is the root of 
the function f(x) = 240z —21[1—(1+)~']. This root may be approximated 
by the “guess and check method” or by Newton’s method. More easily, it may 
quickly be found in two different ways using financial buttons on the BA II 
Plus calculator. All four solutions are now presented. 


Solution by the “guess and check” method Melanie receives a sin- 
gle payment of $24,000 and her repayments total 15 x $2,100 = $31,500. 
Were she to have made one lump repayment of $31,500 at the end of eight 
years (the average of her repayment times), the yield rate would have been 


(31,500/24,000) ® —1# 3.5% so it is reasonable to start the “guess and check 
method” with an initial guess of 3.5%. We calculate that f(.035) ~ —.065. The 
guess is therefore close, but since f evaluated at this initial guess is negative, 
looking at the definition of f indicates we should raise our guess for i a little. 
Check that f(.036) ~ —.0056, f(.0361) ~ .00056, and f(.03609) ~ —.00005. 
So, the rate is between .03609 and .0361, probably closer to .03609. If need 
be, we can continue refining our guesses to get any needed degree of accuracy. 


Solution by Newton’s method Once again, we begin with an initial guess 


zı = .035. Note that f'(x) = 240 — 315(1 + x) 7°, z2 = zı — HEY ~ .035 — 
=. 7009 ~ = f(z) y .001748424 ~ 
A Sp2oT00 ~ 036119295, and z3 = z2 — ÑEZ ~ 036119295 — ME a 
036090843. One may continue to find z4 = z3 — $€} ~ .036090825, so 


(x3) 


.0360908 is a very good estimate. In fact f(.0360908) ~ —.00000152. 


Solution using the TVM In End Mode with C/Y = P/Y =1, key 
2| a4lololol+/-lPviils N2 1lolo 


PMT 0 || FV || CPT || 1/Y 
to obtain I/Y = 3.609082476. 
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Solution using the Cash Flow worksheet Push | CF || 2ND 


CLR WORK | to open and clear the Cash Flow worksheet. Then press 


2400| 0| +/— | ENTER | J || 2)/1//0]/0 | ENTER 


4| 15| ENTER || TRR | CPT 
to obtain IRR = 3.609082476. a 


The next two examples involve reinvestment (partial or complete) of an- 
nuity payments received. 


EXAMPLE 3.10.2 


Problem: Gian Carlo invests $58,000 and receives an annuity of $7,000 at 
the end of each year for thirteen years. Each time Gian Carlo gets a $7,000 
payment, he immediately deposits $4,000 in a savings account that earns 9%. 
Find the annual yield received by Gian Carlo. 


Solution Recall that one takes a “bottom line approach” when computing 
a yield rate. So, the first task is to determine the amounts and times of all 
expenditures and receipts by the investor. The only expenditure is the initial 
investment of $58,000. We denote the time of this payment time 0. As for 
receipts, he receives $3,000 = $7,000 — $4,000 at times 1, 2, ...13. He also 
receives the balance of the 9% savings account at time 13. This balance is 
$4,000s73),99, or to the nearest penny $91,813.54. We therefore have the time 
0 equation of value 


$58,000 = $3,000azq; + ($91,813.54)u". 


As in the previous example, the yield rate may be found using the “guess and 
check method,” Newton’s method, or more easily, using the annuity buttons 
on a business calculator. 


Solution by the “guess and check” method By (8.4.2), the fact that 7 
satisfies the above equation of value is equivalent with 7 being a root of the 
function 


f(x) = 3,000 — 58,0002 + (1 + z)~'3(91,813.542 — 3,000). 


The investor contributes $58,000 and has repayments totaling 13 x $7,000 = 
$91,000. The average time of repayment is seven years so looking for an initial 
guess of the yield rate, we might calculate (91,000/58,000) 7 —1 x 6.6%. 
But the investor’s reinvestment rate is 9%, so a reasonable initial rate is 
somewhere in-between these rates, say their average, 7.8%. Now calculate 
that f(.078) ~ 43.47790784. Due to the equation of value, the fact that the 
evaluated value is positive leads us to consider a higher guess. Calculate that 
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f(.08) ~ —42.32192483. So, the yield rate is in-between .078 and .08, and 
.079 is apt to be close. Check that f(.079) ~ .866 and f(.0791) + —3.4 so the 
yield rate is between 7.9% and 7.91%, probably closer to 7.9%. Continue to 
the needed degree of accuracy. 


Solution by Newton’s method As in the previous solution, we begin with 
an initial guess xı = .078. Note that 


f'(x) = —58,000 — 13(1 + z)~4(91,813.54a — 3,000) + 91,813.54(1 + x)", 


and x2 = zı — fe = .078 — Sos = .079027366. This is already 
an excellent estimate, but we could repeat to find the yield rate with greater 


accuracy. 


Solution using the TVM In END mode with C/Y = P/Y = 1, push 
5|/8)/0//0/0}/+/—]/ PV 1/3 /,N |) 3}, 0]0/0|/ PMT 


9] 1) 8]1(3|/-]5|/4|| FV || CPT ||1/Y 


to obtain I/Y = 7.902018167. We note that for this last method to work, it was 
essential that Gian Carlo closed the savings account at time 13, the time of his 
last annuity payment. 


Solution using the Cash Flow worksheet Push 
CF || 2ND | CLR WORK 
to open and clear the Cash Flow worksheet. Then press 
5} 8)//0//0|/0 || +/— || ENTER | J || 3 //0]/0/|0 


ENTER | | || 1 || 2 || ENTER || | 


9}/4//8]/ 113°] 5] 4|| ENTER | IRR | CPT 
to obtain IRR = 7.902018167. The justification for entering 12 for C01 is that the 


total inflows to the investor at times 1, 2,...,12 are all $3,000, but at time 13 the 
inflows total $3,000 + $91,813.54 = $94,813.54. Thus the proper entry for C02 is 
94,813.54. E 


EXAMPLE 3.10.3 


Problem: Serena invests a total of $10,000. She uses part of the $10,000 
to purchase an annuity with payments of $1,000 at the beginning of each 
year for ten years. The purchase price of the annuity is based on an effective 
interest rate of 8%. As annuity payments are received, they are reinvested 
at an annual effective interest rate of 7%. The balance of Serena’s $10,000 
is invested in a ten-year certificate of deposit with a nominal annual interest 
rate of 9% convertible quarterly. Calculate the annual effective yield on the 
entire $10,000 investment over the ten-year period. 
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Solution The value of the annuity is $1,000@7q, 93 © $7,246.887911. Since 
the purchase price must be an integral number of cents, it is $7,246.89. The 
amount invested in the certificate of deposit is therefore $10,000 — $7,246.89 = 
$2,753.11. At time 10, since Serena invests her annuity payments at 7%, 
she has accumulated $1,000879)97 = $14,783.60 plus the value of the cer- 
tificate of deposit which is $2,753.11(1 + -92)*° ~ $6,704.34. The total ac- 
cumulation is therefore $14,783.60 + $6,704.34 = $21,487.94, and her yield 
is i where $10,000(1 + i)!° = $21,487.94. So, i = (21,487.94/10, 000) 2° — 1 
= 7.949212452%. a 


In the next example, it is the expenditures that form an annuity. 


EXAMPLE 3.10.4 


Problem: Hideo deposits $1,500 at the beginning of each year for sixteen 
years in a fund earning an annual effective rate of interest of 6%. The interest 
from this fund is paid out annually and can only be reinvested at an effective 
annual rate of 5.2%. At the end of twenty years, Hideo liquidates his assets. 
What is Hideo’s yield rate for the twenty year-period? 


Solution The balance in the 6% account at time 20 is 16 x $1,500 = $24,000 
since interest is paid out from this account. The balance in the 5.2% account is 
more interesting. At time k, k € {1,2,3,...,20}, there is an interest payment 
from the 6% account deposited in the 5.2% account. If k € {1,2,3,...,16}, 
the amount of this deposit is ($1,500k) x .06 = $90k. This is because for 
k € {1,2,3,...,16}, the amount on deposit in the 6% account in the k-th year 
is $1,500k. On the other hand, if k € {17, 18, 19,20}, the amount on deposit 
in the 6% account in the k-th year stays constant at 16 x $1,500 = $24,000 
and the amount deposited to the 5.2% account is .06 x $24,000 = $1,440. 


PAYMENT: 1x $90 2x $90 --- 16x $90 $1,440 --- $1,440 
TIME: 0 1 2 EE 16 17 om 20 


Payments to the 5.2% account 


To calculate the balance in the 5.2% account, we first note that the time 
16 value of the first sixteen payments is $90(Is)7g.952, whence the time 20 


: 4 875) ono — 16 
value of these payments is (1.052)"$90(Is) 761.952 = (1.052)*$90 (43) N 
$19,705.412. The remaining four payments to the 5.2% account combine to 
form a level annuity, the time 20 accumulated value of which is $1,44087 952 x 


$6,225.058. The time 20 balance in the 5.2% account is hence approximately 
$19,705.412 + $6,225.058 = $25,930.47. 
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The liquidated value of Hideo’s assets at the end of the twenty years is 
the sum of the balance in the 6% fund and the balance in the 5.2% account, 
namely $24,000 + $25,930.47 = $49,930.47. 

For the calculation of Hideo’s yield rate, take our usual bottom line ap- 
proach. Hideo pays $1,500 at t = 0,1,2,...,15, and gets $49,930.47 at t = 20, 
and so has investments whose time 20 equation of value is 


(1 + 1)°1,500sqq, = (1 + 4)*1,5008yq, = $49,930.47. 


The rate į may now be found using the “guess and check” method, Newton’s 
method, or most easily the Cash Flow worksheet of the BA II Plus calculator. 


Solution by the “guess and check” method The time twenty equation 
of value may be rewritten as 


$1,500(1 + i)?" — $1,500(1 + i)? — $49,930.47: = 0. 
The yield rate is therefore the root of the function 
f(x) = 1,500(1 + x)?" — 1,500(1 + x)” — 49,930.472. 


Hideo’s deposits total 16 x $1,500 = $24,000 and his liquidated value after 
twenty years is $49,930.47. The average time of his deposit is at t = 7.5 
so we might try i where 24,000(1 +i)" °° ~ 49,930.47, say i  .06. But 
f(.06) ~ 96.2, and consequently i < .06. Calculate that f(.05) ~ —232. We 
therefore know that .05 < i < .06, and it appears that i is closer to .06. 
Further calculations show f(.057) ~ —20 and f(.058) ~ 16.6, from which we 
conclude that 5.7% < i < 5.8%. As usual, the method may be continued to 
get a smaller interval in which the yield rate is guaranteed to be located. 


Solution by Newton’s method Let f(x) be the same as in the “guess and 
check” method. Then 


f’ (x) = 31,500(1 + x)*° — 7,500(1 + x)* — 49,930.47. 


As justified in the previous solution, we begin with an initial guess xı = .06. 


Then a2 = .06 — C00) ~ 06 — SEIS ~ .057689437. Continuing z3 ~ 


f (.057689437) 4.923393435 — 


is close to 5.76%. 
Solution using the Cash Flow worksheet Push | CF || 2ND 
CLR WORK | to open and clear the Cash Flow worksheet. Then press 


1|/5|/o]/0|/+/—|| ENTER] J ]/1]/5 || 0|/+/-|| ENTER | 1/115 


ENTER ||| | 0 | ENTER || | |4| ENTER ||| | 4]/9|/9] alol elal? 
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ENTER || IRR || CPT 


to obtain IRR = 5.755735603. Here, the reason we entered CFo = —1,500 is that 
at time 0, Hideo pays out $1,500. This is followed by fifteen successive payments 
of $1,500, so C01 = —1,500 and F01 = 15. But then there are no inflows or 
outflows at the four successive times 16, 17, 18, and 19, so we want C02 = 0 
and F02 = 4. Finally, Hideo gets $49,930.47 at time 20, and therefore C03 = 
49,930.47 and F03 = 1. | 


3.11 ANNUITY SYMBOLS FOR NONINTEGRAL TERMS 


We defined the annuity symbol am; to be the value one period before the 
first payment of an annuity paying 1 at the end of each interest period for n 
periods. For this definition to make sense, n must be a nonnegative integer. 
On the other hand, we found 

1 = y” 


(3.2.4) ami = ——. 


Equation (8.2.4) suggests how we might define ap; for an arbitrary positive 
real number r. 


1—v" 
(3.11.1) an = 


for any positive real number r. 


To see how this symbol might arise in problem solving, consider the fol- 
lowing situation. A lender loans a borrower an amount L. The two parties 
agree that the loan will be repaid by end-of-period payments of Q and that 
the effective interest for the payment period is to be z throughout the term of 
the loan. The borrower and the lender neglect the calculation of the number 
of payments r needed, then realize their omission and set out to calculate r. 
They realize that they should solve the equation 


L= Qari- 


By (BILI), this equation is equivalent to the equation L = Q(4+5%) and 


i 


hence to the equation v” = 1 — “=. Taking natural logarithms of each side of 
q Q 8 8 


this equation gives rln v = In (1 — D): Therefore 


ln (1 — In{1— 2 
eee <= C-s) ~ iG a) 


But now there is a problem. The solution r might not be an integer. Write 
r = n+ f where n is an integer and 0 < f < 1. If the borrower makes n 
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payments of Q, the borrower underpays. On the other hand, n + 1 payments 
of Q produces an overpayment. To resolve this repayment difficulty, consider 
the following. 


=Q =o (=) -((e | 


l 


1— v” v” — vu" 
a ae i Ga) 
„/@+i) -1 

= Qami av" ( i ) 


ew (=-=) ù 


So, L is the sum of the present value of an annuity with n end-of-period 


payments of Q and the present value of a payment of amount Q (==) 


at time r periods. Therefore, the borrower can pay off the loan by making 
payments of Q at the ends of periods 1 through n and then one payment of 


Q (=) an fth of the way through the (n + 1)-st period. 
Alternatively, the borrower can make n payments of Q at the ends of 
periods 1 through n and then, at the end of the (n + 1)-st period, make a 
payment of 
1+ =a 
(3.11.3) Q (==) G+. 


This (n + 1)-st payment is called a drop payment. 
A second alternative is for the borrower to make (n — 1) payments of 
Q and then a payment at the end of period n of 


(3.11.4) Q+Q (ar) a 


i 
This one-time larger payment is called a balloon payment. 


EXAMPLE 3.11.5 


Problem: Jamaar borrows $9,600 from Friendly Financing in order to pur- 
chase a car. The account representative who handles Jamaar’s loan application 
determines that Jamaar can afford monthly payments of $345. Moreover, the 
nominal interest rate convertible monthly on Jamaar’s loan will be 5.4%. 

(a) If the Friendly account representative arranges the loan so that there 
are N end-of-month payments of $345, followed by a drop payment, find N 
and the amount of the drop payment? [Note that the drop payment is the 
(N + 1)-st payment.] 
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(b) If the loan is structured so that it has (N — 1) level monthly pay- 
ments of $345, followed by a balloon payment, find the amount of the balloon 
payment. Here, N is as in part (a). 

(c) If the loan has twenty-three level payments of $345, followed by a 
larger final payment at the end of the 24th month, find the amount of the 
final payment. This final payment is also called a balloon payment. 


Solution (a) With L = $9,600, Q = $345, and an interest rate of 5.4% = 
45%, Equation (3.11.2) gives 


L n (4 _ (0045)($9,600) 
Ei $345 


) / In (1.0045) ~ 29.79570004. 


Therefore, there are N = 29 level payments of $345 followed by the drop 
payment. Using Equation (3.11.3), we calculate that Jamaar’s 30th payment 
is for approximately 


-79570004 
= 2 
$345 (£ on) (1.0045)*~ 7997004 ~~ $974.6423618. 


The amount of the drop payment is $274.64. Alternatively, you can note that if 
you made thirty payments of $345, you would have a credit of $345 535) 0045 — 


(1.0045)°°$9,600 ~ $70.36. So, the 30-th payment need only be for $345 — 
$70.36 = $274.64. 

(b) We now wish to calculate the amount of the 29-th payment, assuming 
that this payment follows twenty-eight level end-of-month payments of $345, 
and that it is exactly sufficient to pay off the loan. According to formula 
(3.11.4), the amount of this larger payment is 


(1.0045):795700%4 _ 1 
.0045 


$345 + $345 ( (1.0045) 70570004 ~ $618.4120078. 


So, the amount of the balloon payment is $618.41. 
(c) Using the retrospective method, the balance at time 24 months just 
prior to any final payment is 


$9,600(1.0045)*" — (1.0045)$345s59) 04s 
=~ $10,692.26759 — $8,377.97033 ~ $2,314.297258. 


The time 24 months balloon payment is $2,314.30. 

Note that, as we did in part (c), the retrospective method could also have 
been used to figure the balances in parts (a) and (b). So, there is no need to 
memorize formulas (3.11.3) and (3.11.4). a 
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There are also times when it is useful to have definitions of our other 
annuity symbols for nonintegral terms. In each case we avoid defining the 
symbol as the value of an annuity with specified payments. Instead, we define 
the annuity symbol by an algebraic expression. For example, we define 


1+2)"-1 

(3.11.6) smi = (+ i) for any positive real number r, 
i 
1 pee T 

(3.11.7) ani = _ for any positive real number r, 
and 

1+i)"-1 
(3.11.8) sri = ( aa for any positive real number r. 


The annuity symbols of Section (3.9) may also be extended to nonintegral 
terms using the algebraic expressions given by (3.9.3) and (3.9.4). 

Of course calculators that have built-in annuity buttons (such as the BA 
II Plus calculator) are programmed to make calculations with formulas such as 


(8.11.7), (8.17.6), BG-IL7), and (8.11.8), whether or not the number of periods 


is integral. 


3.12 ANNUITIES GOVERNED BY GENERAL ACCUMULATION 
FUNCTIONS 


We now consider our annuity symbols when there is a general accumulation 
function governing the growth of money. This assertion means that we have a 
single accumulation function a(t) rather than having multiple ones dependent 
on the time of deposit. [So that you will appreciate the importance of having 
a single accumulation function, at the end of this section we include Example 
(3.12.10) where this assumption is dropped. We also see multiple accumulation 
functions, each of which is a compound interest accumulation function, in the 
investment year method studied in Section (3.13).] With our assumption that 
there is a single accumulation function a(t) governing investments, there is a 


single discount function v(t) = HO Then we have the present value equations 


(3.12.1) am = v(1)+v(2)+---+v(n), 
and 


(3.12.2) äm = 1+ v(1)+v(2) +- +v(n-— 1). 
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The annuity-immediate and annuity-due symbols are related by the equation 


(3.12.3) äm = 1+ ay 


Those familiar with calculus should note that there are corresponding equa- 
tions for the basic perpetuities, but convergence of the series appearing in 
them is by no means assured. In general there need not be a simple formula 
like (3.2.4) or (3.3.5) for the sums in (3.12.1) and (3.12.2), but in some special 
cases there are. 


EXAMPLE 3.12.4 
Problem: Given that a(t) = $4? + št + 1, find formulas for äm and am. 


Solution There is a “trick” that works in this special case; namely using 
a “partial fractions decomposition.” First note that a(t) = 4t? + $¢+1 = 
4(t+1)(t + 2). Therefore, 


Equation (8.12.1) tells us that 


_(2_2\, (2_2), (2_2\,. (2 2 
m= 3 3. 4 a5) n+l n+2)° 


This is a “telescoping series,” and therefore we may rearrange the above terms 
to obtain a simpler expression for am. We have 


2 2 2 2 2 2 2 

Sal 5+ ( ata) +( +i) z+) 
2 2 2 
+ ( t) n+2 


II 


II 


n+2 
Replacing n with n — 1, we find anzi] = 1— m Consequently, Equation 
gives äm = 2 — at 


Note involving calculus: The sequences {am} and {äm} converge to 1 and 
2, respectively, as n approaches infinity. So, aa = 1 and ag = 2. | 


The accumulated value annuity symbols sm and 57 may be obtained from 
the present value annuity symbols. More specifically, 


(3.12.5) Sm = a(n)am and sy = a(n)an. 
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Alternatively, these symbols are given by the series 


M a(n) a(n) f i a(n) 
(3.12.6) m a T 
and 
. a(n) a(n) a(n) 
(3.12.7) wS a Canal 


EXAMPLE 3.12.8 


Problem: Suppose that deposits of $500 are made at the end of each year for 
five years into a fund that is governed by the simple discount accumulation 
function a(t) = zby. Find the accumulated value at the time of the last 
deposit. 


Solution The accumulation is given by 


$5005 = $500a(5)az, 


Accumulation functions governing investments that grow at compound 
interest with a fluctuating rate of compound interest occur commonly. We 
work with such an accumulation function in our next example. 


EXAMPLE 3.12.9 


Problem: During the years 1994 through 1998, Sylvia Bank paid compound 
interest on all funds on deposit. The following interest rates applied: 
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YEAR INTEREST RATE 


1994 6% 
1995 T% 
1996 6.5% 
1997 6% 
1998 5.25% 


If Bob deposited $10,000 at the beginning of each of the years 1994 
through 1998, what was his balance at the end of 1998? 


Solution We need to compute Šal: Note that it is easiest to work this 
problem from basic principles, without any special formulas. The balance in 
Bob’s account at the beginning of 1995, just after his $10,000 deposit, was 
$10,000(1.06) + $10,000 = $20,600. Immediately after his 1996 deposit, the 
balance was $20,600(1.07) + $10,000 = $32,042. The balance just after his 
1997 contribution was $32,042(1.065) + $10,000 = $44,124.73, and immedi- 
ately following the 1998 deposit the account had $44,124.73(1.06) + $10,000 = 
$56,772.2138. Finally, the end-of-1998 balance was $56,772.2138(1.0525) = 
$59,752.76. E 


We finish this section with an example showing how different the in- 
vestment picture may look if there is a new accumulation function for each 
accumulation time. 


EXAMPLE 3.12.10 


Problem: Suppose that each deposit earns simple interest at an annual rate 
r from the time of that deposit. Further suppose that 1 is deposited at the 
end of each year for n years. Find the accumulated value at the end of n years 
as a function of the rate r and the number of deposits n. 


Solution A deposit of 1 made at time k, k€ {1,2,...,n}, grows to 1+ (n — k)r 
at time n. So, the total accumulation at time n is 


S ieai =n+r|(n-1)+(n-2)+:--+1+0] 


k=1 
ae 


Note: This accumulation is higher than the accumulation you would have 
if there was a single accumulation function a(t) = 1 + rt in effect from the 
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time t = 0 of the first deposit. The reason for this is that simple interest has 
a decreasing force of interest function. For instance, if r = 10% and n = 8, 
the above formula produces an accumulation of 8 + 1(88) = 10.8, while 
the single simple interest accumulation function a(t) = 1 + .1¢ produces an 
accumulation of 


n 


1 + (.10)(8) Lg de he a ep de, ey 2 
> 1+ (.10)k -18 (5 ! Fia 15 TE ) 


10.19051684. 


2 


3.13 THE INVESTMENT YEAR METHOD 


In Example (8.12.9), a sequence of annual interest rates was given. These 
rates were paid in the specified year without reference to the times funds were 
deposited. This has the advantage of simplicity. However, the managers of 
a fund might feel that it is more appropriate to index money by the time 
in which it was invested. After all, the holdings of the fund might include 
mortgages made at rates fluctuating over their origination time and bonds 
paying returns that looked advantageous at the times they were bought. If 
interest rates have gone up, the rates paid on these old investments will not be 
sufficient to attract new investors. Should rates have gone down, the investors 
of long standing should not have to share their rights to these high rates with 
newcomers. Usually funds that are sufficiently old no longer earn a select 
rate or new money rate based on the investment time. Instead, they earn 
a so-called ultimate or portfolio rate. 

Suppose that an investment is made in year y and that select rates are 
in effect during the first N years that the money is part of the fund. If 
k € {1,2,... N}, it is customary to denote the select rate earned by the 
investment during the k-th year of investment by i%. Note that the super- 
script y in the notation i% is not an exponent; rather it indicates the year the 
money was deposited. With this notation, if an amount X is contributed to 
the fund at the beginning of year y and left in the fund for an integral number 
of years 7 < N, it grows to 


ACL +a )(1 +46) Hi) AK) 


The ultimate rate used during the year z, for funds that have been on 
deposit during more than N years, is denoted i*. Again, the superscript in 
not an exponent. This time the superscript displays the year during which the 
rate might be used. If X is deposited into the fund at the beginning of year 
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y and left on deposit for j years where j = N +r, r a positive integer, at the 
end of the j years the initial investment of X will have grown to 


X (1444) (1443) + (144%,) (aN) (et NA). yt NE) | 
a c aaa a Iama 
select rates for N years ultimate rates for r years 


For easy reference, we summarize this as Fact 3.13.1. 


FACT 3.13.1 

Suppose that the investment year method is in effect with select interest 
rates for the first N years the money is on deposit and ultimate interest 
rates thereafter. Let j denote a positive integer. Then X contributed at the 
beginning of year y and left on deposit for j years grows to 


X (1+ i)(1 + #3) (1 + 68) --- (1 + #4) for j € {1,2,..., N}, 
X(+) (H) AET) LEN?) forj=N+r>N. 
—_ OO, aa 


select rates for first N years ultimate rates for next r years 


It is quite common to present the select and ultimate rates in a table. We 
illustrate this for a fund using select rates for N years, for a period beginning 
with year y and extending through year y+n where n is an a positive integer. 
(Do not confuse n with N, the number of years after investment that select 
rates apply.) 


Year of Rate in Rate in Rate in Rate in Year of first 
Investment Year 1 Year 2 Year N Year N+1_ ultimate rate 
y iy i3 o iN i” y+N 

y+1 igt gtl a ae wut yt1+N 
y+2 ite gute n e ene jut? y+2+N 


yen jute A. qutn qutn ytn+N 
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EXAMPLE 3.13.2 


Problem: You are given a table of select and ultimate rates. 


Year of Ratein Ratein Ratein Rate in First Year of first 
Investment Year 1 Year2 Year3 Year4 ultimate rate ultimate rate 


1965 05 055 0475 05 055 1969 
1966 .06 525 .05 .06 .0575 1970 
1967 .05 .05 .0625 .06 .0625 1971 
1968 .0675 .07 .07 .0675 .0615 1972 


Derartu deposits $3,000 in the fund at the beginning of 1966 and leaves it on 
deposit through 1972. What is his balance at the end of 1972? 


Solution Derartu’s deposit was made at the beginning of 1966 and stayed 
in the fund through 1972. We therefore need to find seven interest rates, 
applicable to this deposit for the years 1966-1972 inclusive. Those for the 
years 1966-1970 are found by proceeding from left to right across the row for 
investment year 1966. They are 6%, 5.25%, 5%, 6%, and 5.75%, respectively. 
The first four of these are select rates, while the last is the portfolio rate for 
the year 1970. We also need the portfolio rates for 1971 and 1972, and these 
are found in the rows for the investment years 1967 and 1968, just below the 
ultimate rate for 1970. They are 6.25% and 6.15%. The entire sequence of 
rates is found by reading across the row for the investment year 1966 as far as 
possible and then reading down the column of ultimate rates. Using the seven 
rates we have made reference to, Derartu’s balance at the end of 1972 is 


$3,000(1+.06)(1+.0525)(1+.05)(1+.06)(1+.0575)(1+.0625)(1+.0615) 
~ $4,442.97. 


EXAMPLE 3.13.3 


Problem: Consider again a fund that originated in 1965 and was governed 
by the table of Example[3.13.2| What interest rates were in effect for the year 
1968? How about for the year 1967? 


Solution The rate in effect in 1968 for money invested that year was 6.75%, 
as is seen from the entry in the bottom row, second column. To find the 1968 
interest rate for 1967 investments, we look at the third column of the next 
to last row and find the interest rate 5%. Continuing on the upward diagonal 
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between these two rates, we find the 1968 rate 5% for 1966 investments and 
again for 1965 investments. The rates in effect for 1967 investments lie on a 
line parallel to the 1968 rates. In 1967, for 1967 investments the rate is 5%, 
for 1966 investments the rate is 5.25%, and for 1965 investments the rate is 
4.75%. E 


The investment year method is not always applied, even when a table 
of select rates (and ultimate rates) is available. Under the portfolio yield 
method, ultimate rates are used to figure accumulation from the start. That 
is to say, you neglect the select rates and use an ultimate rate for each year 
of investment. 


EXAMPLE 3.13.4 


Problem: Consider again Derartu’s investment of Example (3.13.2). What 
would his balance have been at the end of 1972 if the portfolio yield method 
was used instead of the investment year method, and ultimate rates of 5% 
applied in each of the three years 1966, 1967, and 1968? 


Solution The sequence of ultimate years 5%, 5%, 5%, 5.5%, 5.75%, 6.25%, 
and 6.15% is applicable for the seven years of Derartu’s investment. Since he 
made a single deposit of $3,000 at the beginning of the seven-year period, his 
final balance is 


$3, 000(1.05)°(1.055) (1.0575) (1.0625) (1.0615) ~ $4, 369.89. 


3.14 PROBLEMS, CHAPTER 3 
(3.0) Chapter 3 writing problems 


(1) [following Section(3.1)] Find examples of real life annuities, and describe 
them using the vocabulary of Section (3.1). As a starting point, con- 
sider consumer loans, retirement plans, insurance payments, security 
holdings, and lottery winnings. 

(2) [following Section (3.2)] Learn from a car dealer and from at least one 
bank or other financial institution what financing would be available 
on a specific model car (after you have priced the car, bargaining if 
possible). Describe your experiences, mentioning how credit worthiness 
must be established and what down payments are needed. Be sure to 
include the loan amount, payment periods (probably monthly), duration 
of the loan, and annual effective rate for each possibility you describe. 


(3) 
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[following Section (3.2)] Talk to one or more mortgage officers, and learn 
about what is needed to qualify for a mortgage on a home. Ask about 
income requirements and down payment requirements. Learn what clos- 
ing costs there will be, and which of these can be rolled into your loan 
as opposed to being paid upfront. Your monthly payments will of course 
include payments based on the total of the loan amount but ask for all 
other payments that will be made through an escrow account. Ask un- 
der what conditions (say a higher down payment) an escrow account can 
be avoided. Now write a newspaper column for potential homeowners, 
educating them about what you have learned. 

[following Section (3.6)] Discuss usages of the words “prospective” and 
“retrospective” in the English language. Give examples of other words 
with the same roots. 


(3.2) Annuities-immediate 


(1) 


Find the present value (one period before the first payment) of an 
annuity-immediate that lasts five years and pays $3,000 at the end of 
each month, using a nominal interest rate of 3% convertible monthly. 
Then repeat the problem using an annual effective discount rate of 3%. 
Which is higher? Why? 

Tracy receives payments of $X at the end of each year for n years. The 
present value of her annuity is $493. Gary receives payments of $3X at 
the end of each year for 2n years. The present value of his annuity is 
$2,748. Both present values are calculated at the same annual effective 
interest rate. Find v”. 

The Browns wish to accumulate at least $150,000 at the time of their last 
deposit in a college fund for their daughter by contributing an amount 
A into the account at the end of each year for eighteen years. What is 
the smallest annual payment A that will suffice if the college fund earns 
a level annual effective interest rate of 5%? If at the end of ten years, it 
is announced that the annual effective interest rate will drop to 4.5%, 
how much must the Browns increase their payments in order to reach 
their accumulation goal? Assume that the Browns wish to continue to 
make level payments except for a slightly reduced final payment. 
Elwood wishes to purchase a home. She has saved up $13,200 for a 
down payment. Based on her earnings, she qualifies for a thirty-year 
mortgage with level monthly payments of $820 including escrow and a 
nominal interest rate convertible monthly of 5.85%. Her payments are 
due at the end of each month. From each payment, $240 will be put 
aside in an escrow account for the payment of taxes and homeowners 
insurance. What is the most expensive house Elwood can buy if her 
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aunt has promised to give her the money needed for loan applications, 
inspections, and all other required buyer’s closing costs? 

Matt inherited as a trust a fifteen-year annuity-immediate with annual 
payments. He has been told that the annuity payments earn compound 
interest at a level rate and that at the end of fifteen years, their accumu- 
lated value will be $37,804.39. He has further been assured that figured 
at this same rate of interest, the value of his inheritance was $15,077.10. 
The trust executor will not reveal the amount of the annual payments. 
Determine this amount and also the annual effective interest rate earned 
by the annuity payments. 

Mrs. Williams finds that she has two options for investing $32,000.02 
for fifteen years. The first option is to deposit the $32,000.02 into a 
fund earning a nominal rate of discount d“ payable quarterly. The 
second option is to purchase an annuity-immediate with 15 level annual 
payments, the annuity payments computed using an annual effective 
rate of 7%, and then when she gets an annuity payment, to immediately 
invest it into a fund earning an annual effective rate of 5%. Mrs. Williams 
calculates that the second option produces an accumulated value that 
is $1,500 more than the accumulated value yielded by the first option. 
Calculate d. 

A buyer of a 2018 Toyota RAV4 has a choice of 0% financing for 60 
months or a $3,000 cash back incentivd}. He plans to make no down 
payment. The buyer is able to qualify for 3.9% annual effective financing 
for 5-years with level end-of-month payments through his credit union 
and thereby take advantage of the cash back incentive. Let Y denote his 
negotiated price for the RAV4. Suppose Y > $32,900. Which would be 
preferable, the 0% dealer financing or the $3,000 cash back incentive? 
Sigmund and Karl each borrowed an identical amount from Ludwig at a 
nominal rate of discount of 5.4% convertible quarterly. Sigmund repays 
his loan by making payments of $2,000 at the end of each year for six 
years. Karl makes payments of $3,200 at four equally spaced times T, 
2T, 3T, and 4T. Find T. [HINT: You will need to find the interest rate 
I for a period of length T.] 


(3.3) Annuities-due 


(1) 


April received an inheritance from her grandmother in the form of an 
annuity. The annuity pays $3,000 on January Ist from 1966 through 
1984. Find the value of this annuity on January 1, 1966 using an annual 


1A cash back incentive is a type of incentive that an automaker may offer to a car buyer. 
The purchase price of the vehicle will be the negotiated price, minus the amount of the 
cash back incentive. Alternative names for this type of incentive include bonus cash, cash 
allowance, rebate, and cash back deal. 
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effective interest rate of 5% and represent this value by an appropriate 
annuity symbol. 

(2) Suppose i = 3%. Find the value one month before the first payment of 
a level annuity-due paying $200 at the beginning of each month for five 
years. 

(3) (a) Describe in words what the difference appr — any is measuring. 


(b) Given that appr — am =.177208656 and ärpiji — Gm = 185248436, 
find the integer n. 

(4) Steven Wong wishes to save for his retirement by depositing $1,200 at 
the beginning of each year for thirty years. Exactly one year after his 
last deposit, he wishes to begin making annual level withdrawals until 
he has made twenty withdrawals and exhausted the savings. Find the 
amount of each withdrawal if the effective interest rate is 5% during the 
first thirty years but only 4% after that. 
Starting on his 25th birthday and continuing through his 60th birth- 
day, Fred deposits $7,500 each year on his birthday into a retirement 
fund earning an annual effective rate of 5%. Immediately after the last 
deposit, the accumulated value of the fund is transferred to a fund earn- 
ing an annual effective rate of j. Five years later, a twenty-five year 
annuity-due paying $5,800 each month is purchased with the funds. The 
purchase price of the annuity was determined using an annual effective 
rate of interest of 4%. Find j. 


“—— 
OU 
eH 


(6) Given äm = 12 and än] = 21, find ag). 

(7) Given äm = 31.61667882 and syr] = 64, 024.90944, find i and n. 
(8) Given anz] = 11.38229339 and szp = 414.3137296, find i and n. 
(9) 


If you multiply Equation (3.2.18) by eee you may easily derive the 


= z; Following our derivation of (3.2.18), we gave 
a second demonstration of why this equation must hold based on two 
alternate scenarios of paying back a loan of 1 made for n interest pe- 
riods. Think of another pair of Weis of a Dene a loan which give an 


alternative demonstration of d+ = ; 
Tai = ta 


(10) (a) Show algebraically that 5m; = smi — 1 + (1 +i)”. 


(b) Verbally explain why the equality in (a) must hold. 
(c) Given that šm; = 551.40 and am; = 315.85, find n. 


(3.4) Perpetuities 


(1) Athlete Kalen wishes to retire at age forty-five and receive annual birth- 
day payments of $40,000 beginning on his forty-fifth birthday. After his 
death, the payments on the anniversary of his birth should go to his 
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heirs. In order for Kalen to be able to carry out his plan, he makes 
contributions to a savings account with a guaranteed annual effective 
interest rate of 4%. How much money will Kalen need to have accumu- 
lated at age forty-five, just prior to his first $40,000 birthday payment? 


Graham receives $640,000 at his retirement. He invests X in a twenty- 
year annuity-immediate with annual payments and the remaining 
$640,000 — X is used to purchase a perpetuity-immediate with annual 
payments. During the first twenty years, his total annual payments re- 
ceived from the two investments are twice as large as those received 
thereafter. The annual effective interest rate is 5%. Find X. 


Suppose $40,000 was invested on January 1, 1980 at an annual effec- 
tive interest rate of 7% in order to provide an annual (calendar-year) 
scholarship of $5,000 each year forever, the scholarships paid out each 
January 1. 


(a) In what year can the first $5,000 scholarship be made? 


(b) What smaller scholarship can be awarded the year prior to the first 
$5,000 scholarship? 


Svetlana won $1,000,000 in a contest, to be paid in twenty $50,000 
payments at yearly intervals, the first payment paid at the time of 
the contest. (Of course, the present value of her winnings is less than 
$1,000,000.) Svetlana decided to keep X each year to spend and deposit 
the remaining $50,000 — X into an account earning an annual effective 
interest rate of 5%. She chose the value X to be as large as possible so 
that, at the moment of the 20th deposit, the account would have grown 
to such a size that it would provide Svetlana and her heirs at least X 
per year in interest forever. Find X. 


Given 5445y = 1,000, find szzy- 


Cheyenne wishes to endow a professorship at her alma mater. She learns 
that to do so, she must contribute $1,000,000. What annual salary would 
a $1,000,000 gift support forever if salary payments are made monthly, 
starting one month after the gift, and the money’s growth is governed 
by an annual effective discount rate of 6%? 


(3.5) Deferred annuities and annuity values on any date 


(1) 


Sydney wins a prize. She has a choice of receiving a payment of $160,000 
immediately or of receiving a deferred perpetuity with $10,000 annual 
payments, the first payment occurring in exactly four years. Which has 
a greater present value if the calculation is based on an annual effective 
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interest rate is 5%? How about if the annual effective rate used is 6%? 
What real life considerations should enter into Sydney’s choice besides 
maximizing her present value? 


(2) A level perpetuity-immediate is to be shared by three charities providing 
medical research and a fourth charity providing assistance to children 
of veterans. For n years, the three research charities will receive the 
payments equally. Thereafter, all the payments will go to the charity 
aiding children of veterans. It is reported that the present value of each of 
the charities’ bequest is equal to a common amount when calculated with 
an annual effective interest rate of 12.25%. Find n. If the interest rate 
is a more modest 6%, what proportion of the total bequest is directed 
to the charity aiding children of veterans? 


(3) Alice owned an annuity which had level annual payments for twelve 
consecutive years, the first of these being in exactly twelve years. She 
sold it, and the selling price of $21,092.04 was based on a yield rate for 
the investor of 7.8%. What is the amount of the level payments? 


(4) When computed using an effective interest rate of i, it is known that 
the present value of $2,000 at the end of each year for 2n years plus 
an additional $1,000 at the end of each of the first n years is $52,800. 
Using this same interest rate, the present value of an n year deferred 
annuity-immediate paying $4,000 per year for n years is $27,400. Find 
n. [HINT: First find amy and azp, then v” and i.] 

(5) Catfish Hunter’s 1974 baseball contract with the Oakland Athletics 
called for half of his $100,000 salary to be paid to a life insurance com- 
pany of his choice for the purchase of a deferred annuity. More precisely, 
there were to be semi-monthly contributions in Hunter’s name to the 
Jefferson Insurance Company with the first payment on April 16 and 
the final payment on September 302) We suppose that the first eleven 
of these were to be for $4,166.67, and the final payment was to be for 
four cents less. (12 x $4,166.67 = $50,000.04.) 


(a) Using an annual effective interest rate of 6% (a rate that figures in 
a six-year personal loan of $120,000 that Oakland’s owner Charlie 
Finley had made to Hunter in 1969 and then promptly recalled), 
find the value of the specified payments to the insurance company 
at the scheduled time of the last payment. (Hunter wished to have 
such an annuity in lieu of immediate salary for tax reasons. Finley 
claimed that he was fulfilling the contract when he offered Hunter 
a $50,000 check at the end of the season. Finley’s default on his 
contractual obligation led to Hunter’s historic free agency. The New 


?You may read about this in Marvin Miller’s A Whole Different Ballgame: The Inside 
Story of Baseball’s New Deal, Simon and Schuster, New York, 1991. 
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York Yankees signed Hunter to a five-year, $3,750,000 contract.) 
Suppose that the contracted payments had been made to the in- 
surance company from April 16, 1974 through September 30, 1974, 
and that they accumulated at an annual effective interest rate of 
6%. Further suppose that Hunter had drawn a level January 1st 
salary for twenty years, beginning on January 1, 1980, the first 
January after his retirement. Find the amount of the annual salary 
payments. (Hunter died on September 9, 1999, so he would not 
have received a January 1, 2000 annuity payment.) 


(b 


We 


(3.6) Outstanding loan balances 


(1) On May 12, Jemeel takes out a personal loan at an annual effective 


wee 


nN 


wa 


nN 


interest rate of 6%. The loan is to be repaid by payments on each of the 
next ten May 12s, the first six being for $822 and the final four being 
for $1,516. 


(a) Find the loan balance immediately after the sixth payment. 


(b) Find the outstanding loan balance immediately after the third pay- 
ment. 


Olena loans her sister Irini $8,000. The loan is to be repaid at a nominal 
interest rate of 4.8% payable monthly. The monthly payments are to be 
for $100 except for a final smaller payment. How much does Irini owe 
Olena at the end of one year? 

Mr. Bell buys a home for an unspecified amount. He pays a down pay- 
ment of $20,000 and finances the remainder for 15 years with level end- 
of-month payments of $1,692. The annual effective interest rate for the 
first five years is 4%, and thereafter it is 6%. Mr. Bell sells the house just 
after making his 100th mortgage payment. The selling price is $258,000. 
How much money will Mr. Bell get at closing? (Remember, the loan 
holder is paid first, and then Mr. Bell receives the balance of the inflow 
from the resale.) 

A loan of $20,000 is being paid by installments of $1,000 at the end 
of each six-month period and a smaller final payment made half a year 
after the last regular payment. The interest rate for the loan is a nominal 
interest rate of 6% convertible semiannually. Find the outstanding loan 
balance when the borrower has made payments equal to 75% of the 
original amount of the loan. 

Alice purchases a boat. The purchase price is $18,300 and she makes a 
down payment of $3,800. She finances the balance for six years. There 
are level end-of-month payments (except for a slightly reduced final 
payment) and the loan is made at an annual effective rate of 5.2%. 
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(a) Find the amount of the first seventy-one payments. 


(b) Find the outstanding loan balance just after the twenty-fourth pay- 
ment. 


(6) Mr. Johnson has a thirty-year mortgage with end-of-month payments. It 
has a nominal quarterly interest rate of 4.4% during the first three years 
and a nominal monthly interest rate of 5.7% for the remaining twenty- 
seven years. The repayment schedule shows level payments except for a 
final slightly reduced payment. The amount financed is $180,000. Find 
the amount of each of the first 359 payments. If Mr. Johnson sold the 
house just after his 36th payment for $200,000, how large a check did 
he receive? 

(7) Janelle receives a home improvement loan of $14,508.97. The loan has 
a nominal interest rate convertible monthly of 4.8%. The term of the 
loan is two years and Janelle is expected to make level end-of-month 
payments, except that she is allowed to miss one payment so long as she 
then pays higher level payments for the remainder of the two years, so 
as to have repaid the loan at the end of the two-year period. Suppose 
Janelle misses the payment at the end of the ninth month. What must 
her new level payments be? 


(3.7) Nonlevel annuities 


(1) Stuart wishes to have $14,000 to buy a used car three years from now. 
He plans to accomplish this, through an account with a nominal interest 
rate of 3% compounded monthly, by depositing $300 at the end of each 
month during the first year, and Q at the end of each month during the 
second two years. What is the smallest Q that will suffice? 

(2) On January 1, 1980, Suzanne received a twenty-year annuity-due that 
paid $100 each January 1 and $300 each July 1. What was the value 
of this annuity on January 1, 1980, calculated using an effective rate of 
interest of 6%? 

(3) To accumulate $217,593.30 at the end of 5n months, deposits of $100 
are made at the end of each of the first 2n months and $300 at the end 
of the next 3n months. Given that (1 + i)” = 92.372, find n. (Be careful 
to note that 7 is an annual rate but payments are monthly.) 


—— 
A 
praam 


Bill deposits $100 at the end of each year for thirteen years into fund A. 
Seth deposits $100 at the end of each year for thirteen years into fund 
B. Fund A earns an annual effective rate of 15% for the first five years 
and an annual effective rate of 6% thereafter. Fund B earns an annual 
effective rate of i throughout the thirteen years. The two funds have 
equal accumulated values at the end of the thirteen years. Find 7. 


(5) [BA II Plus calculator desirable] Sean and Karl each borrowed an iden- 
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tical amount from their parents at an annual effective rate of interest 
of 5%. Sean repays his loan by making monthly payments at the end 
of each month for eight years. For the first four years these monthly 
payments are each $200 and for the next four years they are each $500. 
Karl makes payments of $7,000 at times T, 2T, and 3T, $3,000 at times 
4T and 5T, and a payment of $2,000 at time 7T. Find T. [HINT: You 
will need to find the interest rate I for a period of length T.] 

A thirty-year annuity X has annual payments of $1,000 at the beginning 
of each year for twelve years, then annual payments of $2,000 at the 
beginning of each year for eighteen years. A perpetuity Y has payments 
of $Q at the end of each year for twenty years, then payments of $3Q 
at the end of each year thereafter. The present values of X and Y are 
equal when calculated using an annual effective discount rate of 10%. 
Find Q. 

Lucy received a gift of a twenty-one year annuity on the day she was 
born. The annuity pays $500 on her odd birthdays and $700 on her even 
birthdays. 


(a) If the nominal rate of interest is 8% payable monthly, find the value 
of this annuity on the day she was born. 

(b) If the value of the annuity at the time of her birth was $6,000, 
find the annual effective discount rate as a percent, correct to the 
nearest one-hundredth of a percent. 


On January 1, Alex received an inheritance of a thirty-year annuity. 
Starting on the day of the inheritance, the annuity pays $1,000 each 
January 1, $2,000 each April 1, $1,500 each July 1, and $3,000 each 
October 1. 


(a) Using i = 4%, calculate the value of this inheritance on the day 
Alex inherits it. 

(b) If the value on the day she inherits it is $130,000, find the annual 
effective rate 7 used to calculate this value to the nearest hundredth 
of a percent. 


(3.8) Annuities with payments in geometric progressions 


(1) 


Al and Sal are twins. Al is given a fifteen-year annuity with end-of-year 
payments. The first payment Al receives, precisely one year from the 
date he is given the annuity, is for $100, and then subsequent payments 
decrease by 4% annually. Sal is given an n-year level annuity that has 
the same present value as Al’s when the present values are calculated 
using i = 5%. Again calculated using 7 = 5%, the accumulated value 


New 
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at the end of n years of Sal’s annuity is $1,626.29. Find the common 
present value of the two annuities and then find n. 

On January 1, 1988, Wanda received a deferred perpetuity paying $3,000 
on July 1 of even numbered years beginning on July 1, 1996 and $1,200 
on July 1 of odd years beginning on July 1, 1997. The interest rate is 
4% effective for even numbered years and 5% effective for odd num- 
bered years. (That is, the interest rate is 4% effective for 1988, 1990, 
1992, ... and 5% effective for 1989, 1991, 1993,....) Find the value of 
this perpetuity on January 1, 1988. 

Consider an annuity-immediate with monthly payments for twenty years. 
The payments are level in the course of each year, then increase by 2% 
for the next year. Find the present value of this annuity if the initial 
payment is $1,000 and i = 4%. 

Annual end-of-year deposits are made to a fund paying an annual ef- 
fective rate of interest of 6%. The first deposit is $1,000 and then they 
go up by 3% annually. Interest from the 6% account is paid out an- 
nually and is reinvested at an annual effective discount rate of 4%. At 
the end of the thirty years, the funds are liquidated. Find the investor’s 
accumulated value at the time of the liquidation. 

On January 1, 1988, Felix inherited a perpetuity with annual payments 
beginning in six months. The first payment was $3,000, and after that 
the payments increased by 3% each year. Find the value of this perpetu- 
ity on January 1, 1995 if the annual effective interest rate was 6% from 
January 1, 1988 through January 1, 1996 and 4% thereafter. 


(3.9) Annuities with payments in arithmetic progressions 


(1) Suppose that the effective interest rate per interest period is 3%. 


New 


wa 


Describe what the following annuity symbols mean and calculate 
them to the nearest To 


(a) (Ds)z5 (b) (äs (c) (Lioo,104) T3] 


Payments of $5,000 are made into a fund at the beginning of each year 
for ten years. The fund is invested at an annual effective rate of i. The 
interest generated is reinvested at 10%. The total accumulated value at 
the end of the ten years is $100,000. Find i. 

A perpetuity has annual payments. The first payment is for $320 and 
then payments increase by $30 each year until they become level at $980. 
Find the value of this annuity at the time of the first payment using an 
annual effective interest of 4%. 

[calculus needed] Perpetuity X has level payments of $300 at the end of 
each year. Perpetuity Y also has end-of-year payments but they begin 
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at $45 and increase by $45 each year. Find the rate of interest which will 
make the difference in present values between these two perpetuities a 
maximum. 

Bob deposits $11,000 at the beginning of each year for six years in a 
fund earning an effective annual rate of 7.5%. The interest from this 
fund can only be reinvested at an effective annual rate of 5%. Find the 
accumulated value of Bob’s investments at the end of thirteen years. 
Erik receives an eight-year annuity-immediate with monthly payments. 
The first payment is $300 and payments increase by $6 each month. The 
payments are deposited in an account earning interest at a nominal rate 
of 6% convertible monthly. What is the balance in the account at the 
end of the eight years? 

An n-year annuity-immediate has a payment of k? at time k, k € 
{1,2,...,n}. Derive a formula for the present value of this annuity in 
terms of the symbol (I. 3,20) a=» assuming money grows according to the 
accumulation function a(t) = (1 +i)". Evaluate numerically if n = 30 
and i = .04. [HINT: a? — b? = (a—b)(a + b).] 

Use the equation (Ia); + (Da)m; = (n+ 1)anj to derive formula (3.9.7) 
from (3.9.6). 


(3.10) Yield rate examples involving annuities 


(1) 


An investor invests $58,000 and receives an annuity of $7,000 at the end 
of each year for twelve years and an additional payment of $15,000 at 
the end of the thirteenth year. Each time he gets a $7,000 payment, he 
immediately deposits $4,000 in a savings account that earns 9%. Find 
the annual yield received by the investor over the thirteen years. 

An investor purchased an eight-year financial instrument having the 
following features. The investor receives payments of $10,000 at the end 
of each year for eight years. These payments earn interest at an effective 
rate of 5% per year but the interest can only be reinvested at a rate of 
3.5% per year. Calculate the purchase price to produce an annual yield 
of 6% over the eight years. 

John invests a total of $10,000. He purchases an annuity with payments 
of $1,000 at the beginning of each year for ten years at an effective in- 
terest rate of 8%. As annuity payments are received, they are reinvested 
at an effective annual rate of 7%. The balance of the $10,000 is invested 
in a ten-year certificate of deposit with a nominal annual interest rate 
of 9% compounded quarterly. Calculate the annual effective yield on the 
entire $10,000 investment over the ten-year period. 
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(4) An investor pays $250 at the beginning of years 1-6 and $750 at the 


beginnings of years 13-18. In return, he gets $900 at the beginnings of 
years 7-12. Find all positive yield rates for this investment. 

Companies A, B, and C enter into a financial arrangement. Established 
Company A will today pay expanding firms B and C $300,000 and 
$500,000, respectively. One year from today, B will pay C $100,000, and 
four years from today B will pay A $250,000. Three years from today 
C will pay A $700,000. Calculate the yield rate, correct to the nearest 
thousandth of a percent, that each company experiences over the period 
of their involvement (4 years for A and B, 3 years for C). 


(6) [BA II Plus calculator desirable] Fernando invests $85,000. In return, he 


nN 


receives $4,000 monthly starting with a payment 6 months from the date 
of investment and concluding with a payment 30 months from the date of 
investment. From each of these $4,000 payments, he invests $3,000 in an 
account with an annual effective interest rate of 5%. Fernando liquidates 
his 5% account exactly five years after he invested his $85,000. Find the 
annual yield rate earned by Fernando over this five-year period. 


Tom invests $80,000 and earns $12,000 on the first five anniversaries of 
his investment. Upon receipt of each $12,000 payment, he immediately 
deposits $5,000 into a savings account earning 5% payable annually. If 
Tom withdraws the accumulated money in the savings account a year 
after the last payment, find the yearly yield rate earned by Tom during 
the six-year period. Note that this investment includes two parts, the 
investment of the original $80,000 and the reinvestment at 5%. Check 
that your yield rate is between the rates for these two parts. 


[BA II Plus calculator ] An investor pays $20,000 at t = 0. In return, he gets 
$3,000 at t = 1,2,...,8 and an additional payment of Q at time T. 


(a) Find the yield if 7 = 8 and Q = $2,000 using the TVM and again 
using the Cash Flow worksheet. 

(b) Find the yield if T = 9 and Q = $2,000 using the TVM and again 
using the Cash Flow worksheet. 

(c) If the yield is 5% and Q = $2,000, find T. 

(d) If the yield is 5% and T = 12, find Q. 


(9) [BA II Plus calculator desirable] An investor pays $10,000. In return, he 


gets end-of-quarter payments for three years of $1,000 and an additional 
payment of $300 at the end of 61 months. Find the annual yield correct to 
the nearest one-hundredth of a percent. 
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(3.11) Annuity-symbols for nonintegral terms 


(1) Alex loans Nomar $200,000 at a rate of 4% nominal interest convertible 
quarterly. They agree that Nomar will repay the loan by making quar- 
terly payments. These payments will each be $25,000 except for the last 
payment which will be a drop payment. Find the total length of the loan 
and the amount of the final payment. 


(2) In the previous problem, suppose that the parties decide they would 
prefer to decrease the loan term by one period by opting for a balloon 
payment rather than a drop payment. Find the amount of the balloon 
payment. 


(3) Brandt loans Lori $5,000 at an annual effective interest rate of 5%. They 
agree that Lori will make annual end-of-year payments of $600 to repay 
the loan, then realize that they must figure the term of the loan. If the 
term T is to be such that $5,000 = $600a75y,, find T and the amount 
of the last payment at time T. 


(3.12) Annuities governed by general accumulation functions 


(1) Suppose that the accumulation in an investment fund is governed by the 
accumulation function a(t) = 1 + .04t where time is measured in years 
from January 1, 1990. 


(a) Find the accumulation $100sq at the time of the last deposit if 
deposits of $100 are made at the end of each year for six years, the 
first deposit being on December 31, 1990. 

(b) What effective rate of compound interest would produce the same 
accumulated value (on December 31, 1995) for the sequence of six 
$100 deposits? 


— 
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Suppose that accumulation is governed by compound interest and the 
annual effective rate of interest in the k-th year is .02 + .01k. Find a5) 
and sz. Find T so that s5)/a5 = a(T). 


— 
w 
Sy 


[calculus needed] Find the value at t = 0 of a perpetuity that pays 
1,000 at the end of each year starting at t = 3 assuming that a(t) = 
i(t + 1)(t+ 3). [HINT: Consider Example (8.12.4).] 


(3.13) The investment year Method 


(1) Frank invests $1,000 at the beginning of 1989, 1990, and 1991 in Experi- 
ence Investment Fund which credits money according to the investment 
year method using the following chart. There are no withdrawals or fur- 


(2) 
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ther deposits. What would his balance have been on January 1, 1994? 


Year of Year of 
Original H i3 i3 i¥t3 Portfolio 
Investment Rate 
1988 .05 .045 04 .04 1991 
1989 .06 .055 .05 .045 1992 
1990 .065 .06 .055 05 1993 
1991 .06 .055 .05 .05 1994 
1992 .065 .055 .05 .05 1995 
1993 .06 .06 .06 .05 1996 


Suppose that money was equally likely to be invested in the Experience 
Investment Fund of Problem (3.13.1) in any of the years 1988-1993. 
What was the average rate of return paid by the fund during 1993? 


Chapter 3 review problems 


(1) 


Pierre receives a thirty-year annuity paying $200(1.03)* +$100(1.02)”" + 
$80t—$60 at the beginning of the t-th year. Find the value of this annuity 
at the end of the tenth year if the annual effective interest rate remains 
4% during the thirty years. 

Mrs. Chen has saved $22,000 for a down payment and qualifies for a 
thirty-year mortgage at an annual effective interest rate of 6%. In addi- 
tion, Mrs. Chen is opening a retirement account that has a 5.2% annual 
effective interest rate. Mrs. Chen wants to be able to retire in thirty- 
eight years, at which point she needs to be able to withdraw $4,100 
at the beginning of each month for twenty-five years. Mrs. Chen has 
$2,600 at the end of each month to use for a combination of mortgage 
payments and retirement contributions. How expensive a house can she 
buy? [HINT: Let $M denote Mrs. Chen’s monthly mortgage payments. 
Her contributions to the retirement fund are $2,600 — $M at the end 
of each month during the first thirty years and $2,600 per month each 
during the next eight years.] 

Chery] receives a sixty-year annuity-due. The annual payments are $3,000 
during the first twenty years and $6,000 during the next forty years. 
David receives a perpetuity-immediate with annual payments. The odd 
numbered payments are P and the even numbered payments are 2P. 
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easier 


ee 


The present values of Cheryl’s annuity and David’s perpetuity are equal 
if they are calculated using i = 5%. Find P. 

A fifty-year annuity-due is level except for the mth payment. The m- 
th payment is $3,000 and each of the other payments is $5,000. When 
calculated using an annual effective interest rate of 4%, the value of the 
annuity five years after the first payment is $134,707.94. Find m. 

On January 1, 1980, Julie received an annuity-certain. The annuity 
promised to pay $100 on each September 30th through 1997 and $200 
on each December 31st through 1997. If the value of the annuity on 
January 1, 1980 was calculated to be $3,150, what annual effective rate 
of interest was used? 

Derek receives a perpetuity. It has annual payments with the first pay- 
ment in exactly eight years. The first payment is $10,000, the second is 
$15,000, and then the payments alternate between $10,000 and $15,000 
until there have been a total of thirty payments. After that, the pay- 
ments are all $10,000. Find the present value of this perpetuity if i = 4%. 
Serena receives a fifty-year annuity-due that has payments that start at 
$2,000 and increase by 3% per year through the twenty-fourth payment, 
then stay level at $4,000. Find the accumulated value of this annuity at 
the end of fifty years if the annual effective rate of interest remains 4.2% 
throughout the time of the annuity. 


CHAPTER 4 


Annuities with different 
payment and conversion 
periods 


4.1 INTRODUCTION 

4.2 LEVEL ANNUITIES WITH PAYMENTS LESS FREQUENT THAN EACH IN- 
TEREST PERIOD 

4.3 LEVEL ANNUITIES WITH PAYMENTS MORE FREQUENT THAN EACH IN- 
TEREST PERIOD 

4.4 ANNUITIES WITH PAYMENTS LESS FREQUENT THAN EACH INTEREST 
PERIOD AND PAYMENTS IN ARITHMETIC PROGRESSION 

4.5 ANNUITIES WITH PAYMENTS MORE FREQUENT THAN EACH INTEREST 
PERIOD AND PAYMENTS IN ARITHMETIC PROGRESSION 

4.6 CONTINUOUSLY PAYING ANNUITIES 

4.7 A YIELD RATE EXAMPLE 

4.8 PROBLEMS, CHAPTER 4 


4.1 INTRODUCTION 


In Chapter 3 we studied annuities with regularly spaced payments in which the 
payment period and interest period coincided. These included, but were not 
limited to, annuities with level payments, annuities with payments in arith- 
metic progression, and annuities with payments in geometric progression. In 
this chapter we again study annuities with regularly spaced payments and 
a variety of payment patterns, but now we drop the requirement that the 
interest payment and payment periods coincide. Our consideration of level 
annuities with unsynchronized interest and payment periods includes work 
with ratios of familiar annuity symbols when the payment period consists 
of several interest periods [Section (4.2)] and the introduction of new annu- 
ity symbols when there are multiple payments per interest period [Section 
(4.3)]. This is the traditional treatment and is needed in some areas of ac- 
tuarial science. However, with our inclusion of instruction using the BA II Plus 
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calculator, we are also able to focus on efficient numerical computation. Sections 
(4.4) and (4.5) look at annuities with increasing payment patterns. In Sec- 
tion (4.6) we discuss how to pass from progressively shorter payment periods 
to so-called continuously paying annuities. This includes continuously paying 
level and continuously paying increasing annuities. In real life there are no 
continuously paying annuities, since for this one would need a continuously 
dripping money faucet. However, such annuities are used in actuarial science 
and are theoretically appealing. As usual, our primary concern is with growth 
by compound interest, but some consideration is given to other accumulation 
functions. For such accumulation functions, the approximations one can ob- 
tain may be particularly helpful. This chapter moves a bit more quickly than 
previous ones, since the material is less essential except for Section (4.3)’s use 
in actuarial science. 


4.2 LEVEL ANNUITIES WITH PAYMENTS LESS FREQUENT THAN 
EACH INTEREST PERIOD 


Imagine that a monthly interest rate is given, and an annuity with annual 
payments is to be studied. One possibility, and this is the approach of Chap- 
ter 3 (except when the BA II Plus calculator is used and an alternative method 
is presented), is to convert the monthly interest rate to an annual one. How- 
ever, there is a second approach that is aesthetically appealing, and is also 
sometimes computationally more efficient. This new method is to work with a 
formula that has been derived by working symbolically rather than numeri- 
cally. Not surprisingly, the derivation of the formula again uses the technique 
of finding an equivalent interest rate for the payment period. (Recall that the 
interval between payments of an annuity with regularly spaced payments is 
called a payment period.) We now introduce it. 

Suppose that an interest rate is given for a specified period. We refer to 
this interval as “the interest period.” Further suppose that we have a level 
annuity lasting n interest periods, that n = rk where r and k are integers, 
and that the annuity has a payment of 1 at the end of each k interest periods. 


PAYMENT: 1 1 1 e 1 
TIME: 0 k 2k 3k tee rk=n 


FIGURE (4.2.1) Annuity-immediate 


Let i denote the effective interest rate for the interest period. Then, since 
the payment period lasts k interest periods, the payment period has effective 
interest rate J = (1+ 7%)" — 1, and if a numerical value for 7 is given we can 
calculate I. In addition, the present value of the annuity is then amz. We next 
give an example illustrating this approach numerically. 


Section 4.2 Level annuities: less frequent payments 197 


EXAMPLE 4.2.2 Interest rate for payment period found 


Problem: Chinh is presented an annuity that is to pay $4,000 at the end of 
each six months for six years. Using compound interest at a nominal monthly 
interest rate of 3%, what is the value of Chinh’s reward at the time of the 
announcement (six months before the first $4,000 payment)? 

Solution The monthly effective interest rate is B= .0025. Therefore, the 
effective semiannual interest rate (the interest rate for a six-month period) is 
I = (1.0025)° — 1 ~ 1.509406309%. The annuity lasts six years and has two 
payments each year so it has a total of 6 x 2 = 12 payments. The value of 
Chinh’s annuity at the time of the reward is $4,000aqq) ~= $43,604.47. E 


Returning to the general annuity described in this section and depicted 


in Figure (4.2.1) and proceeding symbolically, the annuity lasts n interest 
n 


periods, and this is ý = r payment periods. Therefore, the present value of 


the annuity is amz. Using I = (1 + i)" — 1, and (3.2.4), we find 


-r -\—rk 1—(1+7)7~” 
(4.2.3) 7 1-04)" 1-(1+ì) > Sie 
2. TI T G+" 1 (1+i)*=1 Spi 


Multiplying (4.2.3) by (1+ J)" = (1 + i)” yields 


w 
3| 


i 


(4.2.4) srr = 


Ski 


We thus have shown 


FACT 4.2.5 
Suppose k divides n. The present value of an annuity lasting n 
interest periods and paying 1 at the end of each k interest periods 


is Sh The accumulated value of this annuity at the time of the 


ki 


sa Sni 
last payment is aac 


A good way to view this result is as follows. Imapim that you had an 
annuity with level end-of-interest period payments of —. If you looked at 


the accumulated value at the end of a payment sabe at the k payments 
made during that period, it would be 1. So, the present value of our annuity 
(with payments of 1 at the end of each k iets periods) must be equal to 


that of the level annuity with payments of a and this present value is <a f 
kļ|i 
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EXAMPLE 4.2.6 Applying Fact (4.2.5) 


Problem: Return to Chinh’s award of Example (4.2.2). Use Fact (4.2.5) to 
check that the value of the annuity at the time of the presentation was about 
$43,604.47. 


Solution Since there are 72 months in a six-year period, Chinh’s annuity 
pays $4,000 at the end of each six months, and the monthly interest rate is 
.25%, Fact (4.2.5) tells us that the value at the time Chinh is awarded the 


annuity is $4,000% ~ $4,000 (Siigrensass) ~ $43,604.47. E 


We have been working with the basic annuity-immediate of Figure (4.2.1). 
Let us now turn our attention to a basic annuity-due with payments once every 
k interest periods. 


PAYMENT: 1 1 1 vee 1 
TIME: 0 k 2k E (r—1)k rk=n 


FIGURE (4.2.7) Annuity-due 


The following result is similar to Fact (4.2.5), but we see present values 
in the denominators rather than accumulated values. 


FACT 4.2.8 

Suppose k divides n. The present value of an annuity lasting n 
interest periods and paying 1 at the beginning of each k interest 
periods is ae The accumulated value of this annuity at the time 


i 


of the last payment (at the end of the term of the annuity) is = 


To see that Fact (4.2.8) is true, note that on account of (4.2.3), the de- 
scribed annuity-due has present value 
i|) ani — Qni 
i VEST] aR; 


and its accumulated value is obtained by multiplying this by (1+ 7)" = 
(1 +72)". Another approach is to imagine that you had an annuity with level 
end-of-interest period payments of — =F . For this annuity, consider the value 


tgp = C4 Don S044 


x 

> 
S07 
ve) 
xj | S| 


at the beginning of a payment period of the sequence of k interest payments 
occurring during that annuity-payment period. This value is 1. So, the present 
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value of our annuity (with payments of 1 at the beginning of each k interest 
periods) must be equal to that of the level annuity with payments of =a and 
kit 
ae 


i 


this present value is 


EXAMPLE 4.2.9 Two methods: Use interest rate for payment period 
or apply Fact (4.2.8) 


Problem: Josh makes annual beginning-of-year contributions of $3,000 to a 
retirement account. The account has a nominal interest rate of 4.8% convert- 
ible monthly. Find Josh’s balance just before his ninth contribution by finding 
the annual effective interest rate and then check your answer using (4.2.8). 


Solution The annual effective interest rate is 


048) 22 
I= (1 + +) — 1 ~ .049070208. 


The accumulated value is $3,0005g, ~ $29,953.30. 
Alternatively, since there are 12 x 8 = 96 months in eight years and the 


monthly interest rate is 448 = .004, (4.2.8) gives this accumulated value as 
equal to 
596].004 116.7553336 
$3,000 = $3,000 | ———_____ } ~ $29,953.30. 
a73).004 G4 


We note that the BA II Plus calculator provides yet another way to solve the 
problem of Example (4.2.9). Put the calculator in BGN mode, and set P/Y = 1 and 
C/Y = 12 by keying 


2ND || P/Y | 1 | ENTER || J || 1 || 2 || ENTER | 2ND || QUIT |. 
Follow this by pressing 
8||/N | 4] el slIr lol PV I3] 0] 0] 0||+/—- || PMT || CPT | FV |. 
The calculator display then shows “FV = 29,953.29709”. a 


The present value of a perpetuity having payments at the end of each k 
interest periods is 
1 1 1 
(4.2.10) asa = = k =s s 
I (1+i—1 187; 


and the present value of a perpetuity having payments at the beginning of 
each k interest periods is 


A 1 (1+i)* vë 1 1 
4.2.11 xs = = - a =- : 
( ) Meall I/11 +1) (FOEL v 1—vk iay 
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Those who know calculus may prefer to derive (4.2.10) and (4.2.11) by taking 
the limit as r approaches infinity in (4.2.3) and (4.2.8), respectively, noting 
that the number k is a constant (the constant k gives the number of interest 
periods between payments), so n approaches infinity when r does. 


EXAMPLE 4.2.12 Perpetuity 


Problem: A perpetuity paying $1,650 at the end of each year is to be replaced 
by another paying X at the beginning of each two years. The present value of 
each perpetuity is $31,250. Find X. 


Solution The original perpetuity has present value $1,650 So, $31,250 = 
$1,650 $1,650 
i $31,250 


tuity has present value ——“——. Since this is equal to $31,250, 
y 052845 528 


and i = 


= .0528. According to (4.2.11), the replacement perpe- 


X = $31,250(.0528)ay 959g = $1,650a3, 9508 © $3,055.90. 


If you prefer to convert interest rates numerically as was our approach 
in Chapter 3, the two-year effective interest rate is I = (1.0528)? — 1, the 


equivalent effective discount rate is D = 7 t T= Cee $31,250 = s, and 
a (1.0528)?-1\ — 
X = $31,250 CAR) ~ $3,055.90. E 


4.3 LEVEL ANNUITIES WITH PAYMENTS MORE FREQUENT THAN 
EACH INTEREST PERIOD 


Last section we considered annuities whose payment period consisted of sev- 
eral interest periods. In contrast, in this section we focus on annuities whose 
interest period is made up of multiple payment periods. Before looking at the 
general situation, we will consider an example. 


EXAMPLE 4.3.1 Interest rate for payment period found 


Problem: Mahpee was offered a scholarship with level monthly payments for 
four years. The first payment would be made on September 30, 2000, and 
each year the payments would total $5,904. Mahpee, who was contemplating 
actuarial studies, wished to compare this scholarship to a fellowship offered 
by another college. The latter would pay $5,800 on September 1st of years 
2000, 2001, 2002, and 2003. Assume that the growth of money is governed by 
compound interest at an annual effective interest rate of 4%, and compare the 
values of the two grants on September 1, 2000. 
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Solution The September 1, 2000 value of the grant with annual payments of 
$5,800 was $5,800aq4y, © $21,895.53. To compute the September 1, 2000 value 
of the grant with monthly payments, we first determine the effective monthly 


interest rate. It is J = (1.04) — 1 ~ .3827373978%. The September 1, 2000 
value of the scholarship with monthly payments was ($ x $5,904 aga © 
$21,821.02. Mahpee explained to her family that the financial aid offer with 
annual payments totaling $5,904 had a lower monetary value than the one 
with beginning-of-year payments of $5,800, at least if one calculated using a 
4% annual effective interest rate. a 

In the solution to Example (4.3.1), when contemplating the annuity with 
monthly payments, we numerically calculated the interest rate J per annuity- 
payment period and considered the number of payments m per year (m 
equaled 12), and the duration n of the annuity in interest periods. (The inter- 
est period was a year and n equaled 4.) We then found that the present value 
was equal to (+ x $5,904)$ammy-. Put another way, for each annual dollar 
of scholarship payment we had a present value (in dollars) equal to Harms- 
More generally, we have 


FACT 4.3.2 

The expression Harms gives the present value of an annuity that pays + 
at the end of each m-th of an interest period, for a total of 1 per interest 
period. Here J = (1 +4)" —1 = £ 
payment period. 


is the interest rate for the annuity- 


Of course, we could have valued the annuity at the end of the nm payment 
periods (n interest periods) rather than at the beginning, and this would have 
changed our results by a factor (1 + J)”™. So, the annuity of (4.3.2) has an 
accumulated value of + som J at the time of the last payment. 

Let us now take a somewhat different approach. We again consider a level 
annuity lasting n interest periods and paying 4 at the end of each m-th of an 
interest period. As previously noted, this annuity has payments totaling 1 each 


i 1 Dei: ul My gut la 1 1 te, 
PAYMENT: ae ae ai 4 1 a 1 x 
TIME: 0 1 2,,,1 MH m2... 9... @-Dm (n-Dm+l.., p 

m m m Ti m i 
-_woas-~-or'-"_ ewes” Ne 
interest period 1 interest period 2 interest period n 
same (n) 
VALUE: Ora at 


FIGURE (4.3.3) Annuity-immediate 
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interest period. Introduce the new annuity symbols oD 
(m) 


mi for its accumulated value at the time of the last 


for the present value 


of this annuity and s 
payment. 


If m = 1, then al) = amy and ai = smi, 80 the symbols ae and ae 


nji 
generalize amy and Smi- 
We already know that 


(m) 1 d m 
ami = manms an Smi mors 


where J=(1 +i)" —1= £ 


m? 


(4.3.4) 


but we now wish to derive alternate formulas for any and se which gener- 


alize (3.2.4) and (3.2.10). Using the formula (3.2.2) for the sum of a geometric 
series, we find 


Orn: Sa ee 
m m m 
ES 1 A 
(4.3.5) +y” 1- ae) dir Ome sia ees a 1— vy" 
1-0” m(l—v™) m+” -1 


In Problem (4.3.7), you are asked to show that this last formula for rue ma 
[ Ly nj May 


also be derived starting with Fact (4.3.2).] Recalling (1.10.2) and (3.2.4), it 
follows from (4.3.5) that 


(my __ 1l-v” _ t 
(4.3.6) awi = Ami ( ) ; 


im) im) 


Multiplying (4.3.6) by (1 + i)” yields 


(m) (1+) -1 | l i 
(4.3.7) Smi = = Smi | z ) - 


im) 


The quotients in Equations (4.3.6) and (4.3.7) giving the annuity symbols a 
(m) 


my are just like those in (3.2.4) and (3.2.10) except that in the denomi- 
nator the effective interest rate i has been replaced by the nominal rate i”. 
The superscript “(m)” in ac, and any will hopefully help you to remember 
you need a superscript “(m)” on the interest rate in the denominator. 


and s 


EXAMPLE 4.3.8 Three methods 


Problem: Shirley invests $200 at the end of each quarter for eight years 
in an account having an annual effective interest rate of 4%. Find Shirley’s 
accumulated value at the time of her last deposit. 
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Solution One solution to the problem is obtained by noting that the quar- 
terly interest rate is J = e = (1.04)4 — 1, and there are 8 x 4 = 32 quar- 
ters in an eight-year period. Therefore, the accumulated value is $200s37 Te 
$7,481.05. 

Our most recent discussion suggests that we solve the problem as follows. 


Note that i = 4/(1. 04)? —1 1]. Shirley’s ee deposits are each $800 x +. 


Therefore, her accumulated value is $8008) = = $800 G0 E x ~ $7,481. 05. 
4 = 
A third approach is to use the BA II Plus calculator’s TVM with P/Y = 4 and 
C/Y = 1. Key 


2|/o]/0]/+/-| PMT |/3|[2||N || 4][1/y] 0] pv] cpr] Fv]. 


This results in FV = 7,481.048277 being displayed. a 


We primarily consider symbols ay and ane when m is a positive integer 


greater than 1, and this is the situation in Figure (4.3.3). However, we might 
also consider these symbols for m equaling the reciprocal i of a positive integer 
k. Then we are no longer considering an annuity with multiple payments per 
interest period. In fact, if m = i then Equation (4.3.5) yields k times the 
annuity whose present value is given in (4.2.3). 

Annuities-due with m payments per interest period also warrant our at- 
tention. Focus on an annuity lasting n interest periods and paying 4 at the 
beginning of each m-th of an interest period. We define as. to be the present 


value of this annuity and a 


interest periods. 


to be its accumulated value at the end of n 


e de ee als al Ld ot Bae 1 1 TEN 
TIME: 0 2 2...1 MH mt2,,, 9... @-1m (n-1)m+1,,, nm- p 
me m m m m m m 
_—— > mm S MŘŘ—Ř 
interest period 1 interest period 2 interest period n 
VALUE: üti Sgi 


FIGURE (4.3.9) Annuity-due 


The symbols o na ani and a ™) are widely used in actuarial science. 


Formulas for as m) may be derived directly from the definition of the 
symbol using formula (3.2.2) for the sum of a geometric series. Alternatively, 


: jim), never ; ; 
since + is the effective interest rate for an m-th of an interest period and 
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(m) 


m = f. from (4.3.6) we obtain 


am) — i Cc ames N er ea Lea ae 
(4.3.10) Ori (1 + m ) ami T ami ani a ) — d’ 


Starting with (4.3.10) and multiplying by (1 + i)”, we find 


Equation (1.10.13) 


nit Sri d™) STi 


= Smii (z) E ae 


gi) = (1+ m)s (m) _ a) (m) 
(4.3.11) 


Note also that, just as Equation (4.3.10) was obtained from (4.3.6) by mul- 
tiplying by 


ee J, multiplying the annuity equations of (4.3.4) by 


1+ J yields 
eo = stam and Smi mM STMT 
(4.3.12) “a veg oe R fe ak 
where J = (1+7)™ —1=4_. 


With so many new equations giving the values of the annuity symbols 
a a, and their annuity-due counterparts, it behooves us to now present 


a numerical example showing their use. 
EXAMPLE 4.3.13 Computing AG V and i ax 


Problem: Compute the values of the annuity symbols a) and äl”. 
y Sy 1815% 7815% 
Describe what each of them measures. 


Equation (4.3.4) solution We calculate ae by applying equation 


(4.3.4) with n = 48, m = 12, and J = (1.05) 2 —1 ~ .407412378%. Calculation 
= Saggy = hayay © 1848777674. Then 


: ; (12) 
shows that aTa% 


. (12) 


äfspy = (1+ J)a 02) ~ (1.00407412378)(18.48777674) ~ 18.56309823. 


ags% ~ 


Of course, we might alternatively calculate A by using Equation (4.3.12) with 
n, m, and J as specified; that is, using aen = SOELNE With your BA II Plus 


calculator in BGN mode and P/Y = C/Y = 1, you quickly find ¿ aken + ase © 


18.56309823; in END mode with P/Y = C/Y = 1, use N = 576, I/Y = J entered as 
a percent, PMT = -1, and FV = 0. 
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Equation (4.3.6) solution In order to use equation (4.3.6) with n 


48 and m = 12, we need to calcuate i). But i@?) = 12[(1.05) 2 — 1] 
.048889485. Then 


Q 


a2) _ 1— (1.05) _ .90385789 


taan =a —— ™ e © 1848777674. 


Then equation (4.3.10) can be used to calculate ee and since a = J, 
this is the same calculation as we saw in our first solution. 


TVM worksheet solution Push 
2ND || P/Y | 1]|2|| ENTER || | || 1| ENTER | 2ND || QUIT |. 


Assuming you are in END mode, keying 


sizien] 5] 1/y]/1]/+]1])2])=|/4/-|emtr]o| Fv | cpr | pv 


should result in the display reading “PV = 18.48777674”. On the other hand, if you 
change to BGN mode by keying | 2ND || BGN || 2ND || SET | | 2ND || QUIT 


pushing | CPT || PV | results in the display showing “PV = 18.56309823”. a 


If you look at equations (3.2.4), (3.3.5), (4.3.6), and (4.3.10), you note 
that each of them gives an annuity symbol, representing a present value of an 
annuity lasting n periods, as a quotient of 1—v” by an interest measure. Sim- 
ilarly, equations (3.2.10), (3.3.6), (4.3.7), and (4.3.11) each present a formula 
for an annuity symbol giving the accumulated value at time n of an annuity 
lasting from time 0 to time n, and these formulas each show the symbol as a 
quotient of (1 + i)” —1 by an interest measure. It follows from these formulas 
and Important Fact (1.10.16), that 


(4.3.14) dim > AL) > al) > ani. 


Equation (4.3.14) may also be obtained by considering descriptions of the 
annuities underlying the annuity symbols. This approach is taken in Section 
(4.6) where the string of inequalities of (4.3.14) is extended to include one 
additional annuity symbol. 


EXAMPLE 4.3.15 Comparing annuity symbols 


Problem: Find the numerical values of the four annuity symbols in inequality 
(4.3.14) when n = 48, m = 12, andi = 5%. 
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Solution In Example (4.3.13) we found that ae ~ 18.48777674 and 
Siem, © 18.56309823. One calculates that azs% © 18.0715782 and digs, © 


18.98101571. Substituting these numerical values into (4.3.14), the inequality 
reads 


18.98101571 > 18.56309823 > 18.48777674 > 18.07715782. 


Having studied annuities with payments once every m-th of an interest 
period, let us move on to consider perpetuities with this payment pattern. If 
the perpetuity is immediate, the present value of the perpetuity is denoted 
a), and if it is due, the present value is denoted dw, Once again, let 
J denote the effective interest rate for an m-th of an interest period. Then 
J=(1+ i)™ — 1. The perpetuity under consideration has payments of a, 
whence (3.4.2) yields 


i a 1 1 
mJ m[(1+i) 


m) _ 
(4.3.16) ie 


3l- 
| 
= 

| 
2. 
2 


Then, again recalling (1.10.13), 


-(m) (m) 1 1 
e (m) __ l (m)_? = 
(4.3.17) äs = (1 aro Jeg ai a 


If you are familiar with calculus, note that formulas (4.3.16) and (4.3.17) 
follow from (4.3.6) and (4.3.10) since limpo v” = 0. 


EXAMPLE 4.3.18 Perpetuity 


Problem: Pavol purchases a perpetuity-due. The perpetuity has monthly 
payments of $100 during the first five years, and then these increase to $300. 
Determine the purchase price if it is based on an annual effective discount 
rate of 3.6%. 


Solution The purchase price is equal to the sum of the present value of 
a perpetuity-due with payments of $100 monthly and the present value of 
a deferred perpetuity-due with payments of $200 monthly and a deferment 
period of five years. We note using (1.10.9) that d4? = 12ù[1 — (1 — 036) 77] x 
.036608031, and the perpetuities have annual payments totaling $1,200 and 
$2,400. Therefore, using (4.3.17), the purchase price is equal to 


$1,200 
q(12) 


2,400 
+ (1—.036)° r ~ $32,779.692 + $54,578.305 ~ $87,358.00. 
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4.4 ANNUITIES WITH PAYMENTS LESS FREQUENT THAN EACH 
INTEREST PERIOD AND PAYMENTS IN ARITHMETIC PROGRES- 


SION 


As in Section (4.2), we consider an annuity with payments once every k interest 
periods where k a positive integer. However, we suppose that the annuity has 
payments in arithmetic progression rather than constant payments. Payments 
in arithmetic progression were considered in (3.9), but then the interest period 
and payment period coincided. We assume that the first payment occurs at 
the end of k interest periods and is for an amount P and that subsequent 
payments each increase by an amount Q. 


PAYMENT: P P+Q P+2Q .:-- P+(r—-1)Q 
TIME: 0 k 2k 3k see rk=n 


FIGURE (4.4.1) 


We wish to discover a formula for the annuity’s accumulated value S. 
We do so by noting that the interest rate for the payment period is J = 
(1+ i) = 1 = isy and the annuity under consideration has r = % payments. 


Therefore, by (3.9.3), 
S= Psar + S (sny — r). 


Using (4.2.4), we find 


g= pom | Q Smi n l 
Ski Ske \ Sh k 


Should we want the present value A of this annuity, we multiply S by v”. 


Therefore, 
Aa pum | Q ami o na \. 
ST; 18m \ Sti k 


a 


We gather these findings below. 


FACT 4.4.2 
Let k divide n. The accumulated value at the time of the last payment of 
an annuity lasting n interest periods and paying P +Q(j — 1) at the end of 


the j-th interest period is P= + -2 ($mi — 2). The value of this annuity 
ki 


Sai \ Shi 


one payment period before the first payment is Pa + £ (= zu"). 


ki 
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Fact (4.4.2) generalizes (3.9.3) and its companion formula (3.9.4). 
As in Equation (3.9.5), it is interesting to consider the special case where 
P = Q = 1. Then, recalling (3.9.5) and (4.2.4), 


eer et. Saree >. (+i) sar- r 


S : - : 
I Sei Ize Sei Sei 


Therefore, we have 


FACT 4.4.3 

Let & divide n. The accumulated value at the time of the last payment 
of an annuity lasting n interest periods, having a payment at the end of 
each k interest periods, and having the j-th payment be for an amount j 


Sri n 
az, OF 
is =" The value of this annuity one payment period before the first 


ani n,n 
RU 


wh OR 
payment is - 
Ushi 


This generalizes (3.9.5) and (3.9.6). 
EXAMPLE 4.4.4 Applying Fact (4.4.3) 


Problem: On April 1, 1998, Mordekai opened a savings account with a nom- 
inal interest rate of 3.6% payable monthly by making a $100 deposit. At the 
same time he set up an investment fund with a nominal interest rate of 4.4% 
payable quarterly. Mordekai deposited $500 into the investment fund at the 
end of each quarter with his first payment being on July 1, 1998. The quar- 
terly interest payments from the fund were directly deposited into the 3.6% 
savings account. Find the balance in the 3.6% savings account on July 1, 2003, 
just after the twentieth interest deposit is received from the 4.4% fund and 
monthly interest has been credited. 


Solution First note that the quarterly interest rate on the investment fund 
is 24% = 1.1% = .011, and the monthly interest rate on the savings account 


is 26% — 3% = .003. 

The balance in Mordekai’s investment fund for the quarter prior to the 
j-th interest payment is $5007. Therefore, the amount of the j-th interest 
payment to the savings account is $5007(.011) = $5.50). 

We now focus on the 3.6% nominal account that receives these deposits. 
The first deposit is P = $5.50, the increment between payments is Q = 
$5.50 = P. These payments are received at the end of every k = 3 months 
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(interest periods for this account) for a period of n = 3 x 20 = 60 months. 
Using Fact (4.4.3) and recalling that the monthly interest rate is .3%, we find 
the accumulation from these contributions, at the time of the twentieth one, 
to be 


Séo].003 _ 60 
a 3 
$5.50 | o3 7 
00383) 003 


Recollecting that the initial $100 has been on deposit for 63 months, we de- 
termine that the balance in the 3.6% savings account on July 1, 2003 is 


Séo].003 _ 60 
$100(1.003)® + $5.50 | “9 — Ë | ~ $1,344.57. 
00353005 


Of course this example could also have been solved by finding a quarterly 
interest rate for the 3.6% account, namely J = (1.003)? — 1, and then using 
Equation (3.9.5) to find that part of the accumulation resulting from the 
interest payments from the investment fund. E 


4.5 ANNUITIES WITH PAYMENTS MORE FREQUENT THAN EACH 
INTEREST PERIOD AND PAYMENTS IN ARITHMETIC PROG- 
RESSION 


In Section (4.4) we considered annuities with the same schedule of payment 
times as in (4.2), namely once every k interest periods, but the annuities had 
payments in arithmetic progression rather than being level. The schedule of 
payments in (4.3) was more frequent than in (4.2) and (4.4), namely m times 
per interest period. Here we wish to work with this same, more rapid payment 
schedule, first when the payments increase in arithmetic progression so there 
is a constant increase each payment period, second when the payments stay 
level each interest period but there is a constant increase each interest period. 
In Section (4.4) we did not define any new annuity symbols, but here we 
will define a new set, used somewhat in actuarial science, for each of the two 
scenarios. 


A constant increase each payment period 


Consider the annuity that has payments at the end of each m-th of an 
interest period, and the j-th payment is j/m?, j = 1,2,...,nm. This annuity 
is an example of one that has a constant increase each annuity-payment period. 
(m) 


mi and its accumulated 


Denote the presentvalue of this annuity by (1a) 
value at the time of the last payment by (10) 5) 
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PAYMENT: a ee a nee ne 

TIME: 0 4 2 2 n 

VALUE: (aE (10) 5) 
$ nye ni 


FIGURE (4.5.1) 


Let J denote the effective interest rate for an m-th of an interest period. 
1 
Then J = (1 +i)™ — 1 and mJ =i). Recalling (3.9.6), we have 


(ro) (m) 1 I o 1 änms -nml ) B 4 amy — nu” 
a) ami = pal amy = a2 i = T 


Now recall the definition of the annuity symbol rags and conclude that 


(m) _ digg? — nv" 


(4.5.2) u = gem 


Multiplying by (1 + i)”, gives the companion formula 


(m) 


m) (™ _ Smi Za 
(4.5.3) (1 e)a = 


We note that the notation (I (mam has m appearing twice. This may help 
you to remember that the right-hand side of formula (4.5.2) is identical to 
that of (3.9.6) except for two references to m. First, in the denominator the 
effective interest rate i is replaced by the nominal interest rate i. Second, 
in the numerator the annuity symbol äm; is replaced by the annuity symbol 


ane Likewise, (I a) has two occurrences of m, and the right-hand side 
of formula (4.5.3) is the same as the last expression in (3.9.5) except for two 
m’s. 

The annuity symbol (ayn) 
the perpetuity paying 5 at the end of the j-th m-th of an interest period. 


Recalling (4.3.17), just as (3.9.4) gives rise to (3.9.16), it follows from (4.5.2) 
that 


is used to denote the present value of 


i a aa l 
(4.5.4) aa any T 
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Now suppose that an annuity pays at the end of each m-th of an interest 
payment for n interest conversion periods, and the j-th payment is P + (j — 
1)Q. Then from (4.5.3) or from (3.9.3), one can derive that this annuity has 
accumulated value 

(m) , 2 @ (st) 
nji im) Smi 


n) 
[see Problem (4.5.8)]. 


EXAMPLE 4.5.5 Payments increase each payment period 


Problem: Consider an eight-year annuity-immediate with monthly payments, 
the first payment being $25 and the monthly increase being $2. Calculate the 
present value using an annual effective interest rate of 3.3%. 


Solution This annuity may be thought of as consisting of a level annuity- 
immediate with monthly payments of $23 for eight years together with an 
annuity-immediate with monthly payments that begin at $2 and increase by 


i monthly. Because the annuity symbol (I a) has an initial payment 


rH and increases by vq z monthly, the present value of the given annuity is 


equal to 


(12) 
(23 x 12) ag yy + (2 x 144)(I) a) 3% 


This is equal to 


a2 -8 
033 a 8(1.033) 
Ty + 288 a 


276agB3. 3% wy 102) 


3 ogg € a.s% a027 — 8(1.088)” -) i 


= 276ag)3. 3% > 42) 102) 


Note that i02) ~ .0325111514, 


dO = 402) (+4 >) ~ .032423308, 


and our present value is approximately 


$1,941.915 + $7,839.369 ~ $9,781.28. 


A constant increase each interest period 


Let us now move on to consider an annuity with payments occurring at 
the end of each m-th of an interest period, level payments each interest period, 
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and a constant increase each interest period. Consider the annuity that lasts n 
interest periods and in the j-th interest period has payments of + at the end 
of each m-th of an interest period, j = 1,2,...,n. This annuity has payments 
totaling 7 in the j-th interest period. Denote the present value of this annuity 
by (I iy and its accumulated value at the time of the last payment by 


ieee 
PAYMENT: 4 4.. t 2 2. 2... 2 2 says z 
TIME: 0 i Bogen] MeL mee, 2... CUm Goum... h 
U ——— 
interest period 1 interest period 2 interest period n 
VALUE: (Ia) sje? 


FIGURE (4.5.6) 


A formula for (I acy, whose somewhat technical derivation is given later, is 


(4.5.7) (ye ao 


Naturally, there is also a corresponding formula 


(4.5.8) (19)? = a 


In contrast to the notation GDE, (ra has only one reference to 
m. The right-hand side of formula (4.5.7) is identical to that of (3.9.6) except 
that in the denominator the effective interest rate 7 is replaced by the nominal 
interest rate i”), Thus, the one reference to m corresponds to one change 
(involving m) in the formula. 


The annuity symbol (I ae is used to denote the present value of the 


perpetuity paying + at the end of each m-th of an interest period during the 
j-th interest period, j = 1,2,...,n,.... Just as (3.9.4) gives rise to (3.9.16), 
(4.5.7) gives 


1 
dim)” 


(4.5.9) Ga = 
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For those wishing to see the details, a derivation of (4.5.7) is as follows: 


(Ia) = 


== (um fom +--+ um)(14+2u + 3u2+---+ nv") 


= a (1 + 2u + 3w? +- H nwt) 


i 


aTi- y (1 +2v 3u? +--+» + nv") 
a m 
= ves (12030 -+ ny") = a (vt 2074 309+ --tnv") 
am yer 
_ 4 _ 4 ämi — nv” = ämi — nv” 
g LO) me = Fmy ( i ) o 


We note that an annuity lasting n interest periods with payments of 
P+(j—1)Q at the end of each m-th of the j-th interest period has accumulated 
value m[Ps + oo (smi —n)] at the time of the last payment. [see Problem 
(4.5.9)]. 


EXAMPLE 4.5.10 Payments level within each interest period and in- 
creasing from one interest period to the next 


Problem: Dontrelle earns $2,000 at the end of each month during the first 
year of his employment. His monthly rate of compensation increases by $400 
for each year of his employment. Therefore, it is $2,400 in the second year, 
$2,800 in the third year, and $2,000 + $400(20 — 1) = $9,600 in the twentieth 
year. If Dontrelle is employed for exactly twenty years, what level monthly 
rate of compensation has the same present value if the present values are 
computed at an annual effective interest rate of 5%? 


Solution Dontrelle receives salary payments at the end of each twelfth of a 
year. The first year these are each $2,000, and then each year they increase by 
$400. The monthly salary payments can be thought of as $1,600 plus $400) 
in the j-th year, Since the annuity symbol ais gives the present value of an 
annuity having level payments of b each month, and the annuity underlying 


the symbol (Ia){) _ has payments of 4 in the j-th year, the present value 
y 20].05 12 J y 


of Dontrelle’s salary over the twenty-year period is 


12 
($1,600 x 12)a Sotos + (8400 x 12) (Za) Ss « 


Since i(?) = 12[(1.05) = 1] ~ .048889485, (4.3.6) and (4.5.7) allow us to cal- 
culate this to be approximately $244,709.5082 + $544,660.0542 ~ $789,369.56. 
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The monthly interest rate is j = (1.05) — 1 and a twenty-year period 
consists of 240 months. We therefore need to find X such that Xazm; = 
$789,369.57. We calculate that X ~ $5,161.19. E 


4.6 CONTINUOUSLY PAYING ANNUITIES 


(calculus needed here) 

In Sections (4.3) and (4.5) we considered various annuities that have pay- 
ments at the end of each m-th of an interest period. Here we discuss the 
limiting case where the payment frequency increases so that payments are 
continuous. You might think of this situation as one in which there is a magic 
faucet delivering a continuous trickle of payments. This description suggests 
that such annuities do not actually occur, and this is indeed the case, but 
they are of theoretical interest, are used extensively in actuarial science, and 
may be useful for approximating annuities payable with great frequency. 

Consider the continuous payment of money at the uniform and constant 
rate of 1 per interest period for n interest periods, the effective interest rate 
per interest period being a constant rate 7. The annuity symbol ām denotes 
the present value of the payments at the start of the n interest periods and 
the symbol Sm; denotes the accumulated value at the end. Recall that the 


(m) (m) 


annuity underlying the symbols ami and Smi also paid 1 per interest period, 


and the payments came in quantities of a once every m-th of an interest 
period. So, Gm; and Sm; may be obtained by taking limits of any and of 
ami, respectively, as m tends to infinity. Recall the constant force of interest 
6 = limm-soo i” = ln (1 +å); this is formula (1.11.1), and 6 is the nominal 
interest rate convertible continuously and equivalent to i. We then have 


ae ee 1—0”  1-v™  1-e™ 
(4.6.1) sa OE es Toa ee 
and 
An Nn én 
am os py OL L 
hee se O ae ai, 


EXAMPLE 4.6.3 Annuity with level continuous withdrawals 


Problem: Martin deposits $12,000 in a savings account with a discount rate of 
10% convertible quarterly. He leaves his money in this account to accumulate 
for fifteen years, then moves it to a fund that is accumulating at 8% per annum 
convertible continuously. If, starting at time 15 when he invests in the new 
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fund, money is withdrawn continuously at a rate of $6,000 per annum, how 
long will Martin’s money last? 

Solution At the end of fifteen years (sixty quarters), Martin’s $12,000 has 
grown to $12,000(1 — +) °° ~ $54,815.62. This is the amount that is trans- 
ferred into an account with a constant force of interest 6 = .08. Note that 
when ô = .08, i = e8 — 1. Since money is withdrawn continuously at a rate of 
$6,000 per annum, if T denotes the length of time in years until the account 
with 6 = .08 is exhausted, we have $54,815.62 = $6,000@7,,.08_1)- Recalling 
(4.6.1), 


Lo e7 08T 
$54,815.62 = $6,000 (=) = $75,000(1 — e7287), 


1n( 20284238 


Equivalently, $20,184.38 = $75,000e~-°87. So, T = Se & 16.40723844. 
Since 16.41 + 15 = 31.41, Martin’s money lasts about 31.41 years from the 


time of the initial $12,000 deposit. E 


We note that the annuity symbols ami, äm, ane as and my all give 
the present value of an annuity lasting from time 0 to time n and paying 1 per 
interest period. The present value Gz; is highest because you get 1 at the very 


beginning of each interest period. In contrast, the annuity underlying ae 
pays a at the beginning of each m-th of an interest period, and the annuity 


underlying Gm; has 1 trickling in levelly over an m-th of an interest period, 


so at time 4 you have received a total of 4. Therefore, äm > a) > Urii- 
We can continue this string of inequalities, if we note that of the five present 
values mentioned at the beginning of this paragraph, amy is the lowest because 
you have to wait until the very end of an interest period to get any of the 1 
due that period. The symbol ane 
4, but only at the very end of an m-th of an interest period. Therefore, it is 
less than Gz; since, as already mentioned, the annuity underlying ām; has 1 
trickling in levelly per interest period, hence + coming in gradually over an 


is the present value of an annuity paying 


m-th of an interest period. So Gmi > an? > ami. Putting this all together, 
we have 


(4.6.4) ami > ane > ani > ace > ani: 


Formula (4.6.4) extends the string of inequalities (4.3.14). Note that we 
established the inequalities of (4.3.14) algebraically using the fact that all 
of the symbols had numerators of 1 — v”. Equation (4.6.1) gives am; as a 
quotient of 1 — v” divided by ô, so (4.6.4) has an algebraic verification as well. 
Just combine Equations (3.2.4), (3.3.5), (4.3.6), (4.3.10), and (4.6.1), each of 
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which give one of our present values as a quotient of 1 — v” divided by an 
interest measure, and Equation (1.11.5), which orders the denominators of 
these ratios. 


Next suppose that we have a continuous payment of money at rate t per 
interest period at time t, this lasts for n interest periods, and that there is an 
annual effective rate of interest of i throughout the n interest periods. (The 
mythical faucet’s drip increases at a steady rate.) The annuity symbol (1@) mj; 
denotes the present value of this continuous annuity and the symbol (I3)mi 
gives the accumulated value at the end of the n interest periods. The annuity 


underlying the symbols gedai and (1s) 


| | oe lasts n interest periods, 
and it pays at arate of + over the interval i, 


; ] [see Problem (4.6.7) (a)]. 


A 
m 


TF — p (m) (m) E ani — nv” 
(4.6.5) (ajy = im U a) ai = 3 
and 
TS : m) .\(m) Smi — N 
(4.6.6) (T3) mq = lim (I s) = — = 


In order to obtain (4.6.5) and (4.6.6), we have used the limit (1.11.1). 


For the remainder of Section (4.6), let us drop the assumption that the 


growth of money is governed by compound interest. Suppose we have an 
(m 


arbitrary integrable discount function v(t). Let the symbol az ) denote the 


present value of an annuity lasting from time 0 to time n and paying 4 at 
the end of each m-th of a unit of time. By Gq one indicates the present value 


of a continuously paying annuity lasting from time 0 to time n and paying at 
a level rate of 1 per unit of time. The present value aw? ) is equal to the sum 
+ v(4+)+40(4)+---+4+0(2%). Noting that the function v(t) is a decreasing 
function, this is the lower sum for the area below the graph of v(t) and above 
the z-axis for the partition {0,4,2,..., 2} of the interval [0, n]. 


7m? m? 
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Area 
1/m v(1/m) 


Area 
3/m v(3/m) 


Area 
2/m v(2/m) 


Area 
nm/m v(nm/m) 


O/m 1/m 2/m 3/m (nm-1)/m nm/m 


FIGURE (4.6.7) Area below graph of v(t) 


As m increases to infinity, the width Ł of the subintervals tends to zero. 
(m) 


Therefore, the sum giving ai 


approaches fọ v(t) dt and we have 


(4.6.8) aa = lim moa = if v(t) dt. 
0 


You may think of the integral fo v(t) dt as the sum over all times t where 
payments are made (0 < t < n) of the product of the amount paid at time t 
(namely, dt) and the discount function v(t). This is commonly done in later 
actuarial thinking. 

In the special case where v(t) = vt, computing the integral of (4.6.8) 


produces + [since fvtdt = gt = GW" -) = 4” — 1) = 


+(1—v")] and gives an alternate proof of (4.6.1). 

To study more general, continuously paying annuities, let f(t) denote a 
continuous function on the interval [0,n]. Focus on a continuously paying 
annuity lasting from time 0 to time n and paying at a rate of f(t) per unit of 
time at time t. The value of this annuity at time 0 is So f(Q)v(t) dt, because 
the differential f(t)v(t)dt is the present value of the payment f(t) dt made at 
exact instant t. 


FACT 4.6.9 

Let f(t) denote a continuous function on the interval [0, n]. The 
present value of the continuously paying annuity that pays from 
time 0 to time n at a rate of f(t) at time t is fọ f(t)u(t) dt. 


If f(t) = 1, this is just (4.6.8) once again. If f(t) = t, then we are con- 
sidering the present value of an annuity such as is in (4.6.5), although we are 
not restricted to compound interest. 
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EXAMPLE 4.6.10 Applying Fact (4.6.9) with accumulation other than 
by compound interest 


Problem: Suppose that money grows according to simple discount at a rate 
of 3.6%. Find formulas for am, Sm, and ([@)m. 


Solution The accumulation function governing the growth of money is 


a(t) = cine 0O<t< aie Therefore, the discount function is v(t) = 
1 — .036¢, 0 < t < sag and 


n 


n n 2 
i = [ow ar= f (1 — 036r) g= (- 23 ) 


1 
=n—.018n? fi < E 
n — .018n* for OSN< aE 


0 


The annuity underlying the symbol sy is also the annuity underlying am so 


S _ n — .018n? 1 
Sm = a(n)am = 7 pag, for Ne aera 


We further observe that 
(1a) m = J tu(t) dt =l t(1 — .036¢) dt =) (t — .036t°) dt 
0 0 0 


t? n n? 1 
= | — — 0128 = — — 012n3 f < aes 
(5 0 JI. 5 012n or OSN< HBG 


Let us now study an example in which f(t) is neither constant nor equal 
to t. 


EXAMPLE 4.6.11 Annuity with continuous payments and a varying 
rate of payment 


Problem: An annuity is payable continuously for ten years. The rate of 
payment at time t is t? yearly. Assuming there is a constant force of interest 
ô = .04, find the present value of the annuity. 


Solution If 5 = .04, then v(t) = e~-°*". Therefore, the present value is 


10 
i Pe dt. 
0 


An antiderivative of t?e~:°* is —t?(4,)e~ 0 — 2t(4, 
Of course, you may differentiate this expression to check that it is indeed an 


2 _ 3 
Je eaa e7 04t, 
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antiderivative. As to the question of how you might discover this, you may use 
integration by parts (twice) or the related “tabular method.” Using this an- 


tiderivative, we find that the present value is [—t?(4,)e~ 04" — 2¢( 1) e704 — 


3 10 a rg 3 ER 
2(4) eo 0 =! 100(;)e 4 20(4) eca 2(4) e*)—(0+0- 
2(-4,)*] ~ $247.70. E 


4.7 A YIELD RATE EXAMPLE 


EXAMPLE 4.7.1 


Problem: Barbara deposits $1,800 at the beginning of each quarter for fifteen 
years in a fund earning a nominal rate of interest of 6% convertible monthly. 
The interest from this fund is paid out monthly and can only be reinvested 
at an effective annual rate of 4.2%. Find the accumulated value of Barbara’s 
investments at the end of the twentieth year and her annual effective yield for 
the twenty-year period. 


Solution It is helpful to view a timeline showing Barbara’s deposits into 
the fund. 


no new deposits 
aaao 
PAYMENT: $1,800 $1,800 $1,800 ... $1,800 


TIME: 0 1 2 ... 59 60 ... 80 quarters 


Note that the unit of time is a quarter, and a quarter consists of three months. 
The fund pays out interest monthly, and has a monthly interest rate of 6% = 
.005. Furthermore, the amount on deposit in the fund increases by $1,800 at 
the end of each quarter for the first sixty quarters, and then it stays constant. 
Therefore, since $1,800 x .005 = $9, a timeline showing the deposits to the 
account with a 4.2% annual effective interest rate is as follows. 

monthly 

deposits 

of $540 


N 


PAYMENT: $9$9$9 $18 $18 $18 $27 $27 $27...$540 $540 $540 


TIME: 0123 4 5 6 7 8 9... 178 179 180...240 months 


TIME: 0 1 2 3 ... 60... 80 quarters 


220 Chapter 4 Annuities with different payment and conversion periods 


For the 4.2% account, the effective quarterly rate of interest is J = (1.042) — 


1 ~ .010338563, and the effective monthly interest rate is J = (1.042) 2 -17x 
.003434379. Just as we use i) to denote the nominal interest rate convertible 
3 times per year when 2 is the effective annual interest rate, we will use I (3) 
to signify the nominal interest rate convertible 3 times per quarter when I 
is the effective quarterly interest rate. Observe that I@) = 3J ~ .010303138. 
The accumulated value in the 4.2% account is 


($9 x 3) (Is), (1.042)° + $540saq) 


šor — 60 
z~ ($33.16670737) 21 


[(3) 
a~ $75,385.1344 + $35,911.6267 ~ $111,296.76. 


$5408 qq) 


At the end of the twenty years, the 6% nominal fund has a balance of 60 x 
$1,800 = $108,000, so the accumulated value of Barbara’s investments at the 
end of the twentieth year is $111,296.76 + $108,000 = $219,296.76. 

To calculate Barbara’s annual effective yield ¿ for the twenty-year period, 
observe that the only payments she made were $1,800 at the beginning of each 
quarter for the first fifteen years, and the only money she received was the 
accumulated value $219,296.76 at the end of the twenty years. Therefore, the 
time twenty equation of value is 


(4.7.2) 4 x $1,800)8 (1 + i)? = $219,296.76. 
Bhi 


Using (4.3.11), (1.9.7), and (1.10.9), we find 


wa) (+a? -1_ (144)? -1 (+i) sa 


S . = — 
HF dl) 41—03) 41- (1+7) 


Substituting the last expression into (4.7.2) gives 


(+i) -1 


(1 +i)? = $219,296.76, 
4 [1 Sarr 


(4.7.3) $7,200 


and we need to solve for i. 

We now use the “guess and check” method. Since the interest rates in- 
volved in the two accounts are a nominal monthly rate of 6% (which corre- 
sponds to an annual rate of approximately 6.17%) and an effective rate of 
4.2%, we know that 4.2% < i < 6.17%. We might then begin our “guess and 
check” by calculating the left-hand side of (4.7.3) when i = .052. Doing so, 
we obtain approximately $209,788.918. Therefore, the yield rate i is higher 
than .052. Successive modifications bring us to the rate i = .055435235 which 
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gives a right-hand side of $219,296.76, the desired value. Of course you might 
content yourself to knowing i to fewer places of accuracy. Another approach 
is to approximate 7 using Newton’s method [Problem(4.7.1)]. 


Cash Flow worksheet solution Depress | CF | 2ND || CLR WORK | to 


open and clear the Cash Flow worksheet. Now key 


1 


8||0 0] +/— || ENTER | | |/1|/8 olol +/- | ENTER | | |/5|/9 


ENTER | J |0| ENTER | | | 2l 0| ENTER | | 


21|9|29 6| ¢|| 7||6|| ENTER | IRR || CPT |. 


Then IRR=1.357968437 is displayed. This gives the quarterly yield rate expressed 
as a percentage. We convert to the annual yield rate .055435235 by pushing 


xfelolla=ll+ially*|4/=l—lla]=l. 


4.8 PROBLEMS, CHAPTER 4 


(4.0) Chapter 4 writing problems 


(1) 


The problems in this chapter involve new technical difficulties, but there 
are no new fundamental ideas. Carefully write two solutions to the fol- 
lowing problem. These should be at a level appropriate for a fellow 
interest theory student who has read through Section (4.2) but who has 
not yet thought about the problem. 


Fred wishes to repay a loan of X by level payments each quarter of 
a year. The nominal interest rate is 6.2% convertible monthly. If the 
payments are not to exceed X/20, how many payments are needed? 


One of your solutions should include finding the equivalent effective in- 
terest rate per quarter, and the other should involve a ratio of annuity 
symbols. Make sure that you write clearly. Correct grammar is impor- 
tant. 


The annuity symbol (I acy gives the present value of an annuity that 


has payments each m-th of a year, the payments in the 7-th year each 
being for an amount 3. That is to say, the payments are level each year 
and total j in the j-th year. So, the annual payments increase in arith- 
metic progression. Introduce a new annuity symbol (Ga) o (r) giving 
the present value of an annuity that has level payments each year, the 
payments in the j-th year totaling (1 + r)’~'. Here the letter “G” stands 
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for “geometric” and was chosen to reflect the fact that the underlying 
annuity has total annual payments that increase geometrically. Explain 
how you can calculate (Ga) (r) 

mi \")- 


(4.2) Level annuities with payments less frequent than each interest 
period 


(1) An annuity pays $100 at the end of each quarter for ten years. The 
payments are made directly to a savings account with a nominal interest 
rate of 4.85% payable monthly, and they are left in the account. 


(a) Find the effective interest rate for a quarter, and use it to com- 
pute the balance in the savings account immediately after the last 
payment. 

(b) Use formula (4.2.4) to recalculate the balance in the savings ac- 
count immediately after the last payment. Make sure that your an- 
swer agrees with your answer to part (a), and note which method 
you found easier. 

(c) [BA II Plus calculator required] Recalculate the balance in the savings 
account immediately after the last payment by setting P/Y = 4 and 
C/Y=12. Once again, you should get the same answer. 


(2) Anurag receives an annuity that pays $1,000 at the end of each month. 
He wishes to replace it with an annuity that has the same term and 
has only one payment each year, and that payment should be at the 
beginning of the year. How much should the payments be if the exchange 
is based on a nominal discount rate of 3% payable quarterly? 


(3) Renee buys a perpetuity paying $1,000 every two years, starting im- 
mediately. She deposits the payments into a savings account earning 
interest at an effective annual interest rate of 6%. Ten years later, be- 
fore receiving the sixth payment, Renee sells the perpetuity based on an 
effective annual interest rate of 6%. Using proceeds from the sale plus 
the money in the savings account, Renee purchases an annuity paying 
P at the end of every three years for thirty years at an annual effective 
interest rate of 6%. Find P. Do this problem twice, once using Chapter 
3 methods and once using Section (4.2) techniques. 

(4) It is reported that the present value of an annuity paying $1,000 at the 
end of each year for Y years is $12,692.58, and the present value of 
an annuity paying $300 each year for four years is $1,069.12. Find the 
present value of an annuity paying $500 at the end of each two years for 
Y years. 


(5) 


(6) 
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The present value of an annuity lasting 72 interest periods and paying 
$1,000 at the beginning of each k interest periods is $4,769.30. Given 
that the effective interest rate per interest period is 3.6575%, find k. 
Show that the value at time 1 of 1 payable at times 7,10, 13, 16, .. . , 40 is 
azoli 93h azy; 
S3lļi 


is ZAE and that the time 0 value is SE, 


Sji +47]; Szi HaTi 


. Use this to establish that the time 2 value of these payments 


A perpetuity paying $1,000 at the beginning of each two years has the 
same present value as another perpetuity with level payments, this one 
having payments at the end of each three years. Express the level pay- 
ment amount of the second annuity as a function of the annual effective 
interest rate 2. 


(4.3) Level annuities with payments more frequent than each interest 
period 


(1) 
(2) 


(12) 


314%" Carefully describe 


Calculate the annuity symbols nee and a 
what each one measures. 

Sylvestre receives an annuity-immediate with monthly payments of $100. 
Susan receives an annuity-due with annual payments of $1,165 and the 
same term. The value of Sylvestre’s annuity is 97.09% times the value 


of Susan’s. Calculate (ea 


Find an expression in terms of the nominal interest rate convertible 
quarterly for the accumulated value at the end of the twenty-one years 
of an annuity that pays $640 at the beginning of each four-month period 
for twenty-one years. Your expression should NOT be a sum of terms. 
Ibama received a ten-year annuity. It paid $100 at the end of each quarter 
for the first four years, and $35 each month for the remaining six years. 
Express the value at the time of the last payment in terms of annuity 
symbols introduced in this section if the annual effective interest rate 
is 7 for the first four years and j for the following six years. Evaluate if 
i = 3% and j = 4.5%. 

Jason purchases a deferred perpetuity for $13,520. The perpetuity has 
quarterly payments of $750. Express the waiting time until the first 
payment as a function of the annual effective interest rate i. 

A perpetuity-due has monthly payments. The payments in the k-th 
year are each (1 +2 + --- + k)/12 . Show that the present value of this 
perpetuity due is (4+ Gs 2) (Tian 


(m) _ 


Use Fact (4.3.2) to obtain an alternate proof of the formula ayy 


l-v" i 
m{(1+6) 1 
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(4.4) Annuities with payments less frequent than each interest period 
and payments in arithmetic progression 


(1) 


An annuity has end of quarter payments for fifteen years, and the pay- 
ment at the end of the j-th quarter (j = 1,2,...,60) is $1007. The 
payments are made directly into a savings account with a nominal in- 
terest rate of 6% payable monthly, and they are left in the account. 


(a) Find the effective interest rate for a quarter, and use it to com- 
pute the balance in the savings account immediately after the last 
payment. 

(b) Use Fact (4.4.3) to recalculate the balance in the savings account 
immediately after the last payment. Make sure that your answer 
agrees with your answer to part (a), and note which method you 
found easier. 


It is reported that an annuity-immediate with $100 annual payments 
for s years has an accumulated value of $933.52 at the time of its last 
payment. Furthermore, an annuity-immediate that has $40 annual pay- 
ments and a term four times as long accumulates to $2,680.11 at the 
time of its last payment. Now consider an annuity that has the same 
term as the second of these annuities but only has a payment at the 
end of each four years. Suppose its first payment is $2,400 and each 
further payment is $300 more than its predecessor. Express the accu- 
mulated value of this third annuity at the time of its last payment as a 
function of the annual effective interest rate i. Make sure any annuity 
symbols appearing in the function are to be evaluated at the rate i used 
in valuing the first two annuities. 

Jasper is bequeathed a thirty-year deferred annuity that has a payment 
at the end of each third year. The first payment is for $15,000 and is 
made five years after she receives the inheritance. There is always an 
increase of $4,000 from one payment to the next. Find the value of her 
legacy at the time of the bequest, assuming that the annual effective 
interest rate remains level at 5%. Do this problem twice, once using 
Chapter 3 methods and once using Section (4.4) techniques. 


A perpetuity-due has a payment once every k years. The j-th payment 
is j. Show that this perpetuity has present value equal to (—4 i 


akli 


(4.5) Annuities with payments more frequent than each interest period 
and payments in arithmetic progression 


(1) 


Suppose that the effective interest rate per interest period is 3.2%. 
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(4) 


Describe what the annuity symbol (I Maye means and calculate it to 


1 
the nearest 000" 


A thirty-year annuity has end-of-month payments. The first year the 
payments are each $120. In subsequent years each payment increases by 
$5 over what it was the previous year. Find the present value of the 
annuity if i = 3%. 


A twenty-year annuity pays $2,400 + 300k on the first day of the k-th 
month of the year. Thus it pays $2,700 each January 1, $3,000 each 
February 1,..., $6,000 each December 1. The first payment is on a Jan- 
uary 1. Find an expression for the value of this annuity just before the 
first payment and evaluate it if the annual effective interest rate is 5%. 


Cassandra receives an annuity-due with a payment each month. The 
annuity has its first payment on her 12th birthday and the last payment 
is on her 16th birthday. The amount of the payment is $100 times her 
age with no credit being given for fractions of a year. All the deposits are 
made to an account earning compound interest at an annual effective 
interest rate of 5.82%. Find the accumulated value on her 18th birthday. 


Bob deposits $1,500 at the beginning of each quarter for sixteen years in 
a fund earning a nominal rate of interest of 6% convertible monthly. The 
interest from this fund is paid out monthly and can only be reinvested 
at an effective annual rate of 5.2%. Find the accumulated value of Bob’s 
investments at the end of twentieth year. 


Melanie receives an annuity paying $1,000 at the end of each month for 
eight years. This is directly deposited to a fund paying interest at an 
annual effective rate of 7.28%. Interest is paid out at the end of each 
year to a fund with an annual yield of 4%. Both funds are liquidated 
at the end of ten years. Find the total amount of Melanie’s liquidation 
from the two funds. 


During a ten-year period, Darlene deposits $1,000 at the beginning of 
each quarter into a fund earning interest at a nominal interest rate 
of i02 = 6%. The interest from this fund is paid out monthly and is 
reinvested at a quarterly interest rate of j. Darlene liquidates her money 
at the end of twelve years, 2+ years after her last deposit of $1,000. 
Find an expression for the accumulated value of Darlene’s investments 
in which any annuity symbols used are at interest rate j. [HINT: Begin 
by making a timeline showing the deposits into the account having the 
quarterly interest rate of j.] 


An annuity lasting n interest periods has a payment at the end of each 
m-th of an interest period. The first payment is for an amount P and fur- 
ther payments are each an amount Q more than their predecessor. Show 
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that this annuity has accumulated value mPs) +m? a Go —n) 
at the end of the n-th interest period. 


An annuity lasting n interest periods has a payment at the end of each 
m-th of an interest period. The first payment is for an amount P. Pay- 
ments are level within each interest period, and the the individual pay- 
ments increases by an amount Q from one interest period to the next. 
Show that the accumulated value at the time of the last payment is 


m, Q 
m (Pos + zony (Smi — n)) f 


(4.6) Continuously paying annuities 


(1) 


(7) 


Suppose that the effective interest rate per interest period is 3.2%. De- 


scribe what the annuity symbol a7] means and calculate it to the nearest 


-b 
1,000 ° 


A continuously paying level annuity pays $50 each year for ten years. 
The force of interest is (5 + D: Find the present value of this annuity. 
An annuity is continuously varying and payable for ten years. The rate 
of payment at time t is (2+ t)? and the force of interest is (1 + t)". 
Find the present value of this annuity. 

Stacey and her husband David have a joint savings account that earns 
3.5% interest payable continuously and has a current balance of $58,458. 
Each year, David wishes to withdraw $4,000 payable continuously at a 
level rate. Stacey wishes to deposit X at the beginning of each year (for 
thirty years) so that the account will last for thirty years. What is the 
least X that will work? 

A continuously paying level annuity pays $72 each year for twenty years. 
The force of interest at time t is D Find the present value of this 
annuity. 

Quang deposits $20,000 in a savings account with a discount rate of 4.8% 
convertible quarterly. He leaves his money in this account to accumulate 
for twelve years, then moves it to a fund which is accumulating at 5.4% 
per annum convertible continuously. If, starting at time 12 when he 
invests in the new fund, money is withdrawn levelly and continuously 
at a rate of $8,000 per annum, how long will Quang’s money last? 
This problem concerns the annuity underlying the annuity symbols 


(raye. 


(a) The rate of payment over an interval is the amount paid normalized 
by dividing by the length of the interval. Show that this annuity 
pays at a rate of + over the interval [+, 4]. 


mem 
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(b) Show that the payments of this annuity total Ze +54 


2m’ 
(c) Show that the limit limmo A +z of the total payment amounts 
found in (b) is equal to fa tdt, the total payments of the continu- 
ously paying annuity underlying the symbol (Ia) 7. 


(4.7) A yield rate example 


(1) 


(2) 


Introduce a function f(x) whose root is the yield rate desired in Example 
(4.7.1). Apply Newton’s method with initial approximation zı = .052 
to find z2 and x3. Discuss your results. 

Bob deposits $1,500 at the beginning of each quarter for sixteen years in 
a fund earning a nominal rate of interest of 6% convertible monthly. The 
interest from this fund is paid out monthly and can only be reinvested 
at an effective annual rate of 5.2%. This is just as in Problem (4.5.5). 
Find Bob’s yield rate for the twenty-year period. 

Daphne deposits $100 at the beginning of each month for five years in 
a fund earning an annual effective rate of interest of 5.4%. The interest 
from this fund is paid out annually, and can only be reinvested at a 
nominal interest rate of 4% convertible quarterly. Find the accumulated 
value of Daphne’s investments at the end of eight years and the yield 
rate for the eight-year period. 


Chapter 4 review problems 


(1) 


Suppose that the effective interest rate per interest period is 3%. De- 
scribe what the following annuity symbols mean and calculate them to 


1 
the nearest 7000" 


(a) Sams O) (FO a)5) 0 (Za) . 


A level continuously paying annuity pays $1,500 each month for eight 
2t 


years. The force of interest is ô = z745 where time is measured in years. 
Find the present value of this annuity. 

A fifteen-year annuity pays $1,400 + 300k on the first day of the k-th 
month of the year. Thus it pays $1,700 each January 1, $2,000 each 
February 1,..., $5,000 each December 1. The first payment is on a Jan- 
uary 1. Find an expression for the value of this annuity just before the 
first payment and evaluate it if the annual effective interest rate is 3%. 
This problem concerns the accumulated value at the end of twenty-four 
years of an annuity which pays $500 at the beginning of each four-month 
period for twenty years. Express this accumulated value as a function of 
i) which does not involve any annuity symbols or series. 
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(5) 


(6) 
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Show that 
l Lym) 
= pi, 
age a) 


Shelly and her husband Bubba have a joint savings account that earns 
2.5% interest payable continuously and has a current balance of $32,458. 
Each year, Bubba wishes to withdraw $3,000 payable continuously at a 
level rate. Starting now and continuing for twenty years, Shelly wishes 
to deposit X at the beginning of each year so that the account will last 
for thirty years. What is the least X that will work? 


Show that the accumulated value at the time of the last payment of a 
twenty-six-year annuity-immediate, which has payments of $100 at the 
end of years 3,6,...,24, and $200 at the ends of the other years, is 


$200s35; $100 ae l 


Amanda receives an N-year annuity with a payment at the beginning 
of each month. Here N is a positive integer. The payments the first 
year are each P and afterward they decrease by q% each year. The 
monthly interest rate is j%. Express the present value as a constant 
times a product of annuity symbols. Evaluate if N = 15, P = $1,200, q = 
3,and j = .4. 


CHAPTER 5 


Loan repayment 


5.1 INTRODUCTION 

5.2 AMORTIZED LOANS AND AMORTIZATION SCHEDULES 

5.3 THE SINKING FUND METHOD 

5.4 AMORTIZED LOANS WITH OTHER REPAYMENT PATTERNS 
5.5 YIELD RATE EXAMPLES AND REPLACEMENT OF CAPITAL 
5.6 PROBLEMS, CHAPTER 5 


5.1 INTRODUCTION 


Throughout this book, we have seen examples of loans. Some have been repaid 
by a single repayment or a few repayments, whose amounts and times were 
agreed upon at the time of the loan. In Chapter 3 we looked at loans with 
level payments (except perhaps for a slightly reduced final payment) at the 
end of each interest period. Favorite examples included standard mortgages 
and car loans. In the loans of Chapter 3, and in their generalizations appearing 
in Chapter 4, each payment consisted of interest due since the last payment 
and money to reduce the outstanding loan balance. In Section (5.2) we study 
such amortized loans and the question as to how each payment is divided 
into payment of interest and payment of principal. Amortization Tables are 
introduced as is the BA II Plus calculator Amortization worksheet. In Section 
(5.3) we introduce the concept of a sinking fund account. This is a savings 
account in which one accumulates the loan amount. While the sinking fund 
grows at one interest rate, the borrower keeps current on the interest on the 
loan, which may well be at a higher rate. In Section (5.4), we look at loans 
that are repaid by payments in arithmetic or geometric progressions. Finally, 
in Section (5.5) we look at yield rate problems where a sinking fund account 
is involved. The important concept of replacement of capital is presented. 


5.2 AMORTIZED LOANS AND AMORTIZATION SCHEDULES 


When a loan is an amortized loan, each time a payment is made, inter- 
est due on the outstanding loan balance is first deducted from the payment 
amount. This reduced amount, the payment amount less the interest due, is 
called the principal (payment). The principal payment is applied to cut the 
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outstanding loan balance. 


EXAMPLE 5.2.1 Amortization 


Problem: LaTroy took out a loan for $2,000. The loan was governed by 
compound interest at a rate of 5%. He made a payment of $800 one year later 
and a payment of $1,000 three years after he took out the loan. Find the 
amount of principal in each payment and LaTroy’s outstanding loan balance 
immediately after the second payment. 


Solution One year after the loan was made, the interest due was $2,000(.05) 
= $100. Therefore, the amount of principal in the $800 payment was $800 — 
$100 = $700, and the outstanding balance after this payment was $2,000 — 
$700 = $1,300. The next payment was made two years after the outstanding 
loan balance was $1,300. The interest due at the time of this payment was 
therefore $1,300[(1.05)? — 1] = $133.25. So, the amount of principal in the 
$1,000 payment was $1,000 — $133.25 = $866.75, and the outstanding loan 
balance immediately after this payment was 


$1,300 — $866.75 = $433.25. 


The mortgages and car loans we considered in Chapter 3 are amortized 
loans with payments at regular intervals, these being level except for a slightly 
reduced final payment. 

Focus on an amortized loan. The payments each have two components, an 
interest component and a principal component. Since interest payments may 
be treated differently from principal repayments when determining taxes, it is 
important to know how much of each payment is interest. An amortization 
schedule is a chart that shows the time and amount of each payment, the 
division of the payments into interest and principal, and the outstanding loan 
balance immediately after each payment. 


EXAMPLE 5.2.2 Amortization schedule for loan; principal payment 
beyond the required 


Problem: Consider LaTroy’s loan of Example (5.2.1). Suppose that he makes 
an additional payment four years after the time of the loan so that the loan 
is completely repaid. Make an amortization schedule for this loan. 


Solution From the solution to Example (5.2.1), we know that the balance 
after the $1,000 payment is $433.25. We are now given that there is one more 
payment, and it occurs one year after the $1,000 payment. The interest in 
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this payment is therefore $433.25(.05) ~ $21.66. Since this additional pay- 
ment results in the loan being completely paid off, it must contain $433.25 
as the principal payment. Therefore, the amount of the additional payment 
is $21.66 + $433.25 = $454.91, the sum of the interest due and the principal 
payment. We consequently have the following amortization table. 


TIME PAYMENT INTEREST PRINCIPAL BALANCE 


(years since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 
0 — = — $2,000.00 
1 $800.00 $100.00 $700.00 $1,300.00 
3 $1,000.00 $133.25 $866.75 $433.25 
4 $454.91 $21.66 $433.25 $0.00 


EXAMPLE 5.2.3 Amortization schedule for loan; level payments with 
slightly reduced final payments 


Problem: Make an amortization table for a loan at effective interest rate i 
per interest period that lasts n interest periods and is repaid by level end-of- 
interest period payments of Q except for one slightly reduced final payment 
of R. 


Note: The payments for such a loan are found in Algorithm (3.2.19), but in 
that algorithm the level payments are denoted by Qı or Q2. 


Solution The balance at the end of an interest period, immediately follow- 
ing the payment (if any), may be found by the prospective method. Recall 
that this method was introduced in Section (3.6), and it is based on the fact 
that the outstanding loan balance must equal the value of the required loan 
payments that have not yet been made. Using Equation (3.6.3), we see that 
if k € {1,2,...,n}, at time k — 1 the outstanding loan balance is 


Oar Ru. 


Since 


ï= yrTE 


anki = i 


the interest due at time k is 


(ss 


+ ao #1) = Q(1—v"*) + Riv? **1, 
i 
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The principal in a payment is found by subtracting the interest in the payment 
from the payment amount. So, we have the following amortization schedule: 


TIME PMT INTEREST PRINCIPAL BALANCE 
(yrs since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 
0 = — — Qazi tho” 
1 Q Q(t) Riv” Qu”—!-Riv” Qaz,+Rv" 
2 Q Q(1w" HRiv™1 — Qu” ?-Riv™! Qazzgyt Ru"? 
k Q Q ( 1—v n-k Riv? eH Qu” *—Riv™*+ 1 Qa a j+Ru"* 
n-1 Q  Q(1—-v)+Riv? Qu— Riv? Rv 
n R Riv Rv $0 


Note that in the table of Example (5.2.3), starting with the line for time 
t = 2 and continuing through the line for time t = n — 1, the amount of 
principal is equal to 1+7 times the principal payment recorded in the previous 
line. This observation may be used when creating the amortization table for 
a specific example, for instance the following one. 


EXAMPLE 5.2.4 Amortization schedule 


Problem: Jared borrows $20,000 at an annual effective discount rate of 4.8%. 
The loan is to be repaid by annual end-of-year payments for four years, the 
first three of which are for the amount $5,645.75 and the time 4 payment is 


for $5,645.72. Make an amortization schedule for this loan. 
Solution The interest rate is i = 4 =~ 5.042016807%, and the interest 
due at the end of the first year is $20,000 x i  $1008.403361. Therefore, the 


principal in the first payment is approximately $5,645.75 — $1,008.403361 ~ 
$4,637.346639. So, the principal in the second year is approximately 


$4,637.346639 x (1 + i) ~ $4,871.162436, 
and the principal in the third year is 
$4,871.162436 x (1 + i) ~ $5,116.767264. 
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The balance at the end of the third year is approximately 


$20,000 — $4,637.346639 — $4,871.162436 — $5,116.767264 ~ $5,374.723662. 


Consequently, the interest in the final payment is about $5,374.723662(1+7) ~ 
$270.9944703. 

The remainder of the $5,645.72 payment, $5,645.72 — $270.9944703 = 
$5, 374.72553 is principal. Note that this exceeds the outstanding balance at 
the end of the third year by about .00186813, which is less than half a penny. 
This slight discrepancy is due to the fact the payments must each be for an 
integral number of cents. 

The values we have found have been rounded to the nearest cent and then 
recorded in the following amortization table, along with (rounded) outstand- 
ing loan balances that are obtained by subtracting the newly paid (rounded) 
principal from the previous outstanding loan balance. 


TIME PAYMENT INTEREST PRINCIPAL BALANCE 


(years since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 

0 — — — $20,000.00 

1 $5,645.75 $1,008.40 $4,637.35 $15,362.65 

2 $5,645.75 $774.59 $4,871.16 $10,491.49 

3 $5,645.75 $528.98 $5,116.77 $5,374.72 

4 $5,645.72 $271.00 $5,374.72 $0.00 


The BA II Plus calculator has an Amortization worksheet (factory pro- 
grammed using the formulas displayed in the table of Example (5.2.3) that may 
be used to find any of the interest, principal, or balance entries in Example 
(5.2.4), or to find amortization entries in other special cases of Example (5.2.3). 
We now illustrate this in detail for the loan of Example (5.2.4). Begin by check- 
ing that the calculator is in END mode with P/Y = C/Y = 1, and then push 
4|| N| to enter the total number of equally spaced payments. Next depress 


2| 0|/0l/0l/0||+/— |] PV | to place the negative of the loan amount in the PV 


register. Follow this by keying |5|/6 || 4|/5/|«|/7|/5||/ PMT | so that the level 
payment amount has been entered. The final payment is 3 cents ($.03) less than 
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the other payments, so push |e || 0 || 3 || +/— || FV | to enter —.03 in the FV reg- 


ister. Next push} CPT || I/Y | so that we have a set of five consistent values fill- 
ing the TVM worksheet. At this point “I/Y = 5.042020112” is displayed. (Note 
that this is close to the value of 2 computed above but not exactly the same. 
This results from the fact that the amount repaid is only $20,000 when consid- 
ered to the nearest cent. If you prefer, rather than computing the interest rate 
from the other four entries in the TVM, you may enter the value we calculated 
from the given discount rate and then push | CPT || PV |. You will display “PV = 
—20,000.00153”. Entering the interest rate may take you longer, but the numer- 
ical results given by the Amortization worksheet then round to exactly those 
we recorded in our amortization table, a perfect agreement that would not other- 
wise hold (e.g., the balance entry in the time 3 row). Now open the Amortization 
worksheet by pushing | 2ND || AMORT |. The display will now show “P1 = ”. 
If you desire to determine the interest or principal in the m-th payment or the 
outstanding loan balance immediately after the m-th payment, begin by keying 
m || ENTER || | || m || ENTER |. If you push | J | once, the outstanding loan bal- 


ance immediately after the m-th payment will be displayed, and if you depress | | 
again, the amount of principal in the m-th payment will appear. A third keying of 
{| results in the amount of interest in the m-th payment being exhibited. For in- 
stance, if you wish to verify the entries in the time 2 row of the above amortization 
table, begin by keying | 2 | ENTER || || 2 || ENTER ||| |. The display now reads 


“BAL = —10,491.49213”. Another | | | brings to view “PRN = 4,871.161895”. One 


more |} | exhibits “INT = 774.5881055”. Note that if you check the balance at 
time 4 by this method, you should view “BAL = .029999995”. This would be the 
balance just after the fourth payment if Jared made a level payment of $5,645.75 
and had not yet been refunded his three-cent overpayment. 

The BA II Plus calculator Amortization worksheet is also ideal for comput- 
ing the amount of principal or the amount of interest in a sequence of consecutive 
payments. This is demonstrated in the second solution to our next example. 


EXAMPLE 5.2.5 Annual interest paid on a mortgage 


Problem: On May 1, 1988, the Ramakrishnas purchased a home for $308,000. 
Their down payment was $46,000, and the remaining $262,000 was financed 
with a standard fifteen-year amortized loan at a nominal interest rate of 5.55% 
convertible monthly. How much interest did they pay in 1993, assuming that 
their payments have all been on the first of the month, the first payment was 
on June 1, 1988, and that there have been no additional payments beyond the 
scheduled ones? 


Solution 1 This solution will be based upon the following observation: The 
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amount of interest paid during a given period is always equal to the total 
amount paid during that period less the decrease in the outstanding balance 
over the period. 


We first determine the total amount paid during 1993. Note that a stan- 
dard fifteen-year amortized loan has 15 x 12 = 180 monthly payments, and 
the Ramakrishnas’ loan has a monthly interest rate of 5.55% = .4625%. But 

262,000 
QT80].4625% 
each for $2,147.72. Therefore, since the Ramakrishnas made 12 monthly mort- 


gage payments in 1993, they paid a total of 12 x $2,147.72 = $25,772.64 during 
1993. 


zx 2,147.716532, so the first 179 monthly mortgage payments were 


Next we determine the decrease in the outstanding balance during 1993. 
Observe that the the Ramakrishnas made seven monthly mortgage payments 
in 1988 (June 1, July 1, August 1, ..., December 1) and then twelve in each 
of the years 1989, 1990, 1991, 1992, and 1993. Therefore, they have made 
7 + (4 x 12) = 55 payments prior to the beginning of 1993 and 55 + 12 
= 67 payments by the end of 1993. So, by the retrospective method, the 
outstanding loan balance at the beginning of 1993 was $262,000(1.004625)"* — 
$2,147.72555) 14625% © $203,534.9107, and the outstanding loan balance at the 
end of 1993 was $262,000(1.004625)°" — $2,147.72s57,4625% © $188,684.4769. 
The outstanding loan balance declined by $203,534.9107 — $188,684.4769 ~ 
$14,850.4338 in 1993. 


Finally, using the observation underlined above, the amount of interest 
paid by the Ramakrishnas in 1993 was $25,772.64 — $14,850.43 = $10,922.21. 


Solution 2 As determined in Solution 1, the payments made during 1993 
were the 56th through 67th payments. To calculate the amount of interest in 
these payments, we note that according to the amortization table of Example 
(5.2.3), this is equal to the sum 


67 


y Qa zgh Riv” #1] 


k=56 


where n = 180, ¿ is the effective interest rate per payment period (in this 


case 5.55% = .4625%), v = Do and Q and R are the level and final payment 


respectively. Since 84:0 ~ 2147.716532, Q = $2,147.72 (as already noted 


QT80|.4625% 


in Solution 1), and Algorithm (3.2.14) yields R = $2,146.75. Consequently, 
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the Ramakrishnas’ 2003 interest is 
67 


XO [82,147.72(1 — v80=¥) + $2,146.75iv!81=+] 
k=56 
= (12 x $2,147.72) — $2,147.72(u'** + v!” +... yl) 
+ $2,146.75i(u'? +0 +- +0) 


= $25,772.64 — $2,147.72(aqgqy — aTr34) + $2,146.75i(aqa5, — arzyp) 
~ $25,772.64 — $14,919.08591 + $68.65209276 
~ $10,922.21. 


Amortization worksheet solution 1 With the BA II Plus calculator in END 
mode and P/Y=C/Y=1, push 


1) 8|OFN T5575) = 1] 2] =) I/yY |26 2] 0} oo 


+/-— || PV |O || FV | CPT | PMT}. 


At this point the display shows “PMT = 2,147.716532” so the first 179 payments 
should be $2,147.72. Therefore, push| 2 147e 7 || 2|| PMT]. Then de- 


press FV |. The calculator will display “FV=—0.970771204”. Now open 
the Amortization worksheet by keying | 2ND || AMORT |. Then push 


5l 6 | ENTER | J [6l 7| ENTER | 444]. 


Your display should now show “INT = 10,922.20616”. Reporting the interest to the 
nearest penny (for instance to the Internal Revenue Service), the Ramakrishna’s 
2003 interest is $10,922.21. 


Amortization worksheet solution 2 
With the BA II Plus calculator in END mode and P/Y=C/Y=12, push 


18o NIS] e/ 515 1/Y 1] 2) 6) 210] 0] 0 


+/-|}/PV|O||/ FV | CPT | PMT}. 


Your display should now show “PMT = 2,147.716532” just as it did in Amortiza- 
tion worksheet solution 1, and the remainder of this solution is a repeat of that 
solution. E 


If Q = R in Example (5.2.3), then all the payments are equal. Then if 
k € {1,2,....,n}, at time k— 1 the outstanding loan balance is Qar kri and 
the interest at time k is Q(1 — v"~*+!). The principal is therefore Qu”~**1. 
We thus have the following simpler amortization schedule. 
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AMORTIZATION SCHEDULE 5.2.6 (Schedule when Q = R) 


TIME PAYMENT INTEREST PRINCIPAL BALANCE 


(years since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 
0 — — — Qami 
il Q Q(1— v") Qu” Qarzi 
2 Q Q(1-—vt) sores Qari 
k Q Q(1 ims Qe Qazi 
n Q Q(1— v) Qu $0 


Note that in Schedule (5.2.6), as in Example (5.2.3) excluding the final pay- 
ment, each principal payment is 1+ 7 times the preceding payment. 


EXAMPLE 5.2.7 Early payments of an amortized loan contain signif- 
icantly more interest 


Problem: An amortized loan made at an effective interest rate of 6.6% is 
to be repaid over a period of fifteen years by annual end-of-year payments of 
$1,800. What proportion of the loan’s total interest is paid in the first five 
years? 


Solution The total amount paid is 15 x $1,800 = $27,000. The loan amount 
is $16,816.61 since $1,800aq5)\6 6% % $16,816.60871. Therefore, the total inter- 
est for the fifteen years is approximately $27,000 — $16,816.61 = $10,183.39. 
On the other hand, looking at the interest column of Amortization Schedule 
(5.2.6), we calculate that the total interest for the first five years is 


$1,800(1 — v'®) + $1,800(1 — v'*) + $1,800(1 — v') 
+ $1,800(1 — v'”) + $1,800(1 — v'") 
= (5 x $1,800) — $1,800(v2° + vt4 +v! + ul? + uy!) 
= $9,000 — $1,800(ar56.6% — 4T0]je.6%) 
= $5,062.946321, 
and the proportion of the interest paid in the first five years is about 


$5,062.946321 


Pee es 497176905. 
$10,183.39 
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Amortization worksheet solution Make sure that the BA II Plus calculator 
is in END mode and P/Y=C/Y=1. Then, enter the given information for the loan 
by pressing 


1//5|)N| 6] ¢]/6]1/Y || 1] 8] 0/0) PMT] 0] FV). 


Now push | CPT || PV |. It is now time to open the Amortization worksheet by 


pushing | 2ND || AMORT |. Then, with m representing the memory register of 
your choice, key 


1| ENTER | | ]/1]/5 [ENTER | l4 l4 | STO | m 
sills | ENTER |] ul + RCL m | =]. 


The number 0.497176842 should then be seen on your calculator display. Once 
again, the proportion of the interest paid in the first five years is about .497177. 
E 


5.3 THE SINKING FUND METHOD 


A possible way to structure a loan’s repayment is for the borrower to pay the 
interest on the loan periodically but to make no partial repayments of the 
loan amount. That is, the payments made prior to the end of the loan term 
contain no principal. Since the borrower keeps current on the interest due, a 
single, lump-sum payment of the loan amount will pay off the loan. Perhaps 
the borrower is required to accumulate the loan amount at the end of the 
loan term by making periodic deposits to a savings account, and then use the 
accumulated funds to erase the debt. We shall refer to a loan so structured as 
a loan repaid by the sinking fund method, and we call the savings account 
used to accumulate the loan amount a sinking fund account. In the sinking 
fund method, the loan is governed by an interest rate 7, and the sinking fund 
account earns an interest rate j that is typically less than i. Or, more generally, 
the loan is governed by a sequence of interest rates {i+} and the sinking fund 
is governed by a sequence of interest rates {j}. 


EXAMPLE 5.3.1 Sinking fund method and needed deposits 


Problem: Teresa took out a loan of $10,000, to be paid back by the sinking 
fund method. The term of the loan is ten years, and interest is to be repaid 
annually at an annual effective interest rate of 6%. The sinking fund account 
earns 3% annual effective interest for the first four years and 4% interest for 
the next six years. Teresa deposits $800 in the sinking fund account at the 
end of each of the first nine years. What is the present value of the interest 
payments she must make, calculated using the rates earned by her sinking 
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fund account? What deposit must she make at the end of the tenth year, so 
that she will have the requisite $10,000? 


Solution Teresa’s interest payment at the end of each year is .06 x $10,000 = 
$600. Thus, the present value of her sequence of interest payments, calculated 
using the rates earned by her sinking fund, is $600aq3y, + $600a%4y, (1.03) * x 
$5,024.80. 

Just prior to Teresa making a deposit at the end of the ten-year period, her 
balance is $800s73% (1.04) +$8005sz4% (1.04) ~ $8,741.28. Therefore, Theresa 
must deposit $10,000 — $8,741.28 = $1,258.72 at the end of the tenth year. W 


Just as an amortization schedule tracks an amortized loan, a sinking 
fund schedule shows the progress of a loan repaid by the sinking fund loan. 


EXAMPLE 5.3.2 Sinking fund schedule 


Problem: Suppose that LaTroy’s $2,000 loan of Example (5.2.1) was not 
amortized but was made according to the sinking fund method. Further sup- 
pose that the annual effective interest rate on the loan is 5% but that LaTroy’s 
sinking fund account has an annual effective interest rate of 2.5%. As in Ex- 
ample (5.2.1), assume that LaTroy made total payments of $800 one year after 
the loan origination and $1,000 three years after he took out the loan, and 
that he totally fulfilled the loan obligation at the end of the fourth year. Make 
a sinking fund schedule for LaTroy’s loan. 


Solution The annual effective interest rate on the loan is 5% and the loan 
amount is $2,000. Therefore the interest for a one- ae period is .05 x $2,000 = 
$100 and for a two-year period is $2,000((1.05)° — 1) = $205. So, LaTroy 
deposits $800 — $100 = $700 to the sinking ae at the end of the first year, 
and he deposits $1,000 — $205 = $795 at the end of the third year. The balance 
in the sinking fund is always found by adding the previous sinking fund balance, 
the new deposit to the sinking fund, and interest credited to the sinking fund 
since the previous payment. So, at the end of one year LaTroy’s balance in his 
sinking fund account is $0 + $700 + $0 = $700, and at the end of three years 
it is $700 + $795 + $700[(1.025)? — 1] = $700 + $795 + $35.4375 = $1,530.4375. 

Additionally, at the end of four years LaTroy’s balance in his sinking 
fund account is $1,530.4375 + X + $1,530.4375(.025) = $1,530.4375 + X + 
$38.2609375 = $1,568.6984375 + X where X denotes the sinking fund deposit 
at the end of the fourth year. Since the loan is totally repaid at the end of 
the four years, this balance must be $2,000. It follows that X ~ $2,000 — 
$1,568.6984375 = $431.3015625. Since X is an integral number of cents, X = 
$431.30, and LaTroy’s total payment at the end of the fourth year is $431.30+ 
$100 = $531.30. He has a higher total payment than in Example (5.2.2), in 
which the payment at the end of the fourth year was $433.25, because he 
sacrifices interest by receiving a lower rate on his sinking fund balance than 
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he pays on the $2,000 loan balance. We thus have the following sinking fund 
schedule where the net balance on the loan is the loan amount less the 
sinking fund balance. (In the table, we have rounded all entries to the nearest 


penny.) 


TIME INTEREST SINKING INTEREST S.F. BAL. NET 


IN ON FUND ON AFTER BALANCE 
YEARS LOAN DEPOSIT S.F. DEPOSIT ON LOAN 
0 $0.00 $0.00 $0.00 $0.00 $2,000.00 
1 $100.00 $700.00 $0.00 $700.00 $1,300.00 
3 $205.00 $795.00 $35.44 $1,530.44 $469.56 
4 $100.00 $431.30 $38.26 $2,000.00 $0.00 
E 


Suppose that you have a loan amount L that is financed by the sinking 
fund method, the effective interest rate per interest period on the loan amount 
is 2, the effective interest rate per interest period on the sinking fund is 7, and 
the loan is to be repaid by the sinking fund method with level payments 
for n interest periods. Then, at the end of each interest period, you have 


an interest payment of iL and a sinking fund deposit of me You thus have 
RI 


payments totaling iL + = at the end of each interest period. By contrast, 
n]j 

for an amortized loan of amount L made at interest rate 7’ and repaid by 

level payments at the end of n interest periods, the payments are ao So, 


our sinking fund loan at interest rates 7 and j is equivalent to an amortized 


loan at rate i’ where i + + = —— If i = j, then, since i+ + = — by 
7j ami’ Smi ani 
Equation (3.2.18), į must equal i = j, so an amortized loan at interest rate i 
is equivalent to a sinking fund loan with j = i. If i > j, then i’ > i because, as 
in Example (5.3.2), the borrower sacrifices interest by paying interest on the 
loan amount at a higher rate than he receives on his sinking fund deposits. 


An estimate of 7’ may be obtained by considering the average balance in the 
sinking fund. If we take this average to be ž, then the amount of interest 


sacrificed per unit borrowed is (i — j) and we estimate 


1 
(5.3.3) Umit gid) 
If i < j, then i’ < i and Equation (5.3.3) is again a reasonable estimate. 
As already remarked, in each interest period the total payment on a loan 
of L by the sinking fund method at rates i and j is iL + gaa the sum of the 
YI 
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interest payment and the deposit to the sinking fund account. So that this 
total payment resembles the payment formula =F of an amortized loan, one 
"lj 
defines amigj by 
1 
(5.3.4) amikj = TT 


t+ — 
Sali 


Then the total payment made each interest period by the sinking fund method 


. L í x 4 is 1 
İS aaa Furthermore, since by Equation (3.2.18) j + ais aa 
1 1 any 
beg i) Ae (C-e +1 


EXAMPLE 5.3.6 Sinking fund schedule with formulas 


Problem: A loan of $1l0az;e; is made for three years by the sinking fund 
method. The annual effective interest rate on the loan is 7, and the annual 
effective interest rate earned by the sinking fund is 7. Payments of interest are 
made annually, along with level sinking fund deposits. Make a sinking fund 
schedule for general i and j and include numerical values if i = 5.2% and 
j = 3%. For the indicated interest rates, compute $10a3}¢,;- 


Solution We begin by noting that for the indicated interest rates, the loan 
amount is $10a3y;&; © $26.62900521. We remark that in the following sinking 
fund schedule, in which dollar amounts are recorded to the nearest cent, were 
we to compute the final numerical entry of our chart from the previously 
recorded rounded entries, the final entry would be $26.64 instead of $26.63. 
Note also that, by Definition (5.3.4) and the fact that the balance in the 
sinking fund is always found by adding (1) the previous sinking fund balance, 
(2) the new deposit to the sinking fund, and (3) interest credited to the sinking 
fund since the previous payment, the final expression (last row, second-to-last 
column) in the chart results from the previous ones. The relevant algebra 
includes 


$10 
Sa). J S 
P+ ++ 2+ 
83] 
$10 $10 
Sz); . ‘ 83; f n2 
= 7 +37 +397) = oe i++ +ats) 
83]; 8317 
$10 
$10 go 
$3); 310 $10 
= eg ey ee 
39 3l 
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TIME TOTAL INTEREST SINKING INTEREST S.F. BAL. 


IN PAYMENT ON FUND ON AFTER 
YEARS LOAN DEPOSIT S.F. DEPOSIT 
0 — — — — $0 
l $10 $10 
1 $10 a mit $0 iL 
Bli “3 53l 
($10) ($1.38) ($8.62) ($0) ($8.62) 
$10 $10 /; $10 : 
2 $10 -Sioi 3h aay? as 
i+ i+- wa i+ 
3) 3l 315 31 
($10) ($1.38) ($8.62) ($.26) ($17.49) 
suo $10. (245)j 
3 $10 at Ti peas $10ami«; 
3] 3h 381i 
($10) ($1.38) ($8.62) ($.52) ($26.63) 


The numerical entries of this sinking fund schedule may seem of little impor- 
tance if they are as reported. However, things seem rather different if the units 
are changed from dollars to millions of dollars. a 


The next example gives a closer look at how loans made by the sinking 
fund method contrast with amortized loans. 


EXAMPLE 5.3.7 Sinking fund method and amortization method 


Problem: A $2,000,000 loan lasts five years and is repaid by the sinking 
fund method. Interest is paid annually at an effective interest rate of 8%, and 
the sinking fund savings account, to which there are level deposits, earns an 
effective interest rate of 5%. First, make a sinking fund table for this loan. 
Then, show that the given loan is equivalent to an amortized loan at an 
annual effective interest rate of approximately 9.580261711%, and make an 
amortization table for a $2,000,000 five-year loan with level payments and 
effective interest rate of 9.580261711%. 


Solution The annual interest payment on the sinking fund loan is .08 x 
$2,000,000 = $160,000. Since 


$2, 000, 000 
555% 


= $361,949.5963, 
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the level deposits are each $361,949.60. (These actually accumulate to two 
cents more than the loan amount.) Recall that the sinking fund interest each 
year is 5% of the balance for the previous year, and the sinking fund balance 
is found by adding the previous sinking fund balance, the new deposit to 
the sinking fund, and interest credited to the sinking fund since the previous 
payment. Further note that the net balance on the loan is the loan amount 
minus the sinking fund balance. The following is therefore a sinking fund 
schedule for the given loan. 


TIME INTEREST SINKING INTEREST S.F. BAL. NET 
IN ON FUND ON AFTER BALANCE 
YEARS LOAN DEPOSIT S.F. DEPOSIT ON LOAN 
0 $0.00 $0.00 $0.00 $0.00 $2,000,000.00 
1 $160,000.00 $361,949.60 $0.00 $361,949.60 $1,638,050.40 


2 $160,000.00 $361,949.60 $18,097.48 $741,996.68 $1,258,003.32 


3 $160,000.00 $361,949.60 $37,099.83 $1,141,046.11 $858,953.89 


4 $160,000.00 $361,949.60 $57,052.31 $1,560,048.02 $439,951.98 


5 $160,000.00 $361,949.60 $78,002.40 $2,000,000.02 —$.02 


The total payment each year is $160,000 + $361,949.60 = $521,949.60. 
These repay a loan of $2,000,000 and give the borrower 2 cents at the end of 
the five years, so the loan is equivalent to an amortized loan at rate i’ where 


$2,000,000 = $521,949.60a5,,, — $.02(1 +1)”. 


If i’ = 9.580261711%, the right-hand side is approximately $2,000,000.000013[4, 
so the given effective interest rate is an excellent approximation! (This inter- 
est rate was found using the BA II Plus calculator. Of course, it can also be 
found using the “guess and check” or Newton’s methods, but these calcula- 
tions are fairly time consuming. Those in possession of a BA II Plus calculator 
are encouraged to repeat the calculation of the unknown amortization rate 7’.) 
Next make an amortization table in the standard manner. (That is, first 
multiply the loan balance by .09580261711 to obtain the interest at time 1. 
Subtract that interest amount from the payment amount $521,949.60 to ob- 
tain the principal. Obtain the new balance by subtracting the just calculated 
principal from the previous balance. The time 1 line is now completed. Repeat 


1When you calculate the right-hand side, your display will show $2,000,000. However, if 
you then subtract $2,000,000, you will obtain .000013 rather than 0. 
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this process to complete the chart, one line at a time.) So doing, you should 
obtain 


TIME PAYMENT INTEREST PRINCIPAL BALANCE 
(years since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 
0 = = — $2,000,000.00 
1 $521,949.60 $191,605.23 $330,344.37 $1,669,655.63 
2 $521,949.60 $159,957.38 $361,992.22 $1,307,663.41 
3 $521,949.60 $125,277.58 $396,672.02 $910,991.39 
4 $521,949.60 $87,275.36 $434,674.24 $476,317.15 
5 $521,949.60 $45,632.43 $476,317.17 —$.02 


Note: It is worth remarking that while we proclaimed the amortized loan at 
rate i" = 9.580261711% equivalent to the original sinking fund loan, meaning 
that the total cashflows at all times were equal, there is a difference between 
the original loan and the amortized loan that may be significant should taxes 
be considered. Specifically, the sequence of annual interest payments for the 
amortized loan is equal to neither the sequence of annual interest payments 
nor the sequence of annual net interest payments for the original sinking fund 
method loan. The net interest payment for a loan repaid by the sinking 
fund method is defined to be the amount of interest paid on the loan minus 
the amount of interest paid to the borrower on all sinking fund accounts 
established for the accumulation of the loan amount. It is, however, true that 
for the amortized loan as well as for the original loan by the sinking fund 
method, the total net interest paid is $609,747.98. | 


We end this section with another example that involves an amortization 
loan as well as a loan made by the sinking fund method. 


EXAMPLE 5.3.8 A hybrid loan, half by the sinking fund method and 
half by the amortization method 


Problem: A borrower is repaying a loan with eighteen annual payments of 
$1,200, the first payment occurring one year after the loan is made. Half of 
the loan (an amount L/2) is an amortized loan at an annual effective interest 
rate of 8%. The other half (another L/2) is to be repaid by the sinking fund 
method with the lender receiving an annual effective interest rate of 7.5%, 
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and the sinking fund account earning 3% annual effective interest. Find the 
amount L of the loan. 


Solution The payments on the amortized loan are pte =35 Er 
aT8]8% aT8]8% 
Saia D L/2 _ .O75L L 
The payments on the sinking fund loan are .075(%) + aoa ee 


— OTL, _L L 
Therefore, $1,200 e aen Tan and 


E $2,400 
TOD ee a 


ST313% a78]8% 


~ $10,694.67. 


5.4 AMORTIZED LOANS WITH OTHER REPAYMENT PATTERNS 


A loan can be repaid by any schedule that is agreeable to the lender and the 
borrower. We next study several loans with unorthodox repayment schedules, 
and in our discussion we will find the following notation convenient. L denotes 
the loan amount, and B, gives the balance at time t, immediately following 
any payment at time t. P, signifies the payment amount at time t (possibly 
zero). If 4, denotes the interest rate for the interval (t — 1,¢], then 


(5.4.1) B; = (Bi-1)(1+%) — P. 


If n denotes the duration of the loan in interest periods, then Bn = 0. 


EXAMPLE 5.4.2 An amortized loan with level payments of principal 


Problem: Adam takes out a $20,000 loan for ten years at a level annual effec- 
tive interest rate of 5%. At the end of each year, he pays $2,000 in principal, 
which is pth of the loan amount, along with the interest due. Find a formula 
for P. 


Solution If k € {0,1,2,...,10}, B, = $20,000 — $2,000k. Therefore, by 
(5.4.1), 
P, = (By-1)(1.05) — B; 
= ($20,000 — $2,000(t — 1))(1.05) — ($20,000 — $2,008) 
= ($21,000 — $2,0004(1.05) + $2,100) — $20,000 + $2,000¢ 
= $3,100 — $100¢. 


The payments in Example (5.4.2) form an arithmetic progression. This is 
also true in the next example. 
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EXAMPLE 5.4.3 An amortized loan with payments in arithmetic pro- 
gression 


Problem: Beatrice takes out a $20,000 loan for ten years at a level annual 
effective interest rate of 5%. Her original payment is P and than her payments 
increase by $200 each year. Find P. 


Solution Here it is simpler to use Equation (3.9.4) for the present value of 
an arithmetic progression rather than relying on Equation (5.4.1). Observe 
that 


$20,000 = L = (Ip.g2004) 705% 


$200 —10 
= Patos% t 05 (amx 10(1.05) ) 


= (P + $4,000)azq5y, — $40,000(1.05)~*°. 


Since aT% = ee 
.05 [$20,000 + $40,000(1.05)~'°] 
P= ei $4,000 ~ $1,770.274498. 
1 — (1.05) 
So, P= $1,770.28. In fact, (1s1770.28,8200®) T05% y $20,000.04. E 


In our next example, the payments grow geometrically. 


EXAMPLE 5.4.4 An amortized loan and payments in geometric pro- 
gression 


Problem: Cedric also takes out a $20,000 loan for ten years at a level annual 
effective interest rate of 5%. His payments grow by 20% each year. Find the 
amount of his first payment. 


Solution Again (this time because we are skilled at summing geometric se- 
ries), it is advantageous to avoid use of Equation (5.4.1). Cedric’s payments 
are Pi, P> = Pi (1.2), P3 = P,(1.2)",..., Pio = P,(1.2)°. Using the 5% inter- 


4 : Py Py 2. Py 1.2 \2 Py 1.2 \9 
est rate, these have present values 77s, Tos (qos) tds (qos): o Tos (T05) 


Therefore, $20,000 = P + 7 (#2)+ Se (44+ + FR (HA). Recalling 


formula (3.2.2) for the sum of a geometric series, one finds 


(1.2.10 
$20,000 = Fa k (ras) ) 


105\ 1- 48 
Therefore, 
q= 22 
P, = $21,000 PATI æ $1,070.97. 
1- (795) 
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Except for the final payment, the payments again grow geometrically in 
the next example. 


EXAMPLE 5.4.5 Repaying a loan by paying four times the interest 
due at each payment time 


Problem: Daphne also takes out a $20,000 loan at a level annual effective 
interest rate of 5%. She makes annual payments that are four times the interest 
due until she can make a final end-of-year payment of no more than $2,500 
to pay off the loan. When does she make this final payment, and what is its 
amount? 


Solution [This time, Formula (5.4.1) takes a starring role in our solution.] 
Daphne’s payment at time t is P; = 4(.05B,_1) = .2B,_1. Therefore, Equation 
(5.4.1) yields B; = By_1(1.05) — P, = By_1(1.05) — .2B,_, = .85By,_1. Since 
Bo = $20,000, this forces Bı = (.85)($20,000), Bz = (.85)7($20,000), and, in 
general, By; = (.85)'~'($20,000). The balance just prior to the payment at 
time t is B;1(1.05) = (.85)’~ ($20,000) (1.05) = (.85)'~*($21,000). Since the 
final payment is to be at most $2,500, we want the smallest positive integer 
t so that (.85)'~'($21,000) < $2,500. The natural logarithm is an increasing 


ae ee ; 2,500) _ 
function so this inequality is equivalent to (t — 1)In(.85) < ln (3000) = 
In(3). Since In(.85) < 0, this latest inequality has the same solutions as 


(t- 1) > In(3)/In(.85). But 1 + [In(3)/In(.85)] ~ 14.095. The smallest 
integer t making our inequalities hold is therefore t = 15. The payment at 
t = 15 is (.85)' ($21,000) ~ $2,158.16. = 


5.5 YIELD RATE EXAMPLES AND REPLACEMENT OF CAPITAL 


We have already seen examples of yield rate problems with amortized loans 
in Section (3.10). We now focus on problems involving yield rates where a 
sinking fund is involved. A variant of the yield rate with reinvestment method 
[illustrated in Examples (3.10.2)—(3.10.4)] occurs if one reinvests only that 
amount needed so as to accumulate the initial investment amount. This is 
called reinvestment for replacement of capital and is demonstrated in the 
examples of this section. The last two of these [Examples (5.5.7) and (5.5.8)] 
involve amortized loans where the amount loaned out is recovered by the 
lender in a sinking fund account. 


EXAMPLE 5.5.1 Annual yield for an investor who replaces capital 


Problem: An investor makes a loan of $120,000 to be repaid by thirty end- 
of-year payments of $9,132. The investor replaces his capital (the $120,000) 
by making deposits, at the time of each payment, into a sinking fund account 
earning 5% annual effective interest. What is the investor’s annual yield rate, 
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assuming that this replacement of capital is accomplished using level sinking 
fund deposits? 


Solution 1 Since ae 000 & $1, 806.17221, the deposits to the sinking fund 
30/5 


are each taken to be for $1, 806.17. Observe that $1,806.17 83554, + $119,999.85 
so that the investor is fifteen cents shy of recovering the $120,000 he loaned 
out. (Had he deposited $1,806.18, it would accumulate $1,806.18s39)5%, ~ 
$120,000.51.) So, the investor has the following contributions of money. 


The investor pays $120,000 at time t = 0. 

The investor keeps $9,132 — $1,806.17 = $7,325.83 of each payment at 
t=1,2,...,30. 

The investor gets an additional $119,999.85 at t = 30 when he closes 
the sinking fund account. 


So, if 7 is the investor’s yield rate, a time 0 equation of value describing the 
investor’s experience on this transaction is 


$120,000 = $7,325.83agq, + $119,999.85(1 + i). 


Using a financial calculator, one finds 7 ~ 6.104856781%. [Had the sinking fund 
deposits been $1806.18 instead of $1,806.17, the equation of value $120,000 = 
$7,325.82a39}; + $120,000.51(1 + i)~° would lead to i ~ 6.104855277%.] 


Solution 2 Let i denote the investor’s yield rate, and suppose that the 
investor makes level deposits to the sinking fund account of amount X to 


accumulate exactly $120,000, the amount of capital expended. Then X = 
$120,000 


s30% ` 
The investor pays P at time t = 0. 
The investor keeps $9,132 — X = $9, 132 — A of each payment at 
t=1,2,...,30. 


The investor gets $120,000 (the sinking fund accumulation) at t = 30. 
A time t = 0 equation corresponding to this experience is 
$120,000 
$305% 


$120,000 = (saz ) agp, + $120,000(1 + i)~°°. 


This may be rewritten as 


x 120,000 \ /1- (1+7? 
$120,000 — $120,000(1 + i)? = (s9232 AN ) ( ey) ) 


53045% 


and therefore as 
$120,000 


$305% 


$120,000; = $9,132 — 
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Intuitively, this last equation is right. The investor’s net cash inflow each 
year, $9,132 — a , should be the product of his yield rate and his capital 


expenditure $120. 000. Then 


_ $120,000 
53045% 


= $9,132 — $120,000%. 


But we know (see Solution 1) that the sinking fund deposits are for an amount 
$1,806.17. Therefore, $9,132 — $120,000; = $1,806.17. It follows that i = 
$9,192-81,800.17 py ~ 6.1048583%. The discrepancy with the answer in Solution 1 
results from the fact that the investor did not replace fifteen cents of capital. 


In the second solution given in Example (5.5.1), we introduced an impor- 
tant intuitive method for finding the yield rate when there is replacement of 
capital and the returns are level throughout the investment period. 


INTUITIVE METHOD 5.5.2 

Suppose that an investor expends an amount of capital X at time 
0. Further suppose that the investor makes no further outlays of 
capital, that a level amount R is paid to the investor at the end of 
each of the following n years, and that from each of these payments 
the investor immediately deposits = into a savings account with 
an annual effective interest rate of j, thereby accumulating exactly 
X at time n. Then thie investor’s (annual) yield rate i satisfies the 
equation Xi = R — 


aap 


Intuitive Method (5.5.2) will be utilized in Examples (5.5.5), (5.5.7), and 
(5.5.8). However, we first consider an example that is similar to Example 
(5.5.1) and has a solution resembling Solution 1 of (5.5.1), but for which 
Intuitive Method (5.5.2) is inapplicable. 


EXAMPLE 5.5.3 Average annual yield for an investor who replaces 
capital 


Problem: An investor makes a loan of $120,000 to be repaid by end-of-year 
payments for thirty years. The payments at the end of each of the first ten 
years are $7,000, while the remaining payments are each $12,000. The investor 
replaces his capital (the $120,000) by making deposits into a sinking fund 
account earning 5% annual effective interest. What is the investor’s average 
annual yield rate over the thirty-year period assuming that this replacement 
of capital is accomplished using level sinking fund deposits? 
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Solution As in Solution 1 of Example (5.5.1), the annual deposits to the 
sinking fund are $1,806.17, and these will accumulate to $119,999.85. The 
investor therefore has the following contributions: 


The investor pays $120,000 at time t = 0. 
The investor keeps $7,000 — $1,806.17 = $5,193.83 at t =1,2,...,10. 
The investor keeps $12,000 — $1,806.17 = $10,193.83 at t = 11,12,...,30. 


The investor gets an additional $119,999.85 at ¢ = 30. 


So, if i is the investor’s yield rate, a time 0 equation of value describing the 
investor’s experience on this transaction is 


$120,000 = $5,193.83azq, + (1 +4) “°($10,193.83az9,) 


(5.5.4) 
+ $119,999.85(1 + 1)~°°, 


“Guess and check” solution It is not obvious whether the investor of 
this example has a higher or lower yield than the investor of Example (5.5.1). 
So, it is reasonable to begin our “guess and check” with an approximation 
to the yield found in Example (5.5.1), say 6.1%. If i = .061, then the right- 
hand side of Equation (5.5.4) is approximately $122,511.35. This is greater 
than the left-hand side $120,000, so we need a higher estimate of 7. Check 
that if ¢ = .062, the right-hand side of (5.5.4) is about $120,654.17, while 
a guess of .0625 produces approximately $119,740.47. Thus, the yield rate 
is between 6.2% and 6.25%, probably closer to 6.25%. Trying .06235 for i 
produces close to $120,013.55 and .06236 gives approximately $119,995.31. 
The yield is therefore sandwiched in between 6.235% and 6.236%. 


Solution by Newton’s Method As in the “guess and check method,” we 
need to begin with an initial guess of the yield. Set 7; = .061. Define 


1—(1+4+2)710 
f(x) = 120,000 — 5,193.83 (=) 
T 


1— (1+)? 
x 


— 10,193.83 ( ) (1 +x)! — 119,999.85(1 + 2) 72°. 
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Then Equation (5.5.4) is equivalent to f(i) = 0. Next note that 


(1001 +z)7") — (1— (1+ a™) 


z2 


f'(v) = — 5,193.83 ( 


— 10,193.83 (ae +2)~*!) mt Ss a™) a 


— 10,193.83 (: zU - a) (— 100 +2)" 


+ 3,599,995.5(1 + £) "". 


Careful calculation shows that 


; ; flia) 
t2 = t1 F) 062337747 


Further iterations would produce even better estimates of the yield rate i. 


Solution by BA II Plus calculator Cash Flow worksheet Open and 
clear the Cash Flow worksheet by pushing | CF | 2ND || CLR WORK |. Then 
key 


1l 2lololo| ol +/-I ENTER ||1 5l1l9l3]e]8 


w 
& 
Z 
ial 
5 
a 
= 


1| 0| ENTER || {J |} 1)/0]/1]/9 |) 3| ¢ |8| 3 | ENTER | J |119| ENTER 


ENTER | IRR || CPT |. 


This should result in the display reading “IRR = 6.235743029”. Note that 
the resulting estimate of the yield rate 7 ~ .06235743029 is consistent with our 
previous estimates and was obtained with much less work! 


The reason that Example (5.5.3) does not have a solution by the Intuitive 
Method (5.5.2) is that it would not give a level yield over the thirty-year 
period. In fact, there is one yield yı for the first ten years (namely, yı = 


e083 ~ .043281917) and a second yield yp for the next twenty (namely, 
yo = ee = .084948583) . m 


Example (5.5.1) is a replacement of capital example where the unknown 
is the yield rate, and Example (5.5.3) concerns replacement of capital where 
the unknown is an average yield rate. In the next two examples, the yield rate 
is given, but there are other unknowns to find. 
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EXAMPLE 5.5.5 Replacement of capital and unknown investment 
term 


Problem: Mr. Guillen pays $4,909.10 to purchase an n-year annuity with 
end-of-year payments of $456.73. His price will allow the replacement of the 
original investment in a sinking fund earning 3.5% annual effective interest 
and will produce an annual yield of 6%. Find n. 


Solution Let X denote the amount of the sinking fund deposits. Then the 
annual return on the $4,909.10 is $456.73 — X. Mr. Guillen’s annual yield rate 
was given to be 6%, so the Intuitive Method (5.5.3) gives rise to the equation 


(.06)$4,909.10 = $456.73 — X. 


[Another approach is to derive this equation by looking at Mr. Guillen’s in- 
vestment experience, thereby obtaining the time zero equation of value 


$4,909.10 = ($456.73 — X Jame% + $4,909.10(1.06)~” 


Then use the fact that amex = —4°9 to conclude that (.06)$4,909.10 = 
$456.73—X.] Solving for X, we find X ~ $162.184. Since X must be an integral 


number of cents, X = 162.18. Because Mr. Guillen accumulates $4,909.10 in 
his sinking fund account, $4,909.10 = X sq3.5% = $162.18s73.5%. This forces 
n ~ 20.99999161, so the integer n is 21. E 


Next we have an example where there are varying rates used to calculate 
the present value and also governing the accumulation in the sinking fund. 


EXAMPLE 5.5.6 Replacement of capital and varying rates 


Problem: A thirty-year annuity-immediate (with level end-of-year payments 
P) has a present value of $120,000 when calculated using an annual effective 
interest rate of 5% for the first ten years and an annual effective interest rate 
of 6% for the following twenty years. An investor buys this annuity at a price 
Q that over the entire thirty-year period yields 8% annually on the purchase 
price and further allows for the replacement of capital by making level deposits 
R to a sinking fund account that has an annual effective interest rate of 3% 
for the first ten years, followed by an annual effective interest rate of 4% for 
the next twenty years. Find P, Q, and R. 


Solution Note that $120,000 = Patsy + (1.05) ™ Pagggy,. Therefore, 


P= eee ~ $8,128.279652. 


atos% + (1.05) aze% 


Since P is an integral number of cents, P = $8,128.28. (This actually results 
in a present value of about $120,000.0051.) 
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The investor pays Q at time t = 0, keeps $8,128.28 — R at times t = 
1,2,...,30, and gets an additional $120,000 at t = 30. Since the investor’s 
yield is given to be 8%, we have the time zero equation of value 


Q = ($8,128.28 — R)azgg%, + Q(1.08) °°. 


—30 
Since azs% = roe, this tells us that 


.08Q = $8,128.28— R and R= $8,128.28 — .08Q. 


Recall that the investor buys the annuity at a price Q and replaces the 
capital by making level deposits R to a sinking fund account that has an 
annual effective interest rate of 3% for the first ten years, followed by an 
annual effective interest rate of 4% for the next twenty years. Therefore, 


Q = Rsu% t Rsqpjm%(1.04)”° 
= Ri sxpam% + sto% (1-04)”°] 
= ($8,128.28 — .08Q) [sapa% + sTo% (1-04)”°]. 


As a result, 


$8,128.28 | s304% + Samay (1-04)? 
Q= z 2 ~ $82,759.24017. 


1+.08 [sox + sTo% (1.04)”"] 


Since Q is an integral number of cents, 
Q = $82,759.24 and R = $8,128.28 — .08Q ~ $1,507.5408. 


Again, we need an integral number of cents, so R = $1,507.54. (With this 
rounding, the sinking fund balance is approximately $82,759.20 which is 4 
cents less than the purchase price Q.) | 


We now turn to the promised examples in which the lender of an amortized 
loan recovers his capital in a sinking fund account. 


EXAMPLE 5.5.7 Unknown yield; lender of an amortized loan 
replacing capital using a sinking fund account 


Problem: Mr. Ng takes out a thirty-year mortgage from Sunset Mortgage 
Corporation. The amount financed is $82,311.66, and the loan has a nominal 
interest rate of 6% convertible monthly. Sunset calculates its yield rate by 
assuming that it will replace the $82,311.66 in a sinking fund earning a nominal 
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interest rate of 4.8% convertible monthly. What effective annual yield does 
Sunset calculate? 


Solution Mr. Ng’s monthly payment is $493.50 since 


$82,311.66 
2360].5% 


= $493.4999898 . 


Let y denote Sunset’s monthly yield rate. Then, the amount Sunset receives 
each month for unrestricted use is ($82,311.66)y, the product of the investment 
amount and the monthly yield rate. The balance of Mr. Ng’s $493.50 payment, 
$493.50 — ($82,311.66)y, is needed for investment into the sinking fund so 
that at the end of the thirty years, Sunset Mortgage Corporation will recoup 
exactly its $82,311.66 investment. Noting that the sinking fund has a monthly 
interest rate of 4.8% = .4%, the equation 


_ 493.50 1 
-82,311.66 5360].4% 


y = .004748852 


must be satisfied. So, the annual yield is 


(1+y)'? — 1 .058498442. 


EXAMPLE 5.5.8 Unknown yield; lender of an amortized loan 
replacing capital using a sinking fund account 


Problem: Sylvia took out a $30,000 amortized loan from Medical Corpora- 
tion. The annual effective interest rate on the loan is stated as 5%, and the 
duration of the loan is eight years. There were payments of $3,500 at the end 
of each of the first three years and higher level payments at the end of each of 
the next five years. Medical Corporation replaced its $30,000 capital by means 
of a sinking fund earning an annual effective interest rate of 4%. Each time 
Medical Corporation received a payment from Sylvia, it deposited the portion 
representing principal into the sinking fund. What was Medical Corporation’s 
annual yield on this eight-year transaction? 


Solution Let E denote the excess amount over $3,500 in each of the last 
five payments. Then, 


$30,000 = $3,500ag5y, + Eaz% (1.05)7°. 
Solving for E, we find 


p — 530,000 — $3,500a3)5% 


SBA ee $1,972.94784. 
a55% (1.05) 
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Since E is an integral number of cents, E = $1,972.95. [With the last five 
payments being $3,500 + $1,972.95, Sylvia pays off $30,000.01, and the annual 
effective interest rate on the loan was actually slightly above 5% (approxi- 
mately 5.000006073%).] 

Let i denote Medical Corporation’s annual effective yield. Then, using 
Intuitive Method (5.5.3), Medical Corporation contributed all but $30, 0002 
of each payment it received to the sinking fund. But the first three payments 
were for $3,500 and the next five were for $3,500 + $1,972.95. Thus, we can 
think of there having been level end-of-year sinking fund deposits of $3,500 — 
$30,0002 for eight years and additional end-of-year sinking fund deposits of 
$1,972.95 during the last five years. The sinking fund had an annual effective 
interest rate of 4%, so the sinking fund balance at the end of the eight years, 
immediately following the last of the deposits, was ($3,500 — $30,0002) s34% + 
$1,972.95s54%. It was already noted that Medical Corporation was making 
sinking fund deposits so that this balance would be $30,000. Therefore, 


$30,000 = ($3,500 — $30,000%) s344% + $1,972.95s5 4%. 


It follows that 
$30,000 — $1,972.95s 540% 


534% 


= $3,500 — $30,008, 


and 


1 30,000 — 1,972.95szy40, 
i= 3,5 54% \ | a 046796932. 
30,000 ir 


5.6 PROBLEMS, CHAPTER 5 
(5.0) Chapter 5 writing problems 


(1) For calendar year 2004, the Johnsons are eligible to claim a standard 
deduction of $9,700 on their income taxes. Alternatively, they may item- 
ize deductions. Their eligible deductions are $600 of charitable con- 
tributions, $6,643 of property taxes, and interest on their mortgage. 
Their mortgage is a standard fifteen-year amortized loan with a nominal 
monthly interest rate of 5.85%, and the amount financed was $216,000. 
The loan was initiated on April 1 of calendar-year N. Explain to the 
Johnsons how small N must be so that they would pay less income tax 
by taking the standard deduction. That is, explain to the Johnsons when 
the $9,700 standard deduction is lower than their total itemized deduc- 
tions? Note that the Johnsons are highly educated people who would 
appreciate a carefully written explanation of this tax issue. 
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(2) Call a local lending institution and learn what types of consumer loans 
they offer. Inquire whether they have any for which the borrower makes 
regular periodic payments of interest but does not have to repay any 
of the capital until the due date. For any such loans, find out how the 
lending institution protects itself against potential default on the part 
of the borrower. For instance, does the lender require a sinking fund 
account or securities held as collateral? Describe what you have learned. 


— 
w 
wn 


[following Section (5.5)] In previous chapters we have considered yield 
rates where reinvestment is stipulated. Now we have introduced yield 
rates when there is replacement of capital. How are these topics related? 


(5.2) Amortized loans and amortization schedules 


(1) Copy and complete the following amortization table. Be careful to note 
that there is no payment at t = 2. 


TIME PAYMENT INTEREST PRINCIPAL BALANCE 


(years since IN IN AFTER 
loan) PAYMENT PAYMENT PAYMENT 
0 — — — 
1 $8,000 $22,342 
3 $1,916.14 $9,908 
4 $0 


(2) Ellen has a thirty-year mortgage with level monthly payments. The 
amount of principal in her 82nd payment is $259.34, and the amount of 
principal in her 56th payment is $230.19. Find the amount of interest 
in her 133rd payment. 

(3) An amortized loan is repaid with annual payments which start at $400 
at the end of the first year and increase by $45 each year until a payment 
of $1,480 is made, after which they cease. If interest is 4% effective, find 
the amount of principal in the fourteenth payment. 

(4) A fifteen-year adjustable-rate mortgage of $117,134.80 is being repaid 
with monthly payments of $988.45 based upon a nominal interest rate 
of 6% convertible monthly. Immediately after the 60th payment, the 
interest rate is increased to a nominal interest rate of 7.5% convertible 
monthly. The monthly payments remain at $988.45, except for the final 
payment at the end of the fifteen years that pays the outstanding loan 
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balance. This last payment is called a balloon payment because it is 
significantly larger than the other payments. 


(a) Calculate the loan balance immediately after the 84th payment. 
(b) Calculate the amount of interest in the 84th payment. 
(c) Calculate the amount of the balloon payment. 


(5) Arlen buys a home for $328,000 and makes a down payment of $33,000. 
The balance he finances with a fifteen-year mortgage with monthly pay- 
ments and an annual effective interest rate of 5.8%. There will be level 
payments followed by a final slightly reduced payment. Calculate the 
amount of interest that Arlen pays in the first five years of the loan. 

(6) Let r and k denote positive integers, and set n = rk. An amortized 
loan lasting n interest periods has a payment of P at the end of each k 
interest periods. The effective interest rate per interest period is 7. 


(a) Explain why the outstanding loan balance at ea jk, just after 
the payment of P is equal to P=, j € {0,1,2,...,r} [HINT: 
Look at Section (4.2).] 


(b) Use the result of (a) to establish that the interest in the payment 
at time (j + 1)k is P(1 — u"~4*). 


(7) An amortized loan lasting n interest periods has a level payment of P 
at the end of each m-th of an interest period. The effective interest rate 
per interest period is 7. 

(a) Let k € {1,2,...,nm}. Define RI w Explain why 
the outstanding loan balance at time £ =, just after the payment P, 
is mPa y [HINT: You may find it helpful to look at Section 
(3.11).] 

(b) Use the result of (a) to show that the interest at time + is P(1— 
vm), k € {0,1,2,...,nm— 1}. 


(5.3) The sinking fund method 


(1) A $14,000 loan is to be repaid by the sinking fund method, with irregular 
payments into the sinking fund. The table below is a partially completed 
sinking fund table for this situation. Find the missing entries, noting that 
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there was no payment at the end of the 3rd year. 


TIME INTEREST SINKING INTEREST S.F. BAL. NET 
IN ON FUND ON AFTER BALANCE 
YEARS LOAN DEPOSIT S.F. DEPOSIT ON LOAN 
0 $0 $0 $0.00 $0 $14,000 
1 $889 $0.00 $5,200 
2 $3,000 $218.40 
4 $0 


(2) The borrower in a $238,000 loan makes interest payments at the end of 
each six months for eight years. These are computed using an annual 
effective discount rate of 6.5%. Each time he makes an interest payment, 
the borrower also makes a deposit into a sinking fund earning a nominal 
interest rate of 4.2% convertible monthly. The amount of each sinking 
fund deposit is D in the first three years and 2D in the remaining five 
years, and the sinking fund balance at the end of the eight years is equal 
to the loan amount. Find D. 

(3) Alan borrows $18,000 for eight years and agrees to make quarterly pay- 
ments of $770. Each of these payments consists of interest for the just 
completed quarter and a deposit to a sinking fund that has a nominal 
interest rate of 6% convertible quarterly. For the first six years, each 
year the lender receives 8% nominal interest convertible quarterly. For 
the remaining two years, the lender receives 12% nominal interest con- 
vertible quarterly. Find the amount by which the sinking fund is short 
of repaying the loan at the end of the eight years. 

(4) Cindy borrows $13,500 for twelve years at an annual effective interest 
rate of i. She accumulates the amount necessary to repay the loan by 
a sinking fund. Cindy makes a payment of P at the end of each of the 
twelve years of the loan period; each includes payment on the loan at 
an annual effective interest rate of i and payment into a sinking fund 
on which the annual effective interest rate is 4%. If the annual effective 
rate on the loan had been 2i instead of i, Cindy’s total annual payment 
would have been 1.2P. Find the amount P. 

(5) Bob and Barbara are friends. Bob takes out a $10,000 loan and agrees 
to repay it over twelve years by making annual level payments at an 
effective rate of 5.62499%. At the same time, Barbara takes out a $10,000 
loan and agrees to repay it by making annual interest payments at an 
annual effective interest rate of i. She also agrees to make annual level 
deposits into a sinking fund that earns 4% annual effective interest so as 
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to accumulate $10,000 at the end of the twelve years. Bob and Barbara 
discover they have the same total annual expenditures resulting from 
their loans. Find the rate 7. 


(5.4) Loans with other repayment patterns 


(1) 


A loan of $39,999.85 is to be repaid by payments at the end of each 
quarter for eight years. Each payment is 2% higher than its predecessor. 
The loan is made at a nominal rate of discount of 4% payable quarterly. 
Find the balance just after the 20th payment, the amount of interest 
in the twentieth payment, and the amount of principal in the twentieth 
payment. 

A loan of $12,500 is made at an effective interest rate of 8.5%. Payments 
are made at the end of each interest period. Each payment equals twice 
the interest due until the borrower pays off the outstanding debt with a 
final payment of, at most, $1,800. Find the number of payments n and 
the amount of the final payment. 

A loan is repaid with monthly payments that start at $320 at the end of 
the first month and increase by $5 each month until a payment of $950 
is made, after which they cease. If the annual effective interest rate is 
4%, find the amount of principal in the sixtieth payment. 

Eliza takes out a $36,000 loan at an annual effective interest rate of 
6%. It is agreed that at the end of each of the first six years she will 
pay $1,800 in principal, along with the interest due, and that at the 
end of each of the next eight years she will make level payments of 
$2,500. Eliza will make one final payment at the end of fifteen years to 
exactly complete her loan obligation. Calculate the amount of Eliza’s 
fifth payment, the amount of her tenth payment, and the amount of her 
fifteenth payment. 

Mr. Beltram takes out a $100,000 loan for twelve years. The applicable 
annual effective interest rate is a promotional rate of 2% for the first 
two years and 6% for the remainder of the loan term. Mr. Beltram’s 
payments increase by 10% each year. Find the balance on the loan im- 
mediately following his fifth payment. 

Marilyn Ho borrowed $24,000 from Stewart Financial Enterprises. She 
was required to make sixteen equal payments of principal. These were 
to be made annually with the first payment due exactly one year after 
she received the $24,000. Ms. Ho also had to make annual payments of 
interest to the loan holder at an annual effective rate of 8.5%. Immedi- 
ately after the loan is made, Brady Investment Corporation purchases 
the right to receive all of Ms. Ho’s payments from Stewart Financial En- 
terprises. The price paid by Brady Investment Corporation resulted in 
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Brady having a 7% annual yield on their sixteen-year investment. Find 
the price that Brady Investment Corporation paid Stewart Financial 
Enterprises. 


(5.5) Yield rate examples and replacement of capital 


(1) 


Admiral Trust Company makes an amortized loan of $47,000, to be re- 
paid by annual end-of-year payments of $4,675 for eighteen years. In 
order to replenish its capital, the company will make level annual pay- 
ments into a sinking fund account earning 5% interest. 


(a) If the sinking fund account is held by a third party, what is Admi- 
ral Trust Company’s yield rate assuming complete replacement of 
capital? 

(b) If the sinking fund account is held by Admiral Trust Company, 
what is its yield rate assuming complete replacement of capital? 


Gerry pays $W to buy a ten-year annuity with end-of-year payments of 
$1,400. This purchase price allows her to replace her capital by means 
of a savings account that has an annual effective interest rate of 3% 
and also to earn an overall annual yield of 6% for the ten years of the 
annuity. Find W. 

A bank makes a package of three loans to a small business. 


(a) $120,000 amortized monthly for ten years at a nominal discount 
rate of 6.8% convertible monthly. 

(b) $100,000 to be repaid by monthly sinking fund payments for ten 
years where interest is assessed at a rate of 5.4% nominal con- 
vertible monthly and the sinking fund earns 4% nominal interest 
convertible monthly. The bank receives the sinking fund deposits. 

(c) $200,000 to be repaid with interest at the end of ten years with an 
effective rate of discount of 8.2% throughout the ten years. 


Find the bank’s annual effective yield on each of these loans individually 
and on the package of loans over the ten-year period. 

A twenty-year loan of $25,000 is negotiated with the borrower agreeing 
to repay principal and interest at 5%. A level payment of $1,500 will 
apply during the first ten years, and a higher level payment will apply 
over the remaining ten years. Each time the lender receives a payment 
from the borrower, he will deposit the portion representing principal 
into a sinking fund with an annual effective interest rate of 4%. (This is 
the amount for replacement of capital.) What is the lender’s yield rate 
on this entire investment? 

Sheryl Tran pays $245 at the end of each month for ten years in order to 
repay a loan of $22,000. The lender makes level deposits to a sinking fund 
account that is held by a third party and that pays an annual effective 
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interest rate of 3% during the first four years and a nominal monthly 
discount rate of 4% thereafter. Find the difference between the annual 
effective interest rate charged to Ms. Tran and the lender’s annual yield. 
[BA II Plus calculator ] Signet Sign Company will repay a $240,000 loan 
from Small Business Bank by the sinking fund method with monthly pay- 
ments. The first payment will be one year after the loan is made and the last 
will be eight years after the loan date. So there will be a total of eighty-five 
payments, each consisting of interest and a sinking fund deposit. Interest 
will be repaid at a nominal interest rate of 4% convertible quarterly during 
the first five years of the loan and at a nominal interest rate of 5% convert- 
ible monthly during the remaining three years of the loan. Deposits to the 
sinking fund account (again at Small Business Bank) will earn a nominal in- 
terest rate of 3% convertible monthly throughout the eight years. Deposits 
to the sinking fund will be level except for a slightly reduced final deposit 
as necessary. Find the bank’s yield rate for this loan over the eight-year 
period. 


Chapter 5 review problems 


(1) 


Dustin borrows $100,000. Half of the loan is repaid by the amortization 
method at an annual effective interest rate of 6% with payments due 
at the end of each year for twelve years. The other half is to be repaid 
by the sinking fund method with interest on the loan balance assessed 
at an annual effective interest rate of 5% and the sinking fund earning 
an annual effective interest rate of 3%. The deposits to the sinking fund 
are to be made at the end of each year for twelve years and to increase 
by 4% each year. Find the total amount Dustin pays exactly five years 
after he takes out the $100,000 loan. 

A loan is being repaid by the amortization method with an installment 
at the end of each of 80 quarters at 6% annual effective interest, the first 
payment one quarter after the loan is made. In which payment are the 
principal and the interest most nearly equal to each other? 

A loan of $10,000 is negotiated, with the borrower agreeing to repay the 
principal over ten years as well as to make annual end-of-year payments 
of interest at 4% effective per annum. A $1,100 total payment will be 
due at the end of each year during the first five years, and a higher 
level end-of-year payment will be required during the second five years. 
The lender will replace his capital by means of a sinking fund earning 
5% per annum. Each time he receives a payment from the borrower, he 
will deposit that portion representing principal into the sinking fund. 
What will be the lender’s yield on the whole transaction, assuming all 
payments are made as scheduled? 
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A loan is to be repaid by monthly installments of $800 for thirty-six 
months, each paid at the end of the month. The interest contained in 
the twelfth payment is $2.81 less than the interest contained in the 
eleventh payment. Find the effective monthly rate of interest. 

A loan is to be repaid by monthly payments of $674 for five years, the 
first of the sixty payments occurring exactly one year after the loan is 
made. Find the total amount of interest at the times of the odd num- 
bered payments if the annual effective interest rate for the loan is 4.8%. 
[HINT: Be very careful when considering the interest at the time of the 
first payment, and note that this interest exceeds the amount of the pay- 
ment. An amortization table would therefore show a negative amount 
of principal paid at the first payment time.] 


A loan of $32,000 is to be repaid by the sinking fund method with annual 
payments. Interest on the loan is paid at a 6% annual effective rate of 
interest, and the sinking fund earns 4% annual effective interest. The 
total annual payments will be level at $3,300 until a final smaller annual 
payment suffices to pay off the loan. Find the amount of the final sinking 
fund deposit. 


An amortized loan of $75,000 has annual payments for eighteen years, 
the first occurring exactly one year after the loan is made. The first four 
payments will be for only half as much as the remaining fourteen. The 
annual effective interest rate for the loan is 6%. Calculate the amount 
of principal repaid in the seventh payment. 


On February 1, 1973 Consolidated Physicians Alliance took out a loan 
for $1,375,000 from Captain Financial. The loan was amortized using an 
annual effective interest rate of 6% and had end-of-month payments for 
five years, the payment amounts being level except for a slightly reduced 
final payment. At the time of the loan, Captain Financial calculated its 
yield assuming that it will replace its capital via level deposits in a sink- 
ing fund (at a bank) earning a nominal rate of interest of 5% convertible 
monthly. What annual yield rate did Captain Financial anticipate? 


A loan is repaid with monthly payments for six years, the payments 
beginning exactly one year after the loan is made. The payments are 
each $100 during the first year, and each year there is a $10 increase in 
the monthly payments. If the interest rate on the loan is a nominal rate 
of 4.5% convertible monthly, find the amount of principal in the fortieth 
payment. 


Tirunesh takes out a thirty-year mortgage for $126,523 with the nominal 
interest rate convertible monthly set at 6.75%. The scheduled monthly 
payment amounts are level except for a slightly reduced final payment. 
After making payments on schedule for five years, Tirunesh decided to 
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increase his monthly payments by $300 in order to pay off the mortgage 
more quickly. Assuming these increased payments are made, calculate 
the amount of interest Tirunesh pays during the seventh year. 
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6.1 INTRODUCTION 


Investors seek a variety of low-risk growth opportunities. Among those con- 
sidered by an astute trader are bonds. A bond is a security, issued by a 
government entity or corporation, that promises certain payments at future 
dates. The last of these payments occurs at the maturity date or redemp- 
tion date for the bond, and the issue date is the time that the investor 
loans the bond issuer money by “purchasing the bond.” The term of the 
bond refers to either the interval from the issue date until the maturity date 
or the length of this interval. If the maturity date is fixed, the bond is said 
to be noncallable. The bonds we consider prior to Section (6.9) will all be 
noncallable. Callable bonds usually involve more risk considerations. 

If a bond promises only a single payment at a fixed maturity date, it 
corresponds to a simple loan that we were already prepared to deal with in 
Chapter 1. Such bonds are sometimes called zero-coupon bonds or (pure 
discount bonds. Examples of these include United States Treasury ri 


1 Technically, United States securities are classified by their terms. Bills have terms of 
one year or less, notes have terms of one to ten years, and bonds have terms of more than 
ten years. However, we will call all of these bonds. The available terms vary over time. For 
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The bonds that we wish to focus on are so-called coupon bonds. These 
promise a sequence of payments prior to and at the redemption date, as well 
as an additional redemption payment. The redemption payment is usually the 
largest payment. It is common for the preredemption payments to be level and 
regularly spaced, the length of the interval between coupon payments being 
referred to as the coupon period, and unless otherwise stated, we restrict 
ourselves to these bonds. Quite commonly the coupon period is half-a-year, 
so there are semiannual coupons. 


The indenture is the legal document that specifies the terms and condi- 
tions of a particular bond. 


Language and notation commonly used when discussing bonds are intro- 
duced in Section (6.2). We may then use basic principles to find an equation, 
the so-called basic price formula, for the price of a bond to yield the investor 
a specified yield. Further pricing formulas are discussed in Sections (6.3) and 
(6.4). The premium-discount formula is particularly useful if you want to cre- 
ate bond amortization schedules; this is a special case of loan amortization 
(which was introduced in Chapter 5) and is the subject of Section (6.5). 


In bond amortization, the relevant interest rate is the yield rate that the 
bond purchaser would achieve if he held the bond until maturity, and valuing 
a bond at this interest rate is discussed in Section (6.6); more subtle is the 
question of what value you should assign between cashflow dates. Bonds are 
liquid investments and need not be held until their redemption date; any new 
buyer is likely to earn a different interest rate. In Section (6.7), we discuss 
the pricing or valuing of bonds at arbitrary interest rates. Again, this is more 
complicated at dates when there is no cashflow, and several different types of 
prices are discussed. 


Bonds present new and interesting situations in which you may wish to 
calculate yields. Examples of these are discussed in Section (6.8). 


Bonds with novel features are introduced in Sections (6.9) and (6.10). In 
particular, the bonds of Section (6.9) provide either the buyer or the seller 
with a choice as to when the bond is redeemed, while the bonds of Section 
(6.10) provide cashflows that are tied to prevailing interest rates at the time 
of the cashflow. 

The chapter’s final section [Section (6.11)] is just for users of the BA II Plus 
calculator. Here is a chance for you to become familiar with the calculator’s Bond 
worksheet. 

Further discussion of issues concerning the yields of government and cor- 
porate bonds continue in Section (10.7). 


instance, the Treasury did not issue any thirty year bonds between August 9, 2001 and 
February 9, 2006. 
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6.2 BOND ALPHABET SOUP AND THE BASIC PRICE FORMULA 


The title of this section is a bit in jest. To study bonds with coupons, it is 
customary to introduce a large number of letters, each referring to a different 
quantity connected to a given coupon bond. With a little practice the termi- 
nology is easy, but at first the experience may be reminiscent of looking at a 
bowl of alphabet soup with randomly floating letters. 

Printed on a bond is its face (or par) value F. In general, this need not 
be either the price the investor pays for the bond nor the redemption value 
of the bond at maturity. Rather, it is a number used to calculate the size of 
the coupon payments. The calculation of these coupon amounts also depends 
on a nominal rate a convertible m times per year where m is the number 
of coupons each year. Set r = *. Then r is an effective rate for the coupon 
period. Both the nominal rate a and the effective rate r are sometimes called 
coupon rates. 


The amount of each coupon payment is Fr = fo. F the face 
amount and a the nominal coupon rate. 


Let n denote the number of coupon periods in the term of the bond. If 
the bond is an N-year bond, n = Nm. The redemption amount is the 
amount that the bond holder receives at the bond’s maturity date, excluding 
the regular coupon amount. The redemption amount at the end of n coupon 
periods is denoted by C. A synonym for face value is par, and if F = C, the 
bond is said to be a par-value bond or to be redeemable at par. If no 
redemption is specified, either directly or indirectly, then you should assume a 
bond is a par-value bond. 

The redemption amount C is of importance to the bond participants, so 
the coupon amount might better be expressed in terms of it. Solely with this 
goal in mind, the modified coupon rate g is defined by 


Fr 
(6.2.1) I= 
The coupon amount is then Fr = Cg. 

The rates r and g are only of interest to the investor as a tool to calculate 
the coupon payment. In contrast, the investor may be deeply interested in the 
yield rate. We customarily reserve the letter i for an annual effective yield rate. 
So, we will use the letter j for the investor’s effective yield rate per coupon 
period. Of course 


i=(14+9)"-1. 


Usually, the yield rate is specified as a nominal rate J convertible m times per 
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year. That is, 
I I m 
Je and i=(1+2) —1. 


m m 


The letter G is introduced to allow us to express the coupon amount in 
terms of the yield rate per coupon period j. Define G = Er and call G the 
base amount. Then, the amount of each coupon payment is Fr = Cg = Gj. 
The base amount is the amount you would need to invest now, at interest 
rate j, to create a perpetuity paying an amount of interest at the end of each 
coupon period that is equal to the coupon amount. 

Finally, in our introduction of letters related to the bond, we let P denote 
the price paid for the bond to yield the investor j per interest period, vj = 
(1+ hae and we set K = Cv;”, the value of the redemption at the issue date 
figured using compound interest and the yield rate received by the investor. 
Then, measuring time in coupon periods beginning at the issue date, the 
purchaser pays P at t = 0 and gets Fr at times t = 1,2,...,n as well as the 
redemption value C at time n. So the yield j satisfies the time 0 equation of 
value 


P = (Fr)amj + Cv,” 


(0a = (Fr)am; + K. 


Equation (6.2.2) is called the basic price formula for a bond. 

We next consider three basic examples that should help you become famil- 
iar with our terminology, along with a table of the variables we have introduced 
in this section. 


EXAMPLE 6.2.3 Finding a bond’s base amount and the price 


Problem: An eight-year $3,000 10% bond with semiannual coupons and 
redemption value $2,800 is bought at a price to give the investor an annual 
effective yield rate of 12%. Find the base amount and the price of the bond. 


Solution For the given bond, you have face value F = $3,000, nominal 
coupon rate a = 10%, coupons per year m = 2, total number of coupons 
n = 2 x 8 = 16, coupon rate per coupon period r = 1h = 5%, redemption 
amount C = $2,800, and annual effective yield rate i = 12%. Therefore, the 
effective yield rate per coupon period is 


j=(1+i)? -1 
& .058300524. 
It follows that the coupon amount is 


Fr = $3,000(.05) = $150, 


Section 6.2 


and the base amount is 


The basic price formula gives 
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$150 
j 


~ $2,572.88. 


P = ($150)azq; + $2,800v;1° 


= $2,664.61. 
E 

TYPE LETTER MEANING 
extent N number of years in the bond term 
frequency m number of coupons per year 
extent n number of coupons, n = Nm 

nominal coupon rate, annual coupons total 
Coupon rate Qa Fa 
Cedpomnuts 7 coupon rate per coupon period, amount of 

each coupon is Fr 

modified coupon rate, coupon amount is 
Coupon rate g C 

s T yield bI 

nominal yield rate convertible m times per 
Yield rate I A E 

year 
Yield rate j effective yield rate for the coupon period 
Yield rate a annual effective yield rate 
Dollar amount F face (or par) value, coupon amount is Fr 
Dollar amount C redemption amount 
Dollar amount G base amount, coupon amount is Gj 
Dollar amount P price at issue 
Dollar amount K present value of the redemption amount 


TABLE (6.2.4) Bond variables 
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EXAMPLE 6.2.5 Finding a bond’s yield rate 


Problem: A twelve-year $2,000 8% par-value bond with quarterly coupons 
is bought for $2,200. Find the effective yield rate per coupon period j, the 
annual effective yield i, and the nominal yield rate I convertible quarterly. 


Solution We are given that N = 12 and m = 4. Therefore, there are n = 
4 x 12 = 48 coupons. These are paid at the end of each quarter. The bond 
has a face value of $2,000 and 


= — = — >= 2 
pae Z %, 
so each coupon payment is for $2,000 x .02 = $40. Since the bond is purchased 
for $2,200 and redeemed for the face value $2,000, the effective quarterly yield 
rate j satisfies 
$2,200 = $40azq, + $2,000(1 + j). 


It follows (use the TVM worksheet if you have a BA II Plus calculator,) that 
j = 1.693949325%. Then i = (1+ j) — 1 © 6.949917684%. The nominal rate 
I convertible m = 4 times per year is 47 © 6.7757973%. (Since m > 1, I <i.) 

a 


EXAMPLE 6.2.6 Finding a bond’s redemption amount 


Problem: A nine-year $5,000 7% bond with semiannual coupons is purchased 
for $4,986. This price allows the purchaser an annual effective yield of 6%. 
Calculate the redemption amount. 


Solution The coupon amount is $5,000x -97 = $175, and there are 9x2 = 18 


coupons. These are paid at the end of each half-year, and the effective yield 
1 
per half-year is 7 = (1.06)? — 1. The basic price formula therefore gives 


$4,986 = $1754 , +.C(1.06)~°. 


TB](1.06) 2 — 


It follows that the redemption amount C satisfies 


C = ($4,986 — $175a )(1.06)° ~ $4,342.330857. 


T8](1.06) 2 —1 


The redemption amount must be an integral number of cents, so it is $4,342.33. 
We note that this rounding causes the actual annual yield rate to be about 
5.9999984%. 


TVM solution Make sure your calculator is in END mode with P/Y = C/Y = 
1. You may find the redemption amount C by keying 


1/8||N]1]/e oe} “x}]— | 1] = xli olol =|] IY 


49i 8| 6| +/- I PV] 175| PMT) CPT] FV}. E 
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We have seen that determining the price of a bond at a given yield rate 
amounts to finding the net present value of the payments the bond entitles 
the holder to receive. This may be done for bonds, or packages of bonds, and 
these may have nonlevel payments or level payments. 

We end the section with two more examples. In each of them, there is a 
new complication to address. 


EXAMPLE 6.2.7 


Problem: A twenty-year $1,000 bond with semiannual coupons is redeemable 
at par and has a nominal coupon rate of 8% for the first five years, 9% for the 
next five years, and 10% for the final ten years. Amy Astacio purchases the 
bond so as to receive a nominal yield of 9.2%. How much does she pay? 


Solution The bond has 20x 2 = 40 coupons. The first 5x 2 = 10 of these are 
for $1,000 (3) = $40, the next 5 x 2 = 10 of these are for $1,000 (2) = $45, 
and the remaining 10 x 2 = 20 of these are for $1,000 (+2) = $50. Since Amy 


purchased the bond to receive a yield of 9.2% = 4.6% per coupon period, and 
the bond is redeemable for $1,000, we have 


P = $50aq5 4.6% — $5435 4.6% — 8547p 4.6% + $1,000(1.046)~*° 
~ $968.7178505 ~ $968.72. 


a 
EXAMPLE 6.2.8 Inflation 


Problem: Sydney and Sons Tool Corporation has structured its bond offering 
to appeal to the inflation conscious investor. This is done projecting an annual 
rate of inflation of 2.5%. An eight-year $1,000 face value bond with annual 
coupons has a redemption amount equal to $1,218.40 ~ $1,000(1.025)*, an 
initial coupon of $80, and coupons that increase by 2.5% annually. How much 
should an investor who wishes to earn a noninflation-adjusted rate of 8% be 
willing to pay for the bond? If the actual rate of inflation is 2%, what is the 
investor’s inflation-adjusted yield? 


Solution The price to yield the investor 8% is equal to the sum of the 
geometric series 


80(1.08)~+ + $80(1.025) (1.08)? + $80(1.025)?(1.08)~* 
+ +++ + $80(1.025)"(1.08)~° 


fı- (4:025)? te (2.025) 
= a: = 1.08 = 1.08 x $497. 4 
$80(1.08) (e) $80 (is — 1.025 $497.0688374, 


and the present value $1,218.40(1.08)~* ~ $658.2636089 of the redemption 
payment. So, the price should be about $1,155.33. In fact, each of the coupons 
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must be an integral number of cents and consequently the geometric series 
{$80(1.025)"}#=7 is replaced by 
{.01|$8,000(1.025)* | }£=7 
= {$80, $82, $84.05, $86.15, $88.31, $90.51, $92.78, $95.09}. 


Direct computation, perhaps using the Cash Flow worksheet and | NPV |, 


shows that the net present value of the just given sequence (the one defined 
using the floor function [see Section (1.5)]) is approximately $497.0696412. 
Adding in the present value of the redemption amount, $1,218.40(1.08)~° 
you obtain that the price is about $1,155.33325. Thus, the price is $1,155.33. 
It is worth noting that Sydney and Sons Tool Corporation is figuring that 
a nominal annual interest rate of 8% results in an inflation-adjusted interest 
rate of -28—025 [see Equation (1.15.3)]. At this yield rate, a $1,000 eight-year 


1.025 

bond redeemable at par and having level coupons of $78.05 ~ a will have 
a price of $1,155.34. (If you do not round a. to the nearest cent, you get 
$1,155.33.) 


If the actual rate of inflation is 2%, then the real values of the coupons 
increase by a factor of 1:025 each year. Therefore, if we denote the investor’s 
inflation-adjusted yield rate by y, then the price $1,155.34 is equal to 


C E O E oH 


roo deyt S 1- (ma -( $1,218.40 ) 
(1.02)5 W702) +9) | 1 2 "(T028 04y) J ° 


(1.02) (144) 


But we calculated the price $1,155.33 by summing two terms that were 
identical to these except for the fact that the prods (1.02) ( 1+y) was replaced 
by 1.08. Therefore, (1.02)(1+ y) ~ 1.08 and y = 198 _1= = i = 5.8823529%. 
By Equation (1.15.3), the yield rate y is just the inflation-adjusted interest 
rate corresponding to a stated interest rate of 8% and an inflation rate of 2%. 
More generally, you may calculate the inflation-adjusted yield for any bond 


using Equation (1.15.3). E 


6.3 THE PREMIUM-DISCOUNT FORMULA 


The basic price formula (6.2.2) contains the expression amj and also the ex- 
pression vj”. But, as in Equation (3.2.4), 


nm 
ees 


Equivalently 
(6.3.1) vj” =1- jami- 
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Using (6.3.1) along with the basic price formula (6.2.2) and the fact that 
Fr = Cg, we have 


R= (Fr)amj + Cu;” = (Cg)amj + C(1 = jamg). 


Therefore, 


(6.3.2) P=C(g—j)amj + C. 


Equation (6.3.2) is known as the premium-discount pricing formula for a 
bond. It will be very useful in Section (6.5) when we consider bond amortiza- 
tion. 

A bond is said to sell at a premium if the price P is greater than the 
redemption value C. The difference P — C' is called the premium or amount 
of premium for the bond. From Equation (6.3.2), we see that a bond sells at 
a premium if and only if g > j, and if that occurs, the premium is C (g— j )amyj- 


(6.3.3) premium = P — C = C (g — j)anj. 


When the yield rate is less than the modified coupon rate (j < g), the coupons 
Cg overpay interest (figured at rate j) on the redemption amount C. To make- 
up for this, you buy the bond at a premium. 

When a bond’s price P is less than the redemption amount C, we say 
the bond sells at a discount. The difference C — P is called the discount 
or amount of discount on the bond. By Equation (6.3.2), the bond sells 
at a discount when g < j, and in this case, the amount of the discount is 


C(j — g)anyj- 


(6.3.4) discount = C — P = C (j — g)amj- 


If the yield rate is higher than the modified coupon rate (j > g), the 
coupons Cg underpay interest (figured at rate j) on the redemption amount 
C. To compensate for this, you buy this bond at a discount. 


EXAMPLE 6.3.5 Determining the amount of a bond’s premium or 
discount 


Problem: A bond with a face value of $6,000 and an annual coupon rate of 
12% convertible semiannually will mature in ten years for its face value. If 
the bond is priced using a nominal yield rate of 6% convertible semiannually, 
what is the amount of premium or discount in this bond? 


Solution Note that m = 2, n = 10 x 2 = 20, C = F = $6,000 and g = r = 


LA = .06. Moreover, j = 6% = .03. Since 7 < g, the bond sells at a premium 
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and by (6.3.3), the premium is C(g — j)amj = $6,000(.06 — .03)agq3y% = 
$2,677.95. We note that you could alternatively find the solution by calculating 
the price P by the basic price formula (6.2.2) (or TVM worksheet) and then 
subtracting the redemption amount of $6,000. a 


EXAMPLE 6.3.6 Finding a bond’s price when the discount is known 


Problem: A 75-year 14% bond with a face value of $2,500 has semiannual 
coupons and is sold to yield 7.2% convertible semiannually. The discount on 
the bond is $283.12. Find the price of the bond. 


Solution Observe that F = $2,500, a = 14%, and m = 2. Each end-of- 


half-year coupon thus pays $2,500 x 44 = $175, and the bond’s term is for 


T4 x2 = 15 coupon periods. Since I = 7.2%, the yield rate per coupon period is 
j= 12% = 3.6%. The discount is $283.12, so [by (6.3.4)] P = C—$283.12. The 
basic price formula now gives C — $283.12 = P = $175aq5 6% + C (1.036) "”. 


It follows that cll — (1.036)~"°) = $1 754755 6%, + $283.12, and 


_ $175a75 3.6%, + $283.12 
z 1 — (1.036)-15 


= $5,548.807226. 


But C is an actual payment amount. Therefore, C = $5,548.81 and P = 
C — $283.12 = $5,265.69. Note that this problem concerned a bond sold at 
a discount, but we utilized the basic price formula rather than the premium- 
discount formula. | 


6.4 OTHER PRICING FORMULAS FOR BONDS 


The formulas of this section follow easily from the basic price formula (6.2.2) 
and the relationship 


1 — v;” 
(6.4.1) amj = at 


Equality (6.4.1) is just Equation (3.2.4) except that here our effective interest 
rate per payment period is called j rather than i. Combining the basic price 
formula with Equation (6.4.1), we have 


1—v;” A 
(6.4.2) P= Fr{ a ) + Cu;”. 


If we substitute the alternate expression Gj for the coupon amount Fr, sim- 
plification occurs since we then have j in the numerator as well as in the 
denominator. In fact, we obtain the base amount formula 


(bee) P=G— Guj” + Cu” = (C — G)uj” +G. 
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Note that G is the investment needed at interest rate 7 to produce payments 
of Cg forever, and G'v;” is the present value of a deferred perpetuity paying 
Cg forever, the payments beginning at time n—1. So, the difference G — Guj” 
is the present value of the n coupon payments. 

If we substitute the product Cg for Fr in Equation (6.4.2), we find 


1-0," 
p=Ca( a ) + Cuj" = ECU = vy") + Cuy", 


Recalling the notation K = Cv,” and applying the distributive law, we have 
Makeham’s formula 


(6.4.4) P= A - K)+K. 


Formula (6.4.4) is named for the nineteenth century British actuary William 
Matthew Makeham, and is useful when the present value K of the redemption 
amount is known but the number of coupons n has not been given. 


EXAMPLE 6.4.5 Using Makeham’s formula 


Problem: A $2,000 bond with coupon rate of 10% payable quarterly is re- 
deemable after an unspecified number of periods for $2,250. The bond is 
bought to yield 8% convertible quarterly. If the present value of the redemp- 
tion is $869.71, find the purchase price. 


Solution We are given F = $2,000, m = 4, a = 10%, C = $2,250, j = 
8% = .02, and K = $869.71. Then r = 2 = 10% = .025, the coupon amount 
is Fr = $2,000 x .025 = $50, and g = Ho = $- So, Makeham’s formula 
gives us 

1/45 


P 
.02 


($2,250 — $869.71) + $869.71 ~ $2,403.37. 
We note that we could have also found the price P by first calculating n 
and then using the basic price formula (6.6.2). Since K = C'v,", 


C yn In (&) 


Since n is the number of coupons paid, it must be the integer 48. Then P = 
$50azqgpy, + $869.71 ~ $2,403.37. With our readily available calculators with 
logarithms, the advantage of using Makeham’s formula has diminished. MH 
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EXAMPLE 6.4.6 Using the base amount formula 


Problem: An eight-year bond has annual coupons and a redemption value 
of $2,338. It is purchased to yield 9% and each coupon is for $63. Use the base 
amount formula to calculate the price of the bond. 


Solution Since there are annual coupons, n = 8 and j = i = 9%. Therefore, 


the base amount G equals s63 = $700, and the base amount formula gives 


P = ($2,338 — $700) (1.09)78 + $700 ~ $1,522.056966. 
The price is $1,522.06. E 


6.5 BOND AMORTIZATION SCHEDULES 


A bond is a certificate of indebtedness that promises the holder a certain 
sequence of payments, namely the coupon payments and the redemption pay- 
ment. These payments consist of interest and principal, so we have an oppor- 
tunity to make an amortization table as in Section (5.2). The time elapsed 
between successive payments is one coupon period, and the applicable interest 
rate for each interest period is j, the investor’s effective yield rate per coupon 
period. 

Prior to making any amortization tables, we introduce some standard 
notation and develop some formulas for the quantities introduced. First, set 


B, = the balance of the debt at time t, immediately after any 


time t coupon payment (but before any redemption payment), 


where 


the balance of debt B+ is calculated using the investor’s yield rate j. 


Measuring in coupon periods, 


(6.5.1) Bo=P and B,=C. 


The balance of debt B, is commonly called the book value of the bond at 
time t. The book values Bo, B1, Bo,..., Bn are the values kept on the books, 
and they give a smooth transition from the purchase price P = Bo to the 
redemption amount C = B,. The book values do not take into account 
market forces, and B, is therefore usually not equal to the price for which 
you could sell the bond at time t. 

We denote the interest due at the time of the t-th coupon by I+. That 
is 


(6.5.2) k= jBi1, t=1,2,...,n. 
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The amount J; may be important for tax calculations. 


The amount for adjustment of principal P, in the t-th coupon is 
defined by 


(6.5.3) P; = By_-1 — Bi, $S 1323202573 


Note that should T; exceed the amount of the coupon payment at time t, then 
B; > Bı (since there is additional debt caused by being behind in your 
interest payments), and P, is negative. We have already observed that this 
occurs whenever the bond is bought at a discount, that is when Bo < Bry. 
(The book values smoothly transition between P = Bo and C = B,,. So, if 
P < C, they form an increasing sequence and the P, are negative.) 

If t € {0,1,2,...,n}, the basic price formula or the premium-discount 
formula may be used to find B. The reason for this is that at time t, right 
after the t-th coupon has been paid, what remains of the bond is a bond with 
level coupons Cg at the end of each coupon period for (n — t) coupon periods 
and the redemption amount C paid (n — t) periods in the future. So, if the 
investor’s yield on the bond each interest period is j, we have the basic price 
formula 


(6.5.4) Bı = Fraga + Co ™, PaO ig N, 
and the premium-discount formula 
(6.5.5) B, = C(g - jjanzm +C, t=0,1,2,...,n. 
Replacing t by t — 1 in Equation (6.5.5), we find 

Biri = C(g — jjam +C, «t= 1,2,...,.n 41. 


k 
Therefore, recalling (6.5.5) as well as ap; = =, we have 


I, = jB =j [Clg - Horry + C| 


(6.5.6) =j low j) (=) | c| 
= C(g— j)(1 — v” t!) + Cj 
= Cg — C(g — jjo T. 
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Equation (6.5.5) also gives rise to an important expression for the adjustment 
to principal P,. 


(6.5.7) 


(To obtain the last equality of (6.5.7), we have used the series expression for 
the annuity symbols a;—74); and apma; [see Equation (3.2.4)]. 
It is immediate from equations (6.5.6) and (6.5.7) that 


(6.5.8) I; +P, = Cg. 


Since the coupon amount is Cg, this states that the coupon is split into 
payment of interest due and repayment of principal. 


Since the redemption amount C is positive as is the discount factor vj, it 
follows from Equation (6.5.7) that P, has the same sign as the difference g— j. 
But, as we noted in Section (6.3), g — j is positive when the bond sells at a 
premium, and g — j is negative if the bond is sold at a discount. Therefore, 


e If a bond sells at a premium, the amount P, for adjustment of principal 
in the t-th coupon is positive. In this case, a part of each coupon should 
compensate the investor for the premium paid, and the remainder should 
be viewed as interest. 

e If a bond sells at a discount, the amount P, for adjustment of principal 
in the t-th coupon is negative. In this case, the coupon is not sufficient to 
pay all the interest due and the balance must be borrowed; the outstanding 
loan balance thus increases. 

e If the price of a bond equals the redemption value, P, = 0. 


When the bond sells for a premium, the amount for adjustment of princi- 
pal is usually referred to as the amount for amortization of premium in 
the t-th coupon. The balances of debt {B;} form a decreasing sequence and 
the process of finding the intermediate balances of debt (book values) is called 
writing down the bond. Since 0 < v; < 1, the amounts for amortization of 
principal {P,} form an increasing sequence writing down the book values, and 
we have the following picture. 
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value 


—e— Book values 


Sane straight line 


time 
FIGURE (6.5.9) Balances of debt for a bond sold at a premium 


If we connect the book values in a natural manner, the resulting graph is 
concave down. A straight-line approach would underestimate the book values. 
The picture looks rather different for a bond sold at a discount. In this case 
the amount for adjustment of principal is negative. One refers to its negative 
—P, = C(j —g)v;"~**! as the amount for accumulation of discount. 


When g > j, —P; = the amount for accumulation of discount in 
the t-th coupon. 


The sequence of amounts for accumulation of discount form an increasing 
sequence {—P;}. The balances of debt {B,} form an increasing sequence, and 
the process of finding the intermediate balances of debt is called writing up 
the bond. The graph of balances of debt over time (book values) appears as 
follows. 


value 


—— Book Values 


OPB | rr tttt straight line 


time 


FIGURE (6.5.10) Balances of debt for a bond sold at a discount 


This time a graph obtained by connecting our points in a natural manner is 
concave up. A straight-line approach would overestimate the book values. 
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Before moving on to several examples illustrating how the just-derived 
formulas might be used, we note that Equation (6.5.1) and Equations (6.5.5)— 
(6.5.7) may be brought together in the following amortization table. 


TIME COUPON L P, Bi 
(in coupon PMT (by (6.5.6)) (by (6.5.7)) (by (6.5.5)) 

periods) 
0 = = = P=C(g-j)amj+C 
1 Cg = CgCl(g—j)vj”  C(g-ijv;”  C(g-ijan=zn;+C 
2 Cg = Cg-C(g-j)ur* — C(g-s)uf* C$ (g-f)ag=g tC 
k Cg Cg-C(g-j)up—*** C(g-juR*** C(g-j)azapytC 
n Cg Co-C(9-9)v; C(g-J) 05 C 


FIGURE (6.5.11) Amortization table for a bond with level coup- 
ons 


Built into this table, and easily derived from Equations (6.5.2), (6.5.3), 
and (6.5.8) is the useful recursion formula 


(6.5.12) Bı = (1 + j)Bi—1 — Cg. 


Equation (6.5.12) may also be justified by noting that without any coupon 
payment at time t, during the t-th coupon period the balance of debt would 
rise to (1+4)B:—1. However, the coupon payment Cg reduces this new balance 
of debt by the amount of the coupon payment. This verbal explanation of 
Equation (6.5.12) might be said to be by the retrospective method. 

Note that any entry in a bond amortization table can be obtained by 
using formulas. You do not need to make the whole table if you need only a 
few entries. We illustrate this in Examples (6.5.13)—(6.5.16). The first three 
of these examples concern the split into interest and principal while the last 
focuses on balances of debt. 


EXAMPLE 6.5.13 Interest — Principal allocation 


Problem: A six-year $1,800 8.5% bond with semiannual coupons is bought 
for $1,918 and is redeemable for $1,860. Find the amount for amortization of 
premium at the end of two-and-a-half years and the interest due at that time. 
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Solution 1 The fifth coupon is payable at the end of two-and-a-half years, so 
the desired amortization of premium is P;. Note that F = $1,800, a = 8.5%, 
m = 2, Fr = $1,800 x % = $76.50, and n = 6 x 2 = 12. Therefore, 
the basic price formula gives $1,918 = $76.50aqq); + $1,860v;—'*, and this is 
satisfied by j ~ .03784779646. Moreover, C = $1,860 and g = nO N 
.041129032. Consequently, P; = C(g — j)vj"~°*! ~ $1,860(.041129032 — 
.03784779646) (1.03784779646)° = $4.533995075 ~ $4.53. The interest due 
at the end of two-and-a-half years is $76.50 — $4.53 = $71.97. 


Solution 2 Again note the “alphabet soup” as in solution 1, but there is 
no need to calculate g. The basic price formula gives By = $76.50aq3=4); + 
$1,860v;'2-4 ~ $1,901.46. Then I; = j By © 71.96600492 ~ 71.97, and P; ~ 
$76.50 — $71.97 = $4.53. 


BA II Plus Solution The nominal yield rate convertible semiannually of the 
bond may be found using the TVM worksheet in END Mode with P/Y = C/Y = 1. 
Key 


1]/2))N]1\/9]1{8|/+/-|/PV]]7|6]/-|/5] PMT 


1|/8|/6|/o|/FVv] cpr |/1/y |. 


This should result in “I/Y = 3.784779646” being displayed. Now, you have two 
good choices. One is to key | 8 || N || CPT || PV | to obtain B, on the display and 
as the new entry in the PV register. Then you may procede similarly to the way 
you did in solution 2, remembering that the yield rate is stored for you in the I/Y 
register as a percent. A more novel choice (with the entry of the N-register still 
12) is to use the amortization worksheet. Push 

2ND | AMORT || 5| ENTER || 4 |5 | ENTER || 1 || LJ. 


The amount of premium in the fifth payment is now shown. It is about $4.53. 
Depressing | 4 | yet again will result in the amount of interest, about $71.96, being 
displayed. | 


EXAMPLE 6.5.14 Amounts for amortization of premium 


Problem: A twelve-year bond with semiannual level coupons is bought at a 
premium to yield 7.5% convertible semiannually. If the amount for amortiza- 
tion of premium in the fourth to the last payment is $8.02, find the premium 
and the total amount for amortization of premium in the first three years. 


Solution Note that m = 2, n = 12 x 2 = 24, and j = 73% = .0375. 
We are given that Pj; = $8.02. On the other hand, by (6.5.3), we have P2; = 
C(g—j)uj24-21*1 = C(g—j)v;*. Therefore, $8.02 = C(g—j)v;*. The premium 
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for the bond is then 


C(g — jazz = (C(g — j)vj*) (1.0375) axq3. 75% 
4 


(C 
= $8.02(1.0375)"azz3.7s% © $145.38. 


By the premium-discount formula, the total amount for amortization of pre- 
mium in the first three years (first six coupon periods) is 


Bo — Be = 


[C J) Oza; +C] [(C(g jazze t C] 
= [C(g — #)vj4] (1.0375)4(azqs.75% — Tm .75%) 


= $8.02(1. 0375)" (azq)3.75% = QT83.75%) 
x~ $25.32. 


EXAMPLE 6.5.15 Amount for accumulation of discount 


Problem: A $10,000 par-value twenty-year 14% bond with annual coupons is 
bought for $9,562. Find the amount for accumulation of discount in the third 
coupon and the amount of interest for the third year. 


Solution 1 The amount of each annual coupon is $10,000x.14 = $1,400 and 
the redemption value is the face value $10,000. Since the bond was purchased 
for $9,562 and the bond has twenty annual coupons, $9,562 = $1,400azg; + 
$10,000v5° and j ~ 14.68768719%. The amount of accumulation of discount 
in the third coupon is 


—P3 = C(j — gus = $10,000(7 — .14)u;* ~ $5.835642 ~ $5.84. 


It follows that the amount of interest for the third year is $1,400 — P; = 
$1,400 + $5.84 = $1,405.84. 


Solution 2 The balance of debt at the end of two years is 
$1,400ax5=y, + $10,00005°* = $9,571.524938, 
and the interest in the third coupon is jB ~ $1,405.84. The amount for 


accumulation of discount in the third coupon is —P3; = —($1,400 — I3) ~ 
—($1,400 — $1,405.84) = $5.84. 
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BA IT Plus Solution The TVM worksheet and Amortization worksheet 
are ideal for this problem. Set your calculator in END Mode with P/Y=C/Y=1. Key 


2|/0]|N|/9] 5/6] 2\|+/-||/PV]|j/1]o]ojollo|FVv 


1|/4\/o| o| PMT | cpr] 1/y]. 


You may find the amount for accumulation of discount in the third coupon by 
pressing 


2ND || AMORT || 3 | ENTER | | | 3 | ENTER || 4 || || +/—|. 


It is about $5.83. Pushing | | | causes the amount of interest in the third coupon 
to be displayed, and it is about $1,405.84. a 


EXAMPLE 6.5.16 Book values and the price of a bond 


Problem: An n-year $1,000 par-value bond with 8% annual coupons has an 
annual effective yield of i, 1 +i > 0. The book value of the bond at the end 
of the third year is $990.92 and the book value of the bond at the end of the 
fifth year is $995.26. Find the price of the bond. 


Solution The bond has F = $1,000, m = 1, and r = a = 8%, so the 
amount of each annual coupon is $1,000(.08) = $80. In particular, the coupon 
amounts at t = 4 and t = 5 are each $80, so the book value at time 3 and the 
book value at time 5 are related by the time 5 equation of value 


Bs = B3(1+ i)? — $80(1 + i) — $80. 


[This time 5 equation of value is most easily justified by the retrospective 
method, but using Equation (6.5.12) for t = 5 and again for t = 4 will also 
work.] The problem includes the information that B5 = $995.26 and B3 = 
$990.92. Accordingly, 


990.92(1 + i)? — 80(1 + i) — 1,075.26 = 0. 
and 

1,075.26 — 990.92(1 + i)? + 80(1 + i) = 0. 
This equation is quadratic in (1+7) which is given to be positive, whence the 
quadratic formula yields 


80 + (80)? + 4(990.92) (1,075.26) 
2(990.92) 
Therefore i ~ .082835847 and, since the coupons at t = 1, t = 2, and t = 3 
are each $80, 
R= $8003); + B3v? = $8003); + $990.92u? ~ $985.58. 


Lps ~ 1.082835847. 
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We end this section by making two amortization tables. In Example 
(6.5.17) we see the writing down of a bond bought at a premium, and Example 
(6.5.18) illustrates the writing up a bond that was bought at a discount. 


EXAMPLE 6.5.17 Writing down 


Problem: An 8% par-value bond with face amount $100,000 and semiannual 
coupons matures after four years. Construct the amortization schedule over 
its term if the investor’s nominal yield rate is 6% convertible semiannually. 


Solution First note that F = C = $100,000,m = 2,a = 8%, and g =r = 
8% = 4%, so the coupon amount is $100,000 x .04 = $4,000. Also observe 
that since n = 4x 2 = 8 andj = 8% = 3%, the basic price formula gives 
Bo = P = $4,000a 5j% +$100,000(1.03)7*. From this formula we calculate that 
Bo ~ $107,019.6922, so the purchase price By = $107,019.69. We now form the 
amortization schedule, on each line calculating the interest due by multiplying 
the previous balance of debt by the semiannual interest rate .03, the principal 
by subtracting the interest due from the coupon amount $4,000, and the new 
balance of debt by subtracting the principal from the previous balance of debt. 
If we do not round in our calculations (so start with Bo ~ $107,019.6922) but 


report all monetary amounts to the nearest cent, we find: 


TIME COUPON l P; B 

(half PAYMENT 

years) 
0 — — — $107,019.69 
1 $4,000 $3,210.59 $789.41 $106,230.28 
2 $4,000 $3,186.91 $813.09 $105,417.19 
3 $4,000 $3,162.52 $837.48 $104,579.70 


$4,000 $3,137.39 $862.61 $103,717.10 


5 $4,000 $3,111.51 $888.49 $102,828.61 
6 $4,000 $3,084.86 $915.14 $101,913.47 
7 $4,000 $3,057.40 $942.60 $100,970.87 


8 $4,000 $3,029.13 $970.87 $100,000.00 
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The yield rate of Example (6.5.17) is less than the coupon rate so the 
bond was purchased at a premium. We next repeat the problem of Example 
(6.5.17) with the one change being a yield rate of 10%, which is higher than 
the coupon rate, resulting in the bond being bought at a discount. 


EXAMPLE 6.5.18 Writing Up 


Problem: An 8% par-value bond with face amount $100,000 and semiannual 
coupons matures after four years. Construct the amortization schedule over 
its term if the investor’s nominal yield rate is 10% convertible semiannually. 


Solution The bond “alphabet soup” is the same as in the previous solution 
except that j = 10% = 5%, and hence 


Bo = P = $4,000ag5y, + $100,000(1.05)~* ~ $93,536.78724. 


So, the purchase price is By ~ $93,536.79. The amortization schedule is con- 
structed as in the last example except that the interest rate 5% replaces 3%. 
If we do not round in our calculations (so start with Bo ~ $93,536.78724) 
but report all monetary amounts to the nearest cent, the following schedule 
results. 


TIME COUPON L P; B; 

(half PAYMENT 

years) 
0 — = = $93,536.79 
1 $4,000 $4,676.84 —$676.84 $94,213.63 
2 $4,000 $4,710.68 —$710.68 $94,924.31 
3 $4,000 $4,746.22 —$746.22 $95,670.52 
4 $4,000 $4,783.53 —$783.53 $96,454.05 
5 $4,000 $4,822.70 —$822.70 $97,276.75 
6 $4,000 $4,863.84 —$863.84 $98,140.59 
7 $4,000 $4,907.03 —$907.03 $99,047.62 
8 $4,000 $4,952.38 —$952.38 $100,000.00 
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6.6 VALUING A BOND AFTER ITS DATE OF ISSUE 


When an investor purchases a bond, the price paid for the bond might rea- 
sonably be referred to as its value. Of course, it would be more precise to call 
this the value with respect to interest rate j, the investor’s effective yield rate 
per coupon period. You should be aware that this yield is not necessarily an 
intrinsic part of the bond. In some cases, certain buyers obtain higher yield 
rates than others because they are offered the bond at a lower price 

In the last section we introduced the book values B. These were intro- 
duced to smoothly transition between the original price P = Bọ and the 
redemption amount C = Bn, and they were again defined with respect to 
the investor’s yield j. So, we have “on the books” a sequence of values at the 
beginning of each coupon period (as well as one just preceding the bond’s 
redemption). 

Note that each B, was defined as the present value, calculated with respect 
to the rate j, of the remaining payments promised by the bond. So, if we wish 
to value the bond in a consistent manner at an arbitrary time T given in 
coupon periods, 0 < T < n , we might consider again using the present value 
of the remaining payments of the bond with respect to interest rate j. If 
T = |T| + f where 0 < f < 1, there are no coupon or other bond payments 
on the interval (|T'|, T] so we define 


(6.6.1) Dr = (1+ j) Bir). 


We will refer to Dr as the dirty value or theoretical dirty value of the 
bond at time T. (Elsewhere you may see this still called the book value.) We 
observe that 


The theoretical dirty value Dr gives the present value of the 
bond at time T, just after the coupon payment if one occurs at 
that time. Dr is computed using the investor’s yield rate 7. 


Br =Dr for T € {0,1,2,...,m}. 


Why do we give Dr this disparaging name? Because, as we now explain, 
the dirty values fail to transition nicely between the price P and the redemp- 
tion amount C. In fact, if we define the dirty value function F(t) = Dz, the 
function F(t) has a discontinuity at each coupon date with a jump down 
equal to the coupon amount Cg. The reason for this is that an instant before 
a coupon is paid, the dirty value includes the value of that coupon, but as 


2Very often all purchasers at issue receive the same price, but variation is more common 
on the secondary market. A simple example where not all bond holders receive the same yield 
at issue are United States Treasury securities. Some potential lenders make noncompetitive 
bids, and these lenders receive the average rate paid on competitive bids. 
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soon as the coupon has been paid, the dirty value excludes its value. For those 
knowing a little calculus, the jumps are as stated since if k € {0,1,2,...,n—1}, 


lim F(k+f)—F(k+1)= lim B,(1+3)f — Beas 
f>1- f>1- 


= Bk(1 + 9) — Bk+1 = (Brk — Bk+1) + j Bk 
= Párt Ik41 = Cg: 


EXAMPLE 6.6.2 Theoretical dirty values 


Problem: Alvin Young purchased a $1,000 8% five-year bond with annual 
coupons from Hungary County at a price to yield 10%. The bond is redeemable 
at its face value. Graph the theoretical dirty value function F(t) = Dy. 


Solution We have C = F = $1,000, g = r = .08, Cg = $80, and n = 5. The 
price of the bond is C(g— j)asj10% + C = —$20a5), 9%, + $1,000 ~ $924.18. We 
therefore have F'(0) = Bo = 924.18. We further calculate that 
1) = By = —$20aq1 9% + $1,000 ~ $936.60, 
2) = By = —$20az10% + $1,000 ~ $950.26, 
3) = B3 = —$20ax49%, + $1,000 ~ $965.29, 
and F(4) = Ba = —$20aqy 9 + $1,000 ~ $981.82. 
Also, F(5) = Bs = $1,000, the redemption value. Next note that if k € 


{0,1,2,3,4} and 0 < f <1,F(k+f) = Bk(1 + j)f = By (1.1). The function 
(1.1)® is concave up and increases over the interval [0, 1). The graph therefore 


is as shown. 
e 
(5 1000) 
(4,981.82 
(3,965.29) 


(2,950.26) 


v 
= 
© 
> 
> 
= 
kz 


(1,936.60) 


Graph of F(t) = D; 
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We have now observed that the dirty values do not provide a smooth 
transition between the purchase price P = Bo and the redemption amount 
C = Bn. Furthermore, we know the reason for that. The dirty values increase 
as one approaches the end of the coupon period, in anticipation of the next 
coupon payment as well as future ones, and then the part of the increase due 
to the next coupon payment is suddenly taken out at the moment the coupon 
is paid. So, in our quest for smoothly transitioning values, we should define 
clean values so that the value of the next coupon is gradually removed. 
Moreover, the clean values should agree with the book values when the latter 
are defined. 

An easy way to specify clean values would be to define a continuous 
function G(T) by specifying that G(T) = Br for T € {0,1,2,...,n} and also 
stipulating that G(T) is linear on each interval [T — 1,T], T € {1,2,...,n}. 
The function G(T) then defines practical clean values C7;*°. In fact, if 


Tarik, Gey a4, 
then 


Cr = Bury + f(Byrj4i — Bry) 


(6.6.3) def 
=Biry-—FfPyrj41 where Prj = Byry — Birji 


In this linear mind-set, to go along with these practical clean values, we 
might wish to use simple interest to define a dirty value. This is in contrast 
to using compound interest as in Equation (6.6.1). Specifically, we define the 
practical dirty value D}® by 


(6.6.4) De = (1+ fj) Bir}. 


The practical dirty values transition between successive book values in a linear 
manner. 

We next observe that Equations (6.5.2), (6.5.3), and (6.5.8), along with 
the definitions (6.6.3) and (6.6.4), may be combined as follows 


Pere — CBE = (1 + jf)Bir| — (Biri = fPirj41) 
= jfBir; + fPirj+ 

(eee, = f(GByr) + Pirj+1) 
= f(r] + Prj) 
= fCg 
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For a typical bond purchased at a premium, we therefore have the graph in 
Figure (6.6.6) of practical clean and practical dirty values. In Problem (6.6.1) 
you are asked to make a similar graph for a typical bond purchased at a 
discount. 


ite a 
a eee clean 
dirty 
time 


FIGURE (6.6.6) Practical clean and dirty values 


While the practical clean and dirty values have the virtue of simplicity, 
we prefer values having a strong theoretical basis reflecting accumulation by 
compound interest. Imagine that our actual bond is replaced by one that has 
the same value but which pays continuously and levelly, except for the one 
time redemption payment of C at time n. Ignoring the redemption amount 
C, this fictitious replacement bond will pay Cgé;/j7 = Cgln (1 + j)/j each 
period since the original bond paid Cg at the end of each coupon period and 


<a) a (=) ( i) 
- any = - am; = Cgamj. 
( j jj j 7 ganj 


We define the theoretical clean value Cr at time T of our 
original bond to be the time T value of the remaining payments 
of our replacement continuously-paying bond. 


But now we want a simple mathematical formula for Cr. Write T = 
IT] + f,0<f <1. Then 


Cr = (<2) ant + Cuj” T 
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= (1+4) Bır] Cg (e) = Dr — Cg (s ‘) ‘ 


The derivation was a bit complicated but the final result is quite simple. 


FACT 6.6.7 
IET =|T|+f,0< f <1, then the theoretical clean value Cr 


is equal to 
nf 
1 -1 
J 


the difference of the dirty value (1 + jy Bir] and Cgs7,. In par- 


ticular, if T is an integer, the clean value, dirty value, and book 
value are all equal. This common value is also equal to the prac- 
tical clean and practical dirty values. 


EXAMPLE 6.6.8 Theoretical clean values 


Problem: Alvin Young purchased a $1,000 8% five-year bond with annual 
coupons from Hungary County at a price to yield 10%. The bond is redeemable 
at its face value. Graph the theoretical clean value function H(t) = C+. 


Solution As noted in Example (6.6.2), C = F = $1,000, g = r = .08, 
Cg = $80, n = 5, 


By © 924.18, Bı ~ $936.60, Bə ~ $950.26, 
Bs ~ $965.29, B4 $981.82, and Bs = $1,000. 


(5,1,000) 


(4,981.82) 


(1,936.6) 


920 (0,924.18) 


time 
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The values introduced in this section are all computed using the pur- 
chaser’s original yield rate 7 per coupon period. The next example gives us 
an opportunity to review how these dirty and clean values are calculated, but 
first, we summarize basic facts about them in Table (6.6.9). 


SYMBOL NAME NOTES 


Dr Dirty value 1) Dr = (1 +3) Biri: 
2) Dr gives the time T value of the 
remaining bond payments. 


Cr Clean value 1) Cr = Dr—Cg (2) = Dr-Cgs7y- 
2) The definition uses compound interest 
and the function F(T) = Cr is a strictly 
monotonic function whose value at 
an integer is the book value. 


(3) Cr is the time T value of the remaining 
payments of a bond that has the same 
present value as the original bond, and 
which, when stripped of the redemption 
payment, pays continuously and levelly. 


Dr Practical dirty (1) DP* = (1+ fj)Birj- 
value (2) DY approximates Dr. 


Simple interest is used for the fractional 
period instead of compound interest. 


Ch°* Practical clean (1) C} = DR — Cgf. 
value (2) (T,C}®S) lies on the line between 
(LT ], Bir) and ([T] +1, Byrj+1)- 


(3) C° approximates Cr. 


TABLE (6.6.9) Valuing at the original yield rate j 


EXAMPLE 6.6.10 Computing dirty and clean values 


Problem: A $1,000 three-year 6% bond with semiannual coupons is re- 
deemable for $1,125. It was purchased at issue for its face value. Find its 
clean and dirty values seven months after issue by the practical method and 
also by the theoretical method. Use the “30/360” method to determine f. 
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Solution Note that P = F = $1,000, C = $1,125, m = 2, a = 6%, r= 
= = 3%, and the coupon amount is Fr = $30. So, by the basic price formula, 
$1,000 = $30aq,; + $1,125v,°. It follows that j ~ 4.844903819%. 

According to the “30/360” method, each month is taken to have 30 days, 
and a half-year (the coupon period) is 180 days. Therefore, seven months is 
14 coupon periods, and we are interested in time T = 1 + f where f = t, 

We calculate that Bı = $30az; + $1,125v;5 œ $1,018.449038. It follows 
that 


1 1 
DPS = (1 + zi) Bix (1 + 5 (04844903819) ) ($1,018.449038) 
6 


~ $1,026.672851 
~ $1,026.67, 


and 


B, ~ (1.04844903819) * ($1,018.449038) 
~ $1,026.511589 
~ $1,026.51. 


Dı, = (1+3) 


The clean values are CPi"° = DPY — fCg ~ $1,026.672851 — 4($30) ~ 
6 6 
$1,021.67 and 


1 
(1.04844903819)* — 1 

~ $1,026.511 
ONORA LIEY ( 04844903819 (Sam 


1,026.511589 — $4,901954085 


z$ 
~ $1021.61. 


6.7 SELLING A BOND AFTER ITS DATE OF ISSUE 


Bonds are negotiable securities and may be sold at any date. A bond’s original 
yield j is determined based on market conditions at the time of its issue, while 
the resale price of a bond is determined by the market conditions when the 
bond is traded. A buyer of a bond purchased at time T to yield 7 per coupon 
period, pays the time T net value of the bond’s future payments to which he 
gains rights, calculated at rate 7 per coupon period. Usually, at least in the 
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United States, the bond is sold cum dividend. This means that the buyer 
receives the right to the coupon for the coupon period in progress, along with 
all other remaining coupons and the redemption amount|?| We denote the 
price of the bond purchased cum dividend at time T, to afford the buyer a 
yield rate J per coupon period, by D4. Note that if 7 = j, then Dj, = Dr, the 
theoretical dirty value at time T introduced in Section (6.6). The price D4 is 
called the theoretical dirty price, dirty price, invoice price, flat price, 
or full price at time T to yield 7 to the bond purchaser. 

A bond sale typically involves transaction costs, most notably a broker’s 
mark-up. These costs, which commonly range from 1% to 5% of the bond’s 
value, clearly must be taken into account when making investment decisions. 
However, we will disregard transaction costs and therefore assume that the 
seller of the bond receives the full amount paid by the buyer. 


EXAMPLE 6.7.1 Reselling a bond at a new interest rate 


Problem: Morton purchases a $2,000 6% eight-year par-value bond having 
annual coupons for $1,212. Three years later, just after receipt of the third 
coupon, he sells the bond (that is to say the right to all future coupons and 
the redemption amount) to Maheen for $1,600. Find Morton’s balance of debt 
B3, Maheen’s yield 7 on her five-year investment, and for Morton’s original 
eight-year bond calculate D3. Also calculate Morton’s actual yield y for his 
three-year investment. 


Solution Morton purchases the bond at a discount for $1,212. If he had held 
the bond for its eight-year term, his yield 7 would have satisfied the basic price 
equation $1,212 = (.06)($2,000)ag,; +$2,000(1 + j)®. So, his yield rate would 
have been approximately 14.69136626%. Morton’s balance of debt B3 at time 
3 (calculated as usual using the yield the investor would realize if the bond 
were held to maturity) is (.06)($2,000)a5); + $2,000(1 + a = $1,413.02. On 
the other hand, Maheen’s yield 7 on her five-year investment satisfies 


$1,600 = (.06)($2,000)az,; + $2,000(1 + 3)”. 
Therefore, 7 ~ 11.47640878%. We have D = $1,600 and DÌ > Bs. (This 


inequality is an immediate consequence of the inequality 7 < j.) Finally, Mor- 
ton’s actual yield y satisfies 


$1,212 = (.06)($2,000)ag), + $1,600(1 +y), and y ~ 18.79553891%. 


Note that y > j since DÌ > Bs. E 


31f the seller retains the rights to the coupon payment at the end of a coupon period in 
progress, the bond is said to be sold ex dividend. We will not discuss ex dividend sales 
further. 
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The purchaser of a new bond cum dividend receives the coupon payment 
at the end of the coupon period during which the sale was made. That is, the 
buyer receives the whole coupon, even though he or she may only have held 
the bond for a portion 1 — f of the coupon period. Now recall that in the 
bond amortization, the coupon contains interest. For tax purposes, it may be 
of some importance to know what part of the coupon payment is accrued 
interest for which any tax liability is the responsibility of the previous owner. 

The issue of accrued interest is fairly simple when the bond is sold to 
yield the new buyer the same yield j that the buyer received. In this case, if 
the bond trades at time T, the purchase price Dj, = Dr. On the other hand, 
the difference Dr — Cr between the theoretical dirty and clean values equals 
the amount of the coupon payment that the seller “deserves” at time T. This 
is the accrued interest by the theoretical method at interest rate j 
(or the accrued interest by compound interest at rate j), and we denote it by 
Aj,. Recalling Fact (6.6.7), we have 


\f 
(6.7.2) At =Cg (ae) =Cgsy,, T=|THf, O<f<1. 


Now drop the assumption that the bond was sold to yield the new buyer 
the same yield rate that the seller would have earned had he held the bond to 
maturity. Then, there is a somewhat philosophical issue to resolve. You might 
argue that the fact that the sale is made at a different rate should not alter 
the amount of interest that has accrued prior to that date. On the other hand, 
if 7 Æ j, the seller of the bond did not end up realizing the yield rate j, so a 
case can be made for using the seller’s actual yield to compute the accrued 
interest. Yet again, if the buyer’s taxes are impacted by the amount of the 
coupon payment that is the responsibility of the seller, perhaps the rate 7 is 
the appropriate one to use in computing the accrued interest. Heeding this 
last remark, we define 


: fz 
(6.7.3) a-c (02 H) cosy T=|T]+f, 0<f<1, 


and refer to Al, as the accrued interest by the theoretical method at 
interest rate 7. 

Very frequently, accrued interest is computed using an alternative method 
that does not involve the choice of a rate. In this alternative method, the so- 
called practical method, the accrued interest is computed by designating 
that the seller’s accrued interest is proportional to the fraction of the coupon 
period for which he or she owned the bond. More specifically, the accrued 
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interest by the practical method is given by 


(6.7.4) AZ _Cgf, T=|T|+f,0<f<1. 


Recalling Equation (6.6.5), we see that 


(6.7.5) Ans = a _ CG and Ge = DRS — Cgf. 


Computing interest by the practical method is extremely simple, and in the 
United States it is the method used for bonds having more than six months 
until maturity 

If the dirty price is computed using the theoretical method and we use 
Equation (6.7.3) to determine the accrued interest, so that compound interest 
at rate Jis used for both, then we define the theoretical clean price or the 
clean price by the theoretical method at rate 7, to be their difference. 
More precisely, set 


(1+9)/-1 


(6.7.6) Ch Dh =D} -Ca( ; 


=Di,-Cgs7; : 


The term market price by compound interest is also used for C}. 

Should you calculate the dirty price by the theoretical method and the 
accrued interest by the practical method, then you are said to be using the 
semipractical method. We define a semipractical clean price as the 
difference between the theoretical dirty price Dj. and the practical accrued 
interest; 


(6.7.7) ch smiprac SD Ae = D} — Ogf. 


The semipractical clean price has the rather unpleasant feature that it is 
not constant over time when all the book values are constant. Otherwise put, 
if the bond were purchased at its redemption price, the clean price by the 
semipractical method would not be constant even though all the book values 
are equal to the redemption value. A semipractical clean price is part of the BA 
II Plus calculator Bond worksheet considered in Section (6.11). Clean prices 
are the prices reported by the newspapers in the bond tables. These are likely 
to be computed by the semipractical method. 


Whichever method is used to calculate the dirty price, accrued 
interest, and clean price, it is standard to calculate time on a 
“30/360” basis for corporate and municipal bonds and on an “ac- 
tual/actual” basis for government bonds. 


4See the Standard Securities Calculation Methods, published by the Securities Industry 
Association. 
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[The “30/360” and “actual/actual” bases for counting time were introduced 
in Section (1.4).] 

We record the quantities introduced so far in this section in Table (6.7.8). 
We stress that this is a table of prices and adjustments to price, and it uses a 
yield rate 7 which may be different from the yield to the original buyer j. In 
contrast, the entries of Table (6.6.9) each are calculated using the rate j. 


SYMBOL NAME NOTES 


Di. Dirty price (1) This is the price paid at time T to yield 
the new investor 7. 

(2) Di, = Dir (1+ 7)/. Note that this equa- 
tion uses the dirty price Dir p which is 
not equal to the book value Blr J unless 
J=j. 

(3) This is also called the invoice price, flat 
price, full price, and theoretical dirty 


price. 
c, Theoretical clean (1) Cå = D} — Casq; - 
price (2) Compound interest is specified, and the 


accrued interest AJ. = C 987]; is computed 
using the yield rate 7 which the new in- 
vestor will receive if he holds the bond un- 
til maturity. 


(3) This may also be called the market price. 


Ce semiprac — semipractical (1) Ce semiprac _ DÌ, — Cgf 
clean price (2) The amount Cgf that is subtracted is the 
accrued coupon (by the practical method) 
Aprac 
aoe 
(3) This may also be called the market price, 
but compound interest is not now used. 


A}, Accrued interest by à 
the theoretical method Ai = Cg (=2 =) = Cgs77 
at interest rate 7 


Ans Accrued interest by A1 = Cgf 
the practical method 


TABLE (6.7.8) Prices and Adjustments to price, at rate 7 
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EXAMPLE 6.7.9 Computing accrued interest and theoretical dirty 
price 


Problem: A $1,000 three-year 6% bond with semiannual coupons is re- 
deemable for $1,125. It was originally purchased at issue for its face value. 
Sirkka purchases the bond seven months later at a price to yield her a nom- 
inal rate of 11% convertible semiannually. Find the invoice price, accrued 
interest by the theoretical method at Sirkka’s yield rate, and the accrued in- 
terest by the practical method. [This bond is the same as the bond in Example 
(6.6.10).] 


Solution Example (6.6.10) involved the same bond and we use values com- 
puted in the solution to that example when convenient. Once again, we are 
interested in time seven months (1§ coupon periods) and f = §. Sirkka 
buys the bond to yield 7 = 1u% = 5.5% per coupon period so, recalling the 
value of Bı from Example (6.6.10), the invoice price is Dj, = By(1 + x 


$1,018.449038(1.055) ë = $1,027.577798 ~ $1,027.58. The accrued interest by 
i ce 1 
the theoretical method is A% = Cg (2) = $30 (==) x $4.89. 


[We remark that this is just one cent less than At which may be computed us- 
ing (6.7.2) or by A} = Dr — Cr, Dr and Cr as reported in Example (6.6.10).] 
The accrued interest by the practical method is Afr" = $30 (4) = $5. | 


A bond is purchased at a premium if the yield 7 is less than the coupon 
rate g, and the amount of the premium is Cj, — C. If the new buyer’s yield 
rate 7 is greater than the coupon rate g then, to compensate, the redemption 
amount C must be more than the theoretical clean price C7. In this case the 
bond has a discount C — C. 


EXAMPLE 6.7.10 Premiums and discounts for bonds sold between 
coupon dates 


Problem: Gilah Rosenberg purchased a fifteen-year $10,000 8% par-value 
bond with annual coupons at a price to yield her 8%. She held it for sixty-five 
months, then sold it to Uzi Schwartz at a price to yield Uzi 9% should he hold 
the bond to maturity. Three years later, Uzi sold the bond to Osnat Treisman 
at a price to yield Osnat 7%. Find the three prices paid for the bond and the 
amount of discount or premium (if any) in each of them. 


Solution The bond has C = F = $10,000, m = 1, and g = r = a = 8%. So, 
the payments guaranteed by the original bond are annual coupon payments 
of $800 and a redemption payment of $10,000 at the end of the fifteen years. 
Since Gilah buys the bond to yield the coupon rate, there is no premium or 
discount in her price. That is, she pays $10,000. 
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Uzi purchases the bond to yield a higher rate, so his price will include 
a discount. Specifically, Uzi purchases the bond five months after the fifth 
annual coupon has been paid, and we refer to this as time 55. So that Uzi 
has a yield rate to maturity of 9%, his price will be the sum of the present value 
of the remaining coupons and the present value of the redemption amount, 
computed using compound interest at 9% annual effective interest. Therefore, 
Uzi should pay 


(1.09) È ($800aT0p% st $10,000(1.09)~*°) ~ $9,700.369674. 


So, Uzi’s price is $9,700.37. The accrued coupon figured using a 9% rate is 


5 
1.09) — 1 
$800 (=) = $324.9762584 ~ $324.98. 
So, the theoretical clean price at 9% is $9,700.37 — $324.98 = $9,375.39, and 
the discount is $10,000 — $9,375.39 = $624.61. 

Osnat’s purchase of the bond is made at a price to give him a yield rate 
of 7% provided he holds the bond until maturity. This price is 


(1.07)® ($800a77% + $10,000(1.07)~") ~ $10,840.26. 


5 
The accrued coupon at 7% is $800 (se ~ $326.77. Consequently, 


Osnat’s clean price is $10,513.49, and he purchases the bond with a premium 
of $513.49. E 


We have previously [see Section (6.5)] considered the allocation of each 
coupon between interest and adjustment to principal. How should this be ex- 
tended to any accrued interest, which would have been better called “accrued 
coupon”? Suppose T = |T| + f,0 < f < 1. (We disallow f = 0 since in that 
case there is no accrued interest.) If we have computed accrued interest by the 
practical method, it is natural to calculate the interest in the accrued interest 
Ar as fIjr}41 and the adjustment to principal as f P,r)+41. [The notations 
Ir and Pr were introduced in Section (6.5) for integral T.] 

Not surprisingly, this division into interest and adjustment of principal is 
a bit more complicated when we use the theoretical method. Let’s see how 
it works if the bond is sold again to yield j. The theoretical accrued interest 
at time T = |T] + f, computed using the original yield rate j per coupon 
period, is equal to Cgs7j = Cg (H2), On the other hand, the seller of 
the bond at time T is responsible for the interest earned during ||T], T], as 
well as during [0, |T|]. But the value of the bond at time |T| was the book 
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value Bir; = C(g — NO į +C. Thus, again using the interest rate j, we 
find that the amount of interest Zr that should be credited to the seller (for 
tax or other accounting purposes) is 


Tr = [(1+9)' -1 Bir 
= (149) -1(C@-Dar, + ©) 


B sf C(g- (1 -v lT] Cj 
=i u( - +2) 


(6.7.11) 


= C(g — j) — 0,” 7) + Cj) 


= spj(Cg — Cj — C(g —j)vj"" 7! + C5) 


= sz; (Co — C(g — f)vj"-""). 


Therefore, the time T accrued interest by the theoretical method, which might 
better be called the time T “accrued coupon,” is equal to the sum of the 
interest Zr and s7,C(g — j)vj;"—'7), We might reasonably set 


(6.7.12) Pr = spjC(g — pur 7, 


and call it the accrued adjustment to principal for the interval [|T|,T]. 
Then 


(6.7.13) A 2p Pr 


We thus have the split of the accrued interest into interest and a capital gain 
(or capital loss)|°| Note that if T is an integer or if the bond was bought 
for its redemption value, then Pr = 0, and there is no capital gain or loss. 
On the other hand, when f > 0, Pr is positive if the bond was purchased at 
a premium, and it is negative if the bond was purchased at a discount. So, 
there is a capital loss when the bond is purchased at a discount and a capital 
gain when it is purchased at a premium. Those knowing calculus should note 
that 
a Pe= py say Me PS Bj =B 


EXAMPLE 6.7.14 Interest and adjustment to principal in the accrued 
interest 


Problem: Talbot Richardson purchases a ten-year 7% $1,000 par-value bond 
with annual coupons thirty-nine months after its issue. The original purchaser 


5You should not assume this is consistent with the usage by the Internal Revenue Service. 
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paid a price to yield 7.5% if the bond was held until maturity, and Mr. Richard- 
son buys it at a price to yield 6.2%, this again being a yield calculation based 
on the bond being held until its maturity. Compute the accrued interest by 
the practical method and then (three times) by the theoretical method, specif- 
ically at 7.5%, 6.2%, and at the yield rate earned by the original bond holder 
over the thirty-nine month period prior to the resale. Find the split of the ac- 
crued interest by the theoretical method at 7.5% into interest and principal. 


Solution We have F = C = $1,000, m = 1, a=r=g=7%, and coupon 
amount Cg = Fr = $70. Thirty-nine months is T = 34 years. So, f = L, By 


the basic price formula, the original price was $70ayg7.5y, + $1,000(1.075) "° 
and we thus calculate that the original price was $965.68. Mr. Richardson’s 
yield price is (1.062) * ($70a76.2% + $1,000(1.062)~") ~ $1,060.17. The actual 
yield y received by the original holder of the bond satisfies 


$965.68 = $70az,, + $1,060.17(1 + y)~*, 


and therefore y ~ 9.474076776%. (We found this using the BA II Plus calculator 
Cash Flow worksheet. Use CFo =—965.68, C01 = C03 = C05 = 0, F01 = F03 
= F05 = 3, C02 = C04 = C06 = 70, F02 = F04 = F06 = 1, C07 = 1,060.17, and 
F07 = 1. Then key | IRR || CPT |, and remember to change this rate, which is a 
quarterly rate given as a percent, to the equivalant annual rate.) 

The accrued interest by the practical method Af;"° is 4($70) = $17.50. 
Calculated using the theoretical method at the original yield rate 7.5%, the ac- 


1 
crued interest Ar is $70( (074-1) ~ $17.02829436 ~ $17.03. At Mr. Rich- 
Kiris 


a 
ardson’s lower interest rate of 6.2%, it is $70 (40 —1) = $17.10724088 ~ 


ai 
$17.11. At the rate y calculated above, the accrued interest is sro( =+) N 


$16.91053416 ~ $16.91. 

Now consider what part of this accrued interest is accrued adjustment 
to principal. In the entire fourth coupon, according to Equation (6.5.7), the 
amount for adjustment to principal is Py =C(g— j)(v;)1074t! =—$5(1.075) 7 
x —3.013774504. So, by the practical method, in a quarter of the coupon 
period we have an adjustment of principal of +(—3.013774504) ~ —$.75. 
Therefore, according to the practical method, the interest in the accrued 
interest (better called the accrued coupon!) is $17.50 — (—$.75) = $18.25. 
On the other hand, if we use the theoretical method at interest rate 7.5%, 
according to Equation (6.7.12) the amount for adjustment of principal in 
the accrued interest is s7737 5%$1,000(.07 — .075)(1.075) & —$.73. Simi- 


larly, at interest rate 6.2% it is s777g 9y,$1,000(.07 — .062)(1.062)~* = $.1.28, 
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and at interest rate y it is —$3.17. The corresponding amounts of inter- 
est in the accrued interest, by the theoretical method at rates 7.5%, 6.2%, 
and y, are then $17.03 — (—$.73) = $17.76, $17.11 — $1.28 = $15.83, and 
$16.91 — (—$3.17) = $20.08, respectively. a 


As we have discussed, if you purchase a bond and hold it to maturity, you 
receive the yield rate that you contracted when you first purchased the bond. 
However, if you choose to sell the bond prior to maturity, it may happen that 
interest rates have gone up and consequently the bond sells for less than its 
book value; as a result your yield for the investment would be less than you 
anticipated. 

We now look briefly at another type of investment for which the seller 
rather than the buyer takes on the risk resulting from interest rate shifts. A 
guaranteed investment contract (GIC) is similar to a bond, but if you sell 
the contract, the issuer will pay you the amount that the book value exceeds 
the market value. So, GICs are very safe investments provided that the issuing 
coorporation, an insurance company, is not at risk of defaulting. GICs play 
an important role in many retirement plans. They tend to be structured to 
fit the needs of the participant, and hence there is considerable variation 
from contract to contract including the schedule, flexibility of cashflows, and 
whether interest may be reinvested at a fixed or floating rate. The fact that 
GICs are customized tends to limit their liquidity. GICs are considered to be 
insurance contracts, and this may have regulatory or tax consequences. 


6.8 YIELD RATE EXAMPLES 


Bonds provide a series of cashflows. While we have concentrated on bonds 
with level coupons, a portfolio of bonds may give a nonlevel cashflow pattern 
due to staggered purchase or redemption times [see Examples (6.8.2) and 
(6.8.3)]. Bonds may be resold prior to maturity one or more times [See Ex- 
ample (6.8.4)], and coupons may be partially or fully reinvested [see Example 
(6.8.5)]. An investor may purchase a bond at a premium and desire to recoup 
the amount of the premium in a sinking-fund account, as in Example (6.8.1). 
These practical situations provide a wealth of new problems involving yield 
rates. 


EXAMPLE 6.8.1 Recouping a premium in a sinking fund account 


Problem: Kayley bought a newly issued $2,000 20% ten-year bond, redeem- 
able at $2,100 and having yearly coupons. It was bought at a premium at a 
price of $2,800.03. Kayley immediately took a constant amount D from each 
coupon and deposited it in a savings account earning 6% effective annual 
interest, so as to accumulate the full amount of the premium a moment after 
the final deposit. At the end of the ten years, Kayley closed out her savings 
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account. Find the yearly effective yield rate earned by Kayley for her combined 
ten-year investment. 


Solution In order to accumulate the premium $2,800.03 — $2,100 = $700.03 
in her savings account, each year Kayley needs to deposit 


$700.03 
ST0|6% 


= $53.10984679. 


So, if we let D = $53.11, at the end of the ten years Kayley will receive 
$700.03 when she closes out her savings account. Since the annual coupon 
amount is .2 x $2,000 = $400, she keeps $400 — $53.11 = $346.89 at the ends 
of years 1,2,...,10. But at time 10 she also gets the redemption $2,100 and 
the savings account liquidation $700.03, and these total $2,800.03. Thus she 
earns $346.89 each year while keeping her principal of $2,800.03 intact and 


her yield is $3469 ~ 12.38879583%. Of course, since 


1-(1+i)"° 


a ee 7 
10ļi F ) 


this yield could also be obtained by solving for 2 in the time 0 equation of 
value $2, 800.03 = $346.89azq, + $2,800.03(1 + 7)”. a 


EXAMPLE 6.8.2 Finding the yield of a laddered portfolio of bonds 


Problem: On January 1, 1978, Lenny Ladderman purchased a portfolio of 
twelve $1,000 par-value bonds for $10,568.61. The portfolio consisted of 6% 
bonds, each with annual coupons. The twelve maturity dates for the bonds 
were January 1 of the years from 1983 through 1994. Find Lenny’s yield rate. 


Solution The annual coupon payment resulting from each bond not yet 
redeemed is (.06)($1,000) = $60. Through January 1, 1983, when the first 
redemption takes place, Lenny had twelve $60 coupons for a total of $720, 
and after that the contribution from coupons decreases by $60 annually. Each 
year from 1983 through 1994 there is a $1,000 redemption in addition to the 
coupon contribution. So, we have cashflows as indicated in the following figure. 


PAYMENT: $720 $720---$1,720 $1,660 $1,600--- $1,060 
TIME: (Jan. 1) 78 79 80 83 84 85 94 


The yield rate j satisfies the time 0 equation of value 


$10,568.61 =$720aq, + (Is1,720,-860) 47a, (1 + 3)" 


—60 Me = 
= $7200 + [$1,720ar; + = (ary—12(1+3) “asa a 
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You may now use the “guess and check” method to find the yield rate j, 
beginning with a rate somewhat greater than the coupon rate, say 7%, since 
the package of bonds was bought at a discount (due to the fact that the 
purchase price was less than the sum of the redemption values). In fact, j ~ 
.07750904074. 

The Cash Flow worksheet of the BA II Plus calculator may be used to obtain 
this yield rate relatively quickly. The cashflows shown in the above timeline may 
be entered by keying 


CF | 2ND || CLR WORK |1]/0|/5//6|/8|/-| 6) 1|/+/— || ENTER 
{|/7] 2] o| ENTER ||| |/4] ENTER ||| | 1|/7/|/2/]0| ENTER 
Jla elelo] ENTER] 1/1 |/1]6|/0] 0] ENTER 
Jilli isl alol ENTER | 1/1 |/1//4]/8] 0l ENTER 
Jla allo ENTER | 1/1 |/1]/3|/6] 0] ENTER 
LiL ]1 lalol ol ENTER 4 4124/0] ENTER 
Jilala lail sll ol ENTER | 1) 4 lal] 2] 0| ENTER 
44l alol ello] ENTER | IRR | CPT. 


This sequence of keystrokes sets CFo=—10,568.61, C01=720, F01=4, 
C02=1,720, F02=1, C03=1,660, F03=1, C04=1,600, F04=1, C05=1,540, F05=1, 
C06=1,480, F06=1, C07=1,420, F07=1, C08=1,360, F08=1, C09=1,300, F09=1, 
C10=1,240, F10=1, C11=1,180, F11=1, C12=1,120, F12=1, C13=1,060, and 
F13=1, and then the calculator computes the yield rate to be 7.750904074%. W 


EXAMPLE 6.8.3 Pricing a laddered portfolio of bonds 


Problem: Nicolae Miloslav prefers a laddered portfolio of bonds. He pur- 
chases eight $20,000 7% par-value bonds, each having semiannual coupons. 
The terms of these bonds are 3, 4, 5, 6, 7, 8 , 9, and 10 years. Calculate 
the total price of these bonds to yield Mr. Miloslav a nominal rate of 8% 
convertible semiannually. 


Solution Each coupon of a $20,000 7%, bond with semiannual coupons is 
for $20,000 (25) ~ $700. Therefore, for the first three years, at the end of each 
half-year Mr. Miloslav receives coupons totaling 8 x $700 = $5,600. During 
the subsequent seven years, each year he holds one fewer bond and hence the 
total of the semiannual coupons he receives goes down by $700. In addition 
to coupons, Mr. Miloslav receives redemption amounts of $20,000 at the end 
of years 3 through 10. So Mr. Miloslav’s incoming cashflows consist of 


(1) semiannual coupons totaling $5,600 at each of the times $ J; 14, and 2. 
[Calculated using a nominal interest rate of 8% convertible semiannually, 
these have a time 0 value of $5, 600aq4y.] 
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(2) Mid-year coupon payments totaling $5,600, $4,900, $4,200, $3,500, 
$2,800, $2,100, $1,400, and $700 at times t = 23, 35, 45, 55, 64, 75, 
85, and 95, respectively. [Calculated using a nominal interest rate of 
8% convertible semiannually, these have a time 0 value given by the 
expression of (1.04) ~° (Iss ,600,-$700@) 3(1.04)?-1°] 

(3) End-of-year coupon payments totaling $5,600, $4,900, $4,200, $3,500, 
$2,800, $2,100, $1,400, and $700 at times 3, 4, 5, 6, 7,8, 9, 10 respectively. 
(Calculated using a nominal interest rate of 8% convertible semiannually, 
these have a time 0 value of (1.04) “(Is5,600,-87004) aI(1.04)2—1+1 

(4) Redemption payments of $20,000 at times 3, 4, 5, 6, 7, 8, 9, 10. [Calcu- 
lated using a nominal interest rate of 8% convertible semiannually, these 
have a time 0 value of (1.04)~*$20,000agq (1 04)2—1-] 


Therefore, the total price of Mr. Miloslav’s portfolio of bonds to provide him 
with a nominal yield of 8% convertible semiannually is 


$5,600aq4% + (1.04 + 1)(1.04)~“(Igs,600,-s7004) 58.16% 
+(1.04)-“$20,000agg. 16% 


20,327.41326 + (2.04) (1.04) 4($19,628.22637) + $97,651.2855 


z$ 
~ $152,206.41. = 


EXAMPLE 6.8.4 Multiple resellings of a bond 


Problem: Addie purchases a $10,000 fifteen-year 6% bond with semiannual 
coupons and a redemption value of $9,800. She pays a price P4. After six-and- 
a-half years, just after the thirteenth coupon, Addie sells the bond to Barry at 
a price Pg. Barry holds the bond for five years (ten coupon payments), then 
sells it to Carl for a price Po, and Carl holds the bond through its redemption. 
Denote the semiannual yield rates earned by Addie, Barry, and Carl by jA, jp, 
and jo respectively. It is known that ja = 2.9%, jg = 4.2%, and jo = 3.5%. 
Find the discount or premium on the bond purchased by Addie. 


Solution The bonds purchased by all three investors have semiannual coup- 
ons of ($10,000) (22) = $300. Since Addie gets thirteen coupons and Barry re- 
ceives ten, Carl’s bond has 30— 13—10 = 7 coupons. So, according to the basic 
price formula, Carl’s price Pc satisfies Po = $300a73 5% + $9,800(1.035) 7. 
Calculating and rounding, one finds Po = $9,537.07. Since Carl pays this 
amount to Barry at the time Barry receives his tenth coupon payment, Barry’s 
time 0 equation is Pg = $300a1p4.2% + $9,537.07(1.042)'” and thus Pg = 
$8,729.52. Finally, Addie receives $8,729.52 at the time of his thirteenth 
coupon, and P4 = $300a73)) 9% + $8,729.52(1.029)~"*. So, Pa = $9,230.90 
and the discount is $9,800 — $9,230.90 = $569.10. E 
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EXAMPLE 6.8.5 Partial reinvestment of coupons 


Problem: Ivanon paid $2,180 to purchase a $2,000 13% eight-year bond with 
semiannual coupons and redemption amount $1,820. Each time he received 
a coupon, he made a deposit of part of the coupon into a savings account 
with a 4% annual effective interest rate. His deposits were each $50 during 
the first five years and then they increased to $100. At the end of the eight 
years Ivanon received the bond’s redemption payment and liquidated his 4% 
savings account. What was Ivanon’s annual yield for this eight-year period? 


Solution Ivanon’s 4% account had a six-month interest rate of I = (1.04)? — 
1 ~ 1.980390272%, and his accumulated value at the end of the eight years 
was therefore $50s qo) (1.04)° + $100sq, ~ $1,245.7975. So, Ivanon received 
$1,245.80 when he closed his savings account. The coupon amount is $2,000 x 
(+3) = $130. Thus, with a basic time unit of six months, Ivanon’s cashflow 
experience was as follows: 


$2,180 is paid out at t = 0. 

$130 — $50 = $80 is received at times t = 1,2,...,10. 

$130 — $100 = $30 is received at times t = 11,12,...,15. 

$30 + $1,820 + $1,245.80 = $3,095.80 is received at time t = 16. 


This allows us to calculate Ivanon’s half-yearly yield rate 7 ~ 4.75336856%, 
a calculation that is done most easily using a Cash Flow worksheet, but also 
results from the equation of value corresponding to Ivanon’s cashflow. Ivanon’s 
annual yield rate is i = (1 + j)? — 1 ~ 9.732682246%. a 


6.9 CALLABLE BONDS 


Some bonds, referred to as callable bonds, are issued with an agreement or 
call provision that allows the issuer to hasten the repayment of the debt. The 
issuer has the option of redeeming the bond, or perhaps a portion of the bond, 
at any of a set of designated call dates, and for each date a redemption value 
is specified. Often there is a period of years, called the lockout period, before 
the first call date. Since mortgages usually allow early repayment, mortgage- 
backed bonds are among the bonds that are apt to be callable as are longer- 
term bonds. 

A callable bond gives the issuer more flexibility. If the corporation or 
government entity is able to reduce its debt, it may call in bonds to cover 
that decrease. Also, if interest rates decline, the issuer may issue new bonds 
at a lower rate and call in the old ones, thereby reducing its borrowing costs. 

From the bond purchaser’s perspective, a call provision makes the bond 
less desirable. The call provision creates difficulty in investment planning and 
increases the likelihood that there will be a redemption when interest rates 
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are relatively low. Call provisions also tend to reduce the appreciation in the 
price of the bond when there is a decrease in interest rates. 

Since a call provision makes a bond more attractive to the issuer and less 
so to a potential purchaser, a compensating feature must be added. Callable 
bonds tend to offer higher yields then noncallable bonds. In addition, the 
redemption values specified at call dates are often higher than the redemption 
price at maturity. At a given call date, the bonus in redemption value over 
the redemption value at maturity is called a call premium. 

A bond is said to have a European option if it has a single call date 
prior to maturity. A bond with a Bermuda option is callable at multiple 
specified dates, and these usually coincide with coupon dates. We say that 
a bond has an American option if it is callable at any date following the 
lockout period. Call premiums at dates other than coupon dates should include 
accrued interest. It should be noted that these names do not necessarily agree 
with the geographic origin of the bond, nor with the market in which the bond 
is traded. For instance, a bond with a European option may be issued by an 
American firm and be traded on U.S. financial markets. 

When viewing a callable bond, a potential buyer should consider yields if 
the bond is redeemed at any of the potential call dates as well as the maturity 
date. Since the issuer is the one who decides when to redeem the bond, it may 
be sensible for a potential buyer to focus on the smallest of these yields, since 
that is the worst yield that might be earned. 


EXAMPLE 6.9.1 Bond bought at a discount with zero call premiums 


Problem: Callable Corporation is offering a $1,000 bond with semiannual 
coupons and a nominal coupon rate of 8% convertible semiannually. It is a 
five-year bond with call dates at the end of years 2 and 3. If the redemption 
value at each of these dates and also at maturity is $1,060 and the price is 
$1,022, find the possible yields to the investor and note which is least. 


Solution We have F = $1,000, m = 2, a = 8%, r = 4%, and the coupons 
are each $40. Moreover, the bond has ten coupons, P = $1,022, and the re- 
demption amount at any call date is $1,060. Therefore, if the bond is called at 
the end of two years (four coupons), the yield rate y4 (per coupon period) sat- 
isfies $1,022 = $40aq,,, + $1,060(1 + ya) 4. Consequently, y4 © 4.779395028% 
and the annual yield (1+ y4)” — 1 is about 9.787%. If the bond is called at 
the end of three years (six coupons), the holder’s yield yg (per coupon period) 
satisfies $1,022 = $40aq,,, +$1,060(1 + yo) °. So, ye = 4.467900953. The cor- 
responding annual yield (1 + yg)” —1 is about 9.135%. If the bond is redeemed 
at maturity, the yield j satisfies $1,022 = $40azq, + $1,060(1 + j)"°. There- 
fore, j © 4.220434792%, and this corresponds to an annual yield (1 + jy —1 
of about 8.619%. We have y4 > ye > j. The yield rate decreases as the time 
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to redemption increases. The yield to the bond holder is smallest if the bond 
is held to maturity. E 


In Example (6.9.1), the bond was bought at a discount and the lowest yield 
rate corresponds to the longest wait until redemption. This seems reasonable 
because if the bond is redeemed prior to the maturity date, the bonus or 
discount is obtained more quickly, apparently to the advantage of the investor. 
The issuer has to make a large redemption payment (large in comparison with 
the funds received at issue) and delays this payment as long as possible. We 
now show that for a bond bought at discount with a level redemption value 
C, redeeming at a later coupon date always results in a lower yield, not taking 
into account reinvestment rates. 


CLAIM 6.9.2 

Suppose a bond is bought at a discount and is callable on any coupon date 
with redemption amount C. Let yẹ denote the yield per coupon period if 
the bond is redeemed just after the k-th coupon payment. Then {yx} is a 
decreasing sequence. Equivalently, if k € {2,3,...,n} then yk—1 > yp. So, the 
smallest yield occurs when the bond is not called prior to maturity. 


Proof: Fix k € {2,3,...,n}. According to the basic price equation (6.2.2), 


P = (Co)ay,, +O + yr)”. 


s -k 
Since ag, = pi, + (1+ Yk) `, we have 


P = (Cg)ag—y,, + (Ca)(1+ yx) ® +O + yn)” 


Yk 
= (Cg)ap p, OHI y)” 
1+g Skz 
= (C9) piy, tC (; cs 2) (1+ yk) ; 


We were given that P < C. Therefore, the premium-discount formula (6.3.2) 
gives P = C(g—yx ayy, +C, and we may conclude that g < yp and a <1. 
So, we have the inequality 


Px (C9)ag y, +C(1 +y) ETP. 
On the other hand, by the definition of y,_; as the yield rate earned by 


the investor if the bond is redeemed immediately after the (k — 1)-st coupon 
payment, 


P = (Cg)ag=y_, + OC + yr) P. 
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Thus, 


(C9)aE yn: + c(1 + yp-1) ETP < (C9)aE y, + c(i + yp) ETP. 


The expressions on the two sides of this inequality are identical except for the 
fact that the left-hand side uses the interest rate yķ—-ı while the right-hand 
side uses yp. Moreover, each represents the present value of a sequence of 
positive cashflows, so a higher present value corresponds to a lower interest 
rate. Therefore, Yk—-1 > Yk- 

Let us now consider bonds purchased at a premium. If there are no call 
premiums, the borrower cancels the loan at any call date with a constant 
payment that is smaller than the original loan amount. Therefore, the issuer 
is inclined to call in the loan as soon as possible. Lacking call-premiums for 
early redemption, the bondholder will have his or her highest yield if the bond 
is not called. If there are call premiums, the yield rates at the call dates and 
at maturity will need to be determined to find the minimum and maximum 
possible yields. 


CLAIM 6.9.3 

Suppose that a bond is bought at a premium and is callable on any coupon 
date with redemption amount C. Let y denote the yield per coupon period 
if the bond is redeemed just after the k-th coupon payment. Then {yx} is an 
increasing sequence, so the smallest yield occurs if the bond is called at the 
earliest call date. 


The proof of (6.9.3) is left as an exercise [Problem (6.9.4)]. 


EXAMPLE 6.9.4 Bond bought at a premium with positive call 
premiums 


Problem: A $2,000 six-year 7% bond with annual coupons is purchased for 
$2,200. If held to maturity, it is redeemable at par. The issuer may redeem 
the bond at the end of any year once it has been held for at least three years. 
The call premiums are $150 at t = 3 years, $140 at t = 4 years, and $130 at 
t = 5 years. Determine the possible yields to the investor and note which is 
minimal and which is maximal. 


Solution There are annual coupons of $140. The possible redemption values 
are $2,000 + $150 = $2,150 at t = 3, $2,000 + $140 = $2,140 at t = 4, $2,000 + 
$130 = $2,130 at t = 5, and $2,000 at t = 6. The purchase price in all cases 
is $2,200, and the respective yield rates satisfy equations given by the basic 
price formula. For instance, if redemption takes place at the end of three years, 
the yield rate y3 satisfies $2,200 = $140aq),, + $2,150(1 + y3) >. Therefore, 
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y3 © 5.647276938%. If t = 4, the yield rate y4 makes the equation $2,200 = 
$140a7,,, + $2,140(1 + ya)" hold, so y4 ~ 5.737774053%. With redemption 
at t = 5 one has a yield ys satisfying $2,200 = $140a5),, + $2,130(1 + ys)”, 
whence ys ~ 5.796899653%. Finally, if the bond is held to maturity, the basic 
price formula gives a yield of about 5.028057188%. So, the minimum yield 
is achieved if none of the call options are exercised, and the maximum yield 
occurs if the bond is called at the end of five years. a 


If the call premiums stay level for several call dates, Claim (6.9.3) can 
be modified to minimize the number of individual yield rates that need to be 
computed. This is illustrated in the next example. 


EXAMPLE 6.9.5 Bond bought at a premium with level call premiums 
for several periods 


Problem: A $1,000 10% ten-year bond with annual coupons is purchased for 
$1,100. Its redemption amount at maturity is $980 while it may be called in 
at the end of any year, the call premiums being $115 at the ends of years 
1-3, $80 at the ends of years 4-6, and $40 at the ends of years 7-9. Find the 
minimum yield rate to the purchaser. 


Solution Using the principle of Claim (6.9.3), the minimum yield will occur 
at either t = 1, t = 4, t = 7, or t = 10, because each of these times is the 
earliest of a group with level call premiums. The annual coupons are level at 
$100. If t = 1, the redemption is $980 + $115 = $1,095, and the yield rate 
can be computed to be approximately 8.636%. If t = 4, the redemption is 
$980 + $80 = $1,060, and the yield rate can be computed to be approximately 
8.287%. If t = 7, the redemption is $980 + $40 = $1,020, and the yield rate 
can be computed to be approximately 8.283%. Finally, if the bond is held 
to maturity, in which case it has a redemption value of $980, the yield can 
be computed to be approximately 8.350%. So, the minimum yield is about 
8.283%, and this occurs if the bond is called at the end of seven years. | 


A callable bond is one in which the issuer has discretion, subject to the call 
provisions spelled out in the indenture, to choose the redemption date. There 
also exists a type of bond, called a putable bond, where the purchaser has 
the option of determining the redemption date. At redemption, the purchaser 
is said to “put” the bond back to the issuer. In exchange for flexibility, the 
purchaser of a putable bond is apt to have a lower yield than is available on 
comparable bonds lacking a put option. If you are contemplating purchasing 
a callable bond, since the choice is the issuer’s, you should view the yield 
rate as being the smallest (worst) of the possible yields. On the other hand, 
when considering a putable bond, consider the yield as being the greatest 
(best) of the possibilities. Holders of putable bonds will decide how long to 
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hold the bonds based on their need for capital, interest rates, and projected 
interest rates. 


6.10 FLOATING-RATE BONDS 


Most bonds have a fixed rate of interest for the life of the bond. However, you 
should also be aware that there are bonds that have variable interest rates. 
The indenture spells out how these rates are to be determined, and commonly 
they are tied to interest rates on short-term Treasury bills or money market 
accounts. Recent history suggests that when interest rates are expected to go 
up, the prevalence of floating-rate bonds tends to increase. This is because 
investors shy away from the fixed rate issues, except if they have a short term 
or a put option. 

Basic principles may be used to find the yield rate received on a floating- 
rate bond. Of course this may be done only after the various coupon rates 
have been declared. 


EXAMPLE 6.10.1 Yield of a floating-rate bond 


Problem: A six-year $1,000 par-value floating-rate bond with annual coupons 
had annual coupon rates of 5%, 5.4%, 5.6%, 6.2%, 5.8%, and 6.6% successively. 
Find the annual yield rate on the bond if it was bought at its face value. 


Solution The floating-rate bond cost $1,000 at t = 0 and then returned 
coupon payments of $50, $54, $56, $62, $58, and finally $66 at t = 1,2,...,6. 
At time t = 6 there was also a redemption of $1,000, so the total received 
at t = 6 is $1,066. Let v = where 7 is the annual yield rate for the 
floating-rate bond. Then 


= 
IFi 


$1,000 = $50v + $54v? + $56v3 + $62v4 + $580" + $1,066v°. 


You may solve this equation to the desired degree of accuracy using the “guess 
and check” method or Newton’s method, perhaps beginning with your initial 
estimate equal to the average of the annual yield rates, namely 


5% + 5.4% + 5.6% + 6.2% + 5.8% + 6.6% 


7 = 5.77%. 


If available, the BA II Plus calculator Cash Flow worksheet along with 
IRR || CPT | quickly yields the solution. The yield rate is ¢ ~ 5.721240964. 
E 


We next consider a comparison between a fixed rate bond and a floating- 
rate bond. 
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EXAMPLE 6.10.2 


Problem: Jacques Giraud has a choice of purchasing either of two ten-year 
$5,000 bonds. The first is a fixed rate 5% bond with annual coupons. The 
second is a floating-rate bond with semiannual coupons. Mr. Giraud’s financial 
advisor predicts that the coupon rate in each of the coupon periods in the k-th 
year will be .04+ ck = (4+ 100ck)%. Both bonds sell at a discount for $4,800. 
Find c so that if the bond is held until maturity and the financial advisor’s 
estimates are correct, Mr. Giraud will receive the same yield no matter which 
bond is purchased. 


Solution Note that (.05)($5,000) = $250, so the fixed rate bond has annual 
yield rate iy where $4,800 = $250atg; , +$5,000(1 + ip)” °. We calculate that 
ip ~ 5.531472472%. The rate i+ is equivalent to a semiannual rate (1 + if) 2a 


N (1.05531472472)? — 1 x 2.728512338%. 

During year k, the rate .04+ ck is the applicable nominal coupon rate 
convertible two times per year for the floating-rate bond. So, each of the 
coupons in year k is for the amount $5,000 CO4) = $100 + $2,500ck. If we 
let j denote the yield rate on the floating-rate bond per coupon period (a 
semiannual rate), we have the time 0 equation of value 


$4,800 = $100az0; + ($2,500c) (La) roi 4j)2-1(1 + (1+ 7)) + $5,000(1 + 7)~*°. 
This is equivalent to 


$4,800 — $5,000(1 + j) °° — $100axq, 
c= z $ 
($2,500) (Za)ama4j)2>10 + (+) 


If 
j= (1+ ip)? — 1 ~ 2.728512338%, 


then 
- \—10 
$4,800 — $5,000(1 + if)" — $100a55 i) 
($2,500) (Ta) zm, [1 + (1+ tf)? ] 


_ 355.7775059 
~ 192, 935.0787 


C= 


= .001844027. 


We note that with this value of c, Mr. Giraud’s financial advisor is forecasting 
a nominal coupon rate of about 5.844% for the floating-rate bond in its final 
year. a 
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6.11 THE BA Il PLUS CALCULATOR BOND WORKSHEET 


Bond calculations are fairly simple. As we have seen already, the TVM work- 
sheet and Cash Flow worksheet may be put to good use in many calcula- 
tions. However, built into your BA II Plus calculator you have a special Bond 
worksheet. This worksheet is designed to handle standard bond calculations 
for bonds with annual or semiannual level coupons. It is of particular value when 
actual calendar dates are given for the settlement and redemption dates of the 
bond. Calculations may be performed on an “actual/actual” or “30/360” basis. In 
addition, the standard method for figuring prices for bonds having less than one 
coupon period until maturity is somewhat different from the way prices are deter- 
mined for bonds with at least one coupon period until maturity, and formulas for 
the approved method are built into the Bond worksheet 

The Bond worksheet is accessed by keying | 2ND || BOND |. We begin by 
familiarizing you with the registers of this worksheet. Table (6.11.1) includes a 
complete list of the registers in this worksheet along with brief comments. More 
extensive remarks then follow to the extent we feel they are needed or helpful. 
Our discussion is predicated upon the bond being resold at time T = |T|+/,0< 
f < 1 ata price to yield the new purchaser a yield rate of 7 per coupon period. If 
in fact, you are interested in the original sale of the bond, then 7 should replace 
7, and T = f = 0. If the bond is purchased after issue, the starting date (in the 
Bond worksheet) is the trade date. In this and in all entries to the worksheet, for 
a bond traded after issue, we take the perspective of the new buyer. 

The SDT, CPN, RDT, and RV registers must each have a value entered. The 
value entered in the RV register should be the sum of the redemption amount and 
the call premium (if any) if there is an early redemption. You must also choose 
a method for counting time periods and specify a number of coupons per year. 
Once the first six registers are properly set, you may either enter a price or a yield, 
then compute the other. You do this by scrolling down to the register you wish to 
specify (using |4 | repeatedly), keying the desired numerical value followed by 


ENTER |, then scrolling to the unfilled register (using | |) or |f|) and pushing 


CPT |. Provided the other registers have been filled compatibly, the accrued 
interest will automatically be computed, as will the modified duration (see Chapter 
9) if you have a BAII Plus Professional caculator. (The BA II Plus calculator does 
not have a modified duration register.) 

You enter the starting date and redemption date for a bond in the same man- 
ner as you make entries into the Date worksheet. Specifically, you key the month 


6See the Standard Securities Calculation Methods, published by the Securities Industry 
Association. 
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followed by a decimal point, then the day of the month as a two-digit number, im- 
mediately followed by the last two digits of the year. (For example, enter July 9, 


2006 by keying 


7 


eHO 9of6 


ENTER |. 


The entry in the PRI register is always a semipractical clean price as a per- 
centage of par. So, the Bond worksheet is designed so that you can quickly 
read the price of bonds with $100 face value. The price of a bond with face value 
F Æ 100 is computed by multiplying the displayed price by i. 


REGISTER MEANING NOTES 

SDT starting date Use any date in 1950 - 2049. 

CPN nominal coupon rate a This is 100a = 100rm. 

as a percentage 

RDT redemption or call date Use any date in 1950 - 2049. 
This is the redemption 

RV redemption fraction 1006 amount as a percentage 
of the face value. 

360 or ACT select the method Change the basis if you need 

of counting days to by keying | 2ND ‘SET ‘ 

2/Y or 1/Y select the number Change the number if you 

of coupons per year need to by keying | 2ND || SET |. 
nominal yield 7 
YLD convertible m times This entry is 100m3. 
as a percentage 
1% (D3, — Aprac) the The method for computing 
PRI semipractical clean price the dirty price is special if 
as a percentage of par less than one coupon period 
remains. 

Al accrued interest A This is given per $100 of 
par-value. The practical 
method is used. 

DUR modified duration This is defined in Chapter 9 


(Professional only) 


and is also called volatility. 


FIGURE (6.11.1) BAII Plus and BAII Plus Professional Bond 


worksheet 
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When a bond has more than one coupon period until redemption, the dirty 
price used in computing the price is computed using compound interest at in- 
terest rate 7 = ;,4— per coupon period, where T is the number put in the YLD 
register. That is, it is the present value of the remaining coupons and interest, 
figured using compound interest at interest rate 7. When the bond has less than 
one coupon period until redemption, rather than using compound interest to com- 
pute the present value of the remaining coupon plus the redemption payment, it 
is customary to use simple interest at rate 7 from the time of the resale. That is, 
we have: 


FACT 6.11.2 
When the bond has less than one coupon period until redemption, 
the clean price used in the Bond worksheet is 


C+Cg 
I fCg, 
1+1- f) oe 
rather than the semipractical clean price Gat — fCg as would 


result using compound interest . 


With settlement less than one coupon before redemption, if you choose to enter 
a numerical entry Z = +% in the PRI register, then the calculator “interprets” it 
DĪ, — Aree 


as 100 (25), then calculates T = 100m7 based on the equation 


~ (C +Cg)-— (X + fCg) 1 
oe i X+ Cg es, 


EXAMPLE 6.11.4 Bond purchased with less than one coupon payment 
remaining 


Problem: Suppose a $1,000 5% bond with semiannual coupons and a redemp- 
tion payment of $1,320 was purchased on March 11, 2005 at a price to yield the 
new buyer a nominal rate of 6% convertible semiannually. Further suppose that 
the redemption payment was due on June 13, 2005, and that the bond was a mu- 
nicipal bond so that day counts should be accomplished by the “30/360” method. 
Explain how the BA II Plus calculator Bond worksheet may be used to calcu- 
late the price paid at the March 11th settlement and the clean price for the sale. 
Check your answer by computing the price without using the Bond worksheet. 


Solution Key | 2ND || BOND | to open the Bond worksheet and display the last 


used settlement date. Substitute March 11, 2005 by keying |3//+*|/1)/1//0]/5 


ENTER |. Then key |4 || 5 |] ENTER | to enter a coupon rate of 5 (percent). 
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Next enter the redemption date June 13, 2005 by pushing I4 |6 + ||1|/3//0|/5 


ENTER |. The bond is redeemed at $132 per each $100 of face value, so you 
should fill the RV register with 132 by keying | 4 |} 1 || 3 || 2 || ENTER |. Pushing 


{| advances you to the basis for counting days and pushing | | | again will move 
you to display the number of coupons. These should be set at “360” and “2/Y”, 
and if either of these needs changing, depress | 2ND || SET | before you scroll 


past. Push) | | to arrive at the YLD register and then key| 6 | ENTER || | || CPT J. 
This should result in PRI = 131.2465893 being displayed. The price paid is the 
sum of this and the practical accrued interest Al = 1.2222222222. The latter is 
found by pushing | 4 | yet again. To sum these two values, you should store one 
of them, then scroll to the other and perform the addition. The sum 132.4688116 
represents the price per $100 of face value. So, the price of the $1,000 bond is 
$1324.69. 


It is not difficult to check this without using the Bond worksheet. First note 
that on a “30/360” basis, March 11, 2005—June 13, 2005 is two days over three 
months, and is therefore counted as 92 days. Furthermore, the bond was given 
to have semiannual coupons so, again on a “30/360” basis, the coupon period 
consists of 180 days. So, 180 — 92 = 88 days of the coupon period have elapsed 
prior to settlement, and f = 5%. Note that F = $1,000, r = 3 = .025, and the 
coupon payments are each for $25. Since the redemption amount is $1,320 and 
the bond is sold to provide the buyer a nominal yield of 6% convertible semian- 
nually, Fact (6.11.2) tells us that the applicable clean price is 


C+Cqg $1,320 + $25 88 
—_—_ - fCg= ($25) ~ $1,312.47. 
a Caer a 1+ (qe5) (3) \180 
The invoice (dirty) price is RESE] ~ $1,324.69. E 


The bond of Example 6.11.4 was a municipal bond, so we used the “30/360” 
method when figuring the fraction of the coupon period that has elapsed. It is 
worth noting that if everything in the problem were unchanged except the bond 
were a government bond or other bond for which the “actual/actual” basis were 
applicable, we would change the day-count-method by keying | 2ND || SET |. If 
we then scrolled to the Al entry, it would display “Al = 1.208791209”. But this 
should be equal to 25/, so the calculator has used f ~ .048351648 and s N 
.048351648. The actual number of days from December 13, 2004 to June 13, 
2005 is 182, and there are 88 days from December 13, 2004 to March 11, 2005. 
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EXAMPLE 6.11.5 Bond purchased with more than one coupon pay- 
ment remaining 


Problem: Suppose a $2,500 8% bond with annual coupons and a redemption 
payment of $2,800 was purchased on October 3, 1998 for $2,912. Further sup- 
pose that the redemption payment was due on May 30, 2004, and that the bond 
was a government bond so that day counts should be accomplished by the “ac- 
tual/actual” method. Explain how the BA II Plus calculator Bond worksheet may 
be used to calculate the yield to the October 3rd buyer. Also discuss how this 
calculation may be accomplished without the Bond worksheet. 


Solution Key | 2ND || BOND | to open the Bond worksheet and display the last 


used settlement date. Enter October 3, 1998 by pushing | 1]/0//+|/0|/3//9]/ 8 


ENTER |. Then key | | || 8 || ENTER |to enter a coupon rate of 8 (percent), fol- 


lowed by] |} 5 || «|| 3 |/0//0]/ 4 || ENTER |to enter the redemption date. The re- 


demption i is 38 Š times the par-value and the Bond worksheet is designed to price 
28 


bonds with $100 face value, so we wish to enter (28) ($100) in the RV regis- 


ter. This is accomplished by the sequence | | |218| + |] 2 || 5 || x |} 1|;0]/0]/ = 


ENTER |. Now set the day-count basis to “ACT” and the number of coupons 
per year to “1/Y”. Scroll down to the Al entry. You should find “Al = 2.761643836”. 
Store 2.761643836 in an available numbered register, say register m, by key- 
ing | STO || m |. We have now stored the accrued interest for a $100 face bond 


in register m. Since we were given that the dirty price of a $2,500 bond is 
$2,912, the dirty price of a $100 bond is 32 = $116.48, and its clean price 
$116.48—$2.761643836. We enter this in the PRI register by scrolling to PRI, then 
keying |1||1]/6|/+|]/4]/8 RCL || m ENTER |. Now, push |1 || CPT 


to compute the yield. The buyer’s annual yield rate is about 6.795493346%. 

This same rate may be obtained without relying on the Bond worksheet. 
We note that F = $2,500 and r = 8%, so the annual coupon payments are each 
$200. The price $2,912 is the sum of the October 3, 1998 values of the remaining 
six May 30th coupons and of the $2,800 redemption on May 30, 2004, figured by 
compound interest at the buyer’s yield 7. This is equal to 


(14+ 91" (82008; + $2,800(1 +77") 


where f is the fraction of the coupon period May 30, 1998—May 30, 1999 that has 
elapsed at the October 3, 1998 settlement date, calculated on an “actual/actual” 
basis. There were 126 days from May 30, 1998 to October 3, 1998 and the year 
beginning on May 30, 1998 had 365 days, so f = 305° We might then use the 
“guess and check” method to determine the yield rate 7. This may be avoided by 


using the Cash Flow worksheet to find a daily yield rate, which you then can 
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convert to an equivalent annual yield. Noting that there is an extra day in the 
coupon periods that include a February 29th, you should enter 

CFo = —2,912 , C01=0, F01= 238 (= 365 — 126 - 1), 

C02 = 200, F02 = 1, C03=0, FO3= 365, C04 = 200, F04=1, 

C05=0, F05= 364, C06 = 200, FO6=1, CO7=0, F07= 364, 

C08 = 200, F08 = 1, CO9=0, FO9= 364, C10 = 200, F10 = 1, 

C11=0, F11= 365, C12 = 200 + 2,800 = 3,000, and F12 = 1. 
Pushing | IRR || CPT | results in “IRR = 0.017997019”. This is a daily yield rate. 
To obtain the equivalent annual yield, we need the average number of days in a 


year for the interval October 3, 1998—May 30, 2004, but we will not be far off if 
we use 365.25. Since 


(1.00017997019)*°”” — 1 ~ 6.793641073%, 


we again find that the yield is close to 6.79%[7] E 


6.12 PROBLEMS, CHAPTER 6 
(6.0) Chapter 6 writing problems 
(1) The bond pricing formula (6.4.4) is named for the British actuary William 
Matthew Makeham. Write a short biography of him. Mention of Make- 
ham’s scholarly contributions is appropriate. 
(2) Learn how to read a bond chart, and write a short explanation of how 
this is done. (A Google search can help you find this information.) 


(3) Learn about income and capital gains taxes that apply to bond earnings 
and report your findings. 


(6.2) Bond alphabet soup and the basic price formula 


1) A $1,000 10% ten-year bond has semiannual coupons. It is purchased 
new at $880 and is redeemable at $1,020. Find the coupon amount and 
the effective yield rate per coupon period. 

2) A $2,500 6.5% eight-year bond has annual coupons. If it is purchased for 
$2,590, the investor will anticipate a 5.4% annual yield for the eight-year 
investment. Find the redemption amount on this bond. 


3) A 6% $1,000 par-value bond maturing in eight years and having semi- 
annual coupons is to be replaced by a 5.5% $1,000 par bond, also with 


TThe yearly rate will be equal to the rate produced by the Bond worksheet if we use 
365.3463816 instead of 365.25. The interval October 3, 1998-May 30, 2004 includes two 
February 29th’s so the estimate 365.25 is slightly lower than the average number of days in 
a year during the period October 3, 1998-May 30, 2004. 
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semiannual coupons. Both bonds are bought to yield 5% nominal inter- 
est convertible semiannually. In how many years should the new bond 
mature? (Both bonds have the same price as well as the same yield.) 
Answer to the nearest half-year. 

An investor will pay $2,318.63 for an n-year $2,000 par bond with a 
coupon rate of 10% compounded semiannually or he will pay $2,531.05 
for an n-year $2,000 par bond with a coupon rate of 11% compounded 
semiannually. Assuming that the investor gets the same yield on the two 
bonds, find this yield rate expressed as a nominal rate convertible two 
times per year. Also find n. 

An investor owns a $3,000 par-value 12% bond with semiannual coupons. 
The bond will mature at par at the end of fourteen years. The investor 
decides that a ten-year bond would be preferable. Current yield rates are 
6% convertible semiannually. The investor uses the proceeds from the 
sale of the 12% bond to purchase an 8% bond with semiannual coupons, 
maturing at par at the end of ten years. Find the face value of the 8% 
bond. 

Christie DeLeon purchased a ten-year $1,000 bond with semiannual 
coupons for $982. The bond had a $1,100 redemption payment at matu- 
rity, a nominal coupon rate of 7% for the first five years, and a nominal 
coupon rate of q% for the final five years. Christie calculated that her 
annual effective yield for the ten-year period was 7.35%. Find q. 
Martin Maradiaga was considering two bond offerings for purchase on 
March 1, 1995. Each had a purchase price of $10,000. Bond A was an 
“inflation-adjusted” 4% ten-year $10,000 bond with annual coupons; 
the coupon payments were to be based on March 1, 1995 dollars so 
that the inflation-adjusted coupon rate was 4% and the bond would 
be redeemable at an amount worth $10,000 in March 1, 1995 dollars. 
Bond B was a 7% ten-year $10,000 par-value bond with annual coupons 
offered by Delta Diagnostics. Which should Mr. Maradiaga purchase 
if he forecasts that inflation will be at a level rate of 2.75%? Why? If 
inflation is actually at 2.2%, find the inflation-adjusted yield on each 
bond. 


(6.3) The premium-discount formula 


(1) A $3,000 9% twelve-year bond with annual coupons is purchased with 


a discount of $57 and yields 9.1% if held to maturity. Find the price. 


(2) A $2,000 11% ten-year bond has semiannual coupons and is sold to yield 


5.2% convertible semiannually. The discount on the bond is $83.28. Find 
the redemption amount. 


(3) Alicia bought a newly issued $1,000 20% ten-year bond, redeemable at 
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$1,100 and having yearly coupons. It was bought at a premium with 
a price of $1,400. Alicia immediately took a constant amount D from 
each coupon and deposited it in a savings account earning 8% effective 
annual interest, so as to accumulate the full amount of the premium by 
a moment after the final deposit. How much did Alicia deposit each year 
in the 8% account? 


(6.4) Other pricing formulas for bonds 


(1) 


A $1,000 bond with a coupon rate of 8% has quarterly coupons and 
is redeemable after an unspecified number of years at $957. The bond 
is bought to yield 12% convertible semiannually. If the present value 
of the redemption amount is $355.40, find the purchase price using the 
Makeham formula. Then check your answer using another price formula. 
A $20,000 bond has annual coupons and is redeemable at the end of 
fourteen years for $22,600. It has a base amount equal to $18,450 when 
purchased to yield 6%. Find its base amount if it were purchased to 
yield 7%. 

Lucia Gabrielli purchased an n-year par-value $2,000 bond that had a 
coupon rate of 9% convertible quarterly; here 4n is an integer. Her sister 
Elana purchased a par-value bond with an identical coupon rate but 
having a term of 2n years. The coupons that Lucia and Elana received 
for the n years they both held their bonds were identical, and the yield 
rate used to determine the prices of each of the bonds was a nominal 
rate of 6% convertible quarterly. Elana paid $233.02 more than Lucia. 
Calculate the number of coupons in Lucia’s bond; use the premium- 
discount equation. 


(6.5) Bond amortization schedules 


(1) 


A $2,000 bond with semiannual coupons is redeemable for $2,100 in fif- 
teen years. It has a nominal coupon rate of 6.5%. The bond is purchased 
to yield 8% per annum compounded semiannually. Find the price of the 
bond, the amount for accumulation of discount in the tenth coupon, and 
the amount of interest in the tenth coupon payment. 

A bond with a face value of $6,000 and an annual coupon rate of 12% 
convertible semiannually will mature in ten years for its face value. If the 
bond is priced using a nominal yield rate of 6% convertible semiannually, 
what is the amount of premium in this bond? What is the amount for 
amortization of premium in the 7th coupon? 

A fifteen-year bond, which was purchased at a premium, has semiannual 
coupons. The amount for amortization of the premium in the second 
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coupon is $977.19 and the amount for amortization of premium in the 
fourth coupon is $1,046.79. Find the amount of the premium. 

An n-year $2,000 par-value bond with 9% annual coupons has an annual 
effective yield of i, 1 > 0. The book value of the bond at the end of the 
fifth year is $1,902.63 and the book value of the bond at the end of the 
seventh year is $1,924.18. Find the price of the bond. 

A three-year $1,000 6% bond with semiannual coupons has redemption 
amount $1,040. Make amortization tables for this bond if it is bought 
to yield a nominal rate of 5% convertible semiannually. Repeat for a 
nominal rate of 6% and then for a nominal rate of 7%, each convertible 
semiannually. 


(6.6) Valuing a bond after its date of issue 


(1) A $2,500 14% six-year bond with annual coupons is bought to yield 


oy 


nN 


6% annually. The price is $3,432.26. Find its clean and dirty values at 
the end of each quarter of the fourth year after issue, by the practical 
method and also by the theoretical method. 

On April 30, 1990, April purchased a $1,000 10% par-value seven-year 
bond having semiannual coupons; these were payable at the end of each 
October as well as on the anniversaries of the purchase. April paid 
$1,120. On July 18, 1993, she wished to know the dirty and clean val- 
ues of this bond, figured using the theoretical method and again by the 
practical method. Calculate them all for her, using the “actual/actual” 
method for figuring day counts. 


As in Problem (6.5.5), we are concerned with a three-year $1,000 6% 
bond with semiannual coupons and a redemption amount $1,040. Sup- 
pose that the bond was purchased on January 1, 2000. Make a chart 
showing the theoretical and practical dirty and clean values of the bond 
at the end of each quarter if the bond was purchased at a discount to 
yield a nominal rate of 7% convertible semiannually. Use the “30/360” 
basis for counting days. 


(6.7) Selling a bond after its date of issue 


(1) Miguel purchases a $22,000 9% fifteen-year par-value bond having an- 


nual coupons for a price to provide a 7% annual yield if the bond is held 
to maturity. Five years later, just after the receipt of the fifth coupon, 
he sells it at a price to provide the new purchaser a yield to maturity of 
8%. Find the difference between Miguel’s book value Bs and the invoice 
price. What was Miguel’s actual yield for the five-year period? 


(2) 
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A $1,000 seven-year 6% bond with semiannual coupons is redeemable 
for $1,065. It was originally purchased at issue for $970. It is sold after 
45 months for $995. Find the accrued interest by the practical method 
and again by the theoretical method using the new yield to maturity. 


On May 27, 1994 Jen Mago purchased a new $18,000 fifteen-year 10% 
bond with annual coupons and a redemption payment of $19,000. Jen 
sold the bond to Edna Wilder on December 31, 2000. The semipractical 
clean price for the sale was $18,375; this was based on her market price 
and the “30/360” method for counting days. Still working on a “30/360” 
basis, find her annual yield rate 7 and theoretical clean price Ce 


Jiayin purchases a ten-year 8% $62,000 par-value bond with annual 
coupons eighty months after its issue. The original purchaser paid a 
price to yield 8.5% if the bond was held until maturity, as does Jiayin. 
Compute the accrued interest by the theoretical method at 8.5% and 
also by the practical method. Find the split of the accrued interest by 
the theoretical method at 8.5% into interest and principal. 


(calculus needed) Consider the difference between the accrued interest 
by the theoretical method (at a fixed positive yield rate 7) and by the 
practical method. Find an expression, in terms of the interest rate 7, for 
the time when the difference is largest. That is to say, for what fraction 
f of an interest period is it largest? Calculate for 7 = 1%, 7 = 7%, and 
7 = 21%. 


(6.8) Yield rate examples 


(1) 


A twenty-year par-value bond has 12% annual coupons and a par-value 
of $2,000. Coupons can be reinvested at a nominal interest rate of 6% 
convertible semiannually. P is the highest price that an investor, who 
reinvests each of the coupons, can pay for the bond and obtain an effec- 
tive yield rate of at least 8%. Find P. 

An investor wishes to have an annual (effective) yield of 7%. With this 
goal in mind, he purchases a twelve-year $1,000 par-value bond with 10% 
coupons payable quarterly. The price he pays for this bond is based on 
the investor earning an annual yield of exactly 7% and the assumption 
that the reinvestment annual effective rate of interest on coupons will 
be 7%. In fact, the investor only earns 4% nominal interest convertible 
quarterly on the coupons, which are each reinvested at the moment they 
are paid. What is the investor’s actual annual yield rate? 

Mitch bought a newly issued $1,000 par-value 13% eight-year bond with 
semiannual coupons. The bond was priced to yield a nominal 9%, con- 
vertible semiannually, so Mitch paid a premium. Mitch immediately took 
a constant amount D from each coupon and deposited it in a savings 
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account with a 6% annual effective interest rate. This caused his actual 
yield to be less than 9%. The amount D was as small as possible so 
that the balance in the account immediately after the final deposit was 
at least equal to the premium. Find D and Mitch’s annual yield for the 
eight-year period. 

A $3,000 par-value bond with 6% annual coupons is purchased at a pre- 
mium ten years prior to its maturity date. The proceeds of the coupons 
are invested in a savings account with a 4% annual effective rate of 
interest. The annual effective yield on the ten-year investment (includ- 
ing the bond and the savings account) is 5%. What is the amount for 
amortization of premium in the third coupon the investor receives? 

On March 1, 1990 Juanita paid $6,317 to acquire a portfolio of six 
$1,000 par-value bonds. All the bonds had annual coupons. The portfolio 
consisted of three 12% bonds with redemption dates of March 1, 1992, 
1994, and 1996 and three 10% bonds with redemption dates of March 
1, 1993, 1995, and 1997. Find Juanita’s yield rate. 

Maureen purchased a laddered portfolio of par-value bonds with semi- 
annual coupons for $20,918. The bonds had common face amount X 
and coupon rate 6.8%. There was one bond redeemable at the end of 
each year for ten years. Maureen’s yield on the portfolio was an annual 
effective rate of 8%. Find X. 

Eric purchases a $8,000 fifteen-year 7% bond with semiannual coupons 
and a redemption value of $9,000. After twenty-three months, he sells 
the bond to Pierre who holds the bond for seven years and then sells it 
to Irene for the same price at which he bought it. She holds the bond 
until maturity. The nominal yield rates convertible semiannually earned 
by Eric and Irene are 3.6% and 3.8% respectively. Find the price for the 
bond at issue and the price Pierre paid for it. 


(6.9) Callable bonds 


(1) Dominique LeBlanc is the owner of a new ten-year $50,000 8% par-value 


bond with a Bermuda option and annual coupons. Allowable call dates 
are at the ends of years 6 through 10, and the call premium at the end 
of year n is $300(10 — n). Dominique purchased the bond for $51,248. 


(a) Find the lowest yield that Dominique may receive during the period 
she holds the bond as well as the highest. 

(b) Upon receipt, Dominique deposits each coupon and the redemp- 
tion amount in an account earning 6%. Find the lowest yield that 
Dominique may receive during the ten-year period and also the 
highest. 
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(2) Drew Jefferson purchases a new $20,000 9% twelve-year bond with semi- 


Ww 


annual coupons. If held to maturity, the redemption payment is $18,500, 
and the bond would yield Mr. Jefferson 8% convertible semiannually. 
The bond has an American option and is callable beginning at three 
years from issue. If the bond is called at time T, where T is measured 
in coupon periods, the call premium is p(T). Find an expression for the 
amount p(T) so that Mr. Jefferson’s yield is 8% no matter when the 
bond is called. 

Sofia purchases a $6,000 7% eight-year par-value bond with annual 
coupons. If held to maturity, her yield is 6.6%. The bond is callable 
at the end of two years for $6,300 and at the end of years five, six, and 
seven for $6,200. 

(a) Find Sofia’s minimal yield for the period she holds the bond. 


(b) If the bond is called prior to maturity, Sofia has made arrangements 
to have the redemption amount accumulate in her i = 5.5% sav- 
ings account until the end of the eight years. What is her minimal 
yield for the eight-year period of the bond? (The coupons are not 
reinvested.) 


(4) Prove Claim (6.9.3). It may help you to look at the proof of (6.9.2). 


(6.10) Floating-rate bonds 
(1) A five-year $2,000 floating-rate bond with annual coupons had a $2,125 


New 


redemption amount and was sold at its face value. The coupon rates 
were 7%, 6.4%, 5.8%, 6.2%, and 6.6%, successively. What level coupon 
rate would result in the same yield rate to the investor for the five-year 
period? 

Jorge has carefully studied the prospectus for a ten-year $10,000 floating- 
rate par-value bond with annual coupons. He anticipates that the coupon 
rates will be level at 5.5% for the first five years, then go up by a factor 
of 1.04 each year. How much should he be willing to pay for this bond if 
he wishes a yield rate of at least 7% for the ten-year investment period? 


(6.11) The BAII Plus calculator Bond worksheet 


(1) Suppose a $1,500 5% bond with annual coupons and a redemption pay- 


ment of $1,650 was purchased on February 23, 1995 at a price to yield 
the new buyer 8.2% annually. Further suppose that the redemption pay- 
ment was due on August 1, 1995 and that the bond was a corporate bond 
so that day counts are made using the “30/360” method. Use the BA Il 
Plus calculator Bond worksheet to calculate the price paid at the Febru- 
ary 23rd settlement and the accrued interest included in the price. Check 
your answers without using the Bond worksheet. 


324 


(2) 


© 


Chapter 6 Bonds 


A $6,000 10% municipal bond with semiannual coupons and a redemption 
payment of $5,500 was purchased on November 13, 1988 at a price to yield 
the new buyer 11.5% nominal convertible semiannually. The redemption 
payment is due on December 2, 1992. Use the BA II Plus calculator Bond 
worksheet to calculate the price paid at the November 13th settlement 
and the accrued interest included in the price. Check your answers without 
using the Bond worksheet. 

A $3,000 6% government bond with semiannual coupons was traded on 
August 11, 2002. It is redeemable on December 15, 2002. Determine the 
amount of accrued interest in the invoice price. If the bond is purchased to 
yield 4.5% convertible semiannually, find the invoice price. 


Chapter 6 review problems 


(1) 


(2) 


A $1,000 6% n-year par-value bond has annual coupons. Tabitha bought 
the bond to yield 5%. The amount of interest in the first coupon is 
$52.89. Calculate the amount of premium Tabitha paid for the bond. 
On March 2, 2000, Spencer purchased a $1,000 6% four-year bond having 
annual coupons and a $950 redemption. He paid $925. Find the July 5, 
2002 dirty and clean values of this bond by the theoretical method, using 
an “actual/actual” count of days. 

An n-year $1,000 par-value bond with 8% annual coupons has an annual 
effective yield of i, 1 +i > 0. The book value of the bond at the end of 
the third year is $990.92 and the book value of the bond at the end of 
the fifth year is $995.10. Find the price of the bond. 

An n-year $1,000 par-value bond with 8% annual coupons has an annual 
effective yield of i, 1 +i > 0. The book value of the bond at the end of 
the third year is $990.92 and the book value of the bond at the end of 
the fifth year is $995.10. Find the price of the bond. 

On October 30, 1978, Mr. Cole purchased a laddered portfolio of eight 
$2,000 par-value bonds. Each bond in the package had annual coupons 
and a coupon rate of 7.3%. The redemption dates were October 30 of 
years 1980-1987. The package was priced to give Mr. Cole an 8% annual 
yield rate. Find the price of the portfolio. 

On July 6, 2004 Gayle purchased a $25,000 8% par-value bond with 
semiannual (March 3 and September 3) coupons and a September 3, 
2007 maturity. How much did she pay if she purchased the bond to yield 
a nominal rate of 5.8%? What part of this price consisted of accrued 
interest? Answer this four times, using the theoretical and practical 
methods, along with the “actual/ actual” and the “30/360” methods. 
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(7) An eight-year $5,000 6.75%, par-value bond with semiannual coupons 
has a one-time put option at the end of five years. The bond is sold for 
$5,250. The purchaser has no pressing needs for money and all cashflows 
received (coupon and redemption) are reinvested until the end of the 
eight-year period. Any money reinvested earns interest at an annual 
effective interest rate of 5.5% during each of the first three years and at 
an annual effective rate I for each of the remaining five years. For what 
values of J should the bondholder exercise the put option? 


CHAPTER 7 


Stocks and financial markets 


7.1 COMMON AND PREFERRED STOCK 

7.2 BROKERAGE ACCOUNTS 

7.3 GOING LONG: BUYING STOCK WITH BORROWED MONEY 
7.4 SELLING SHORT: SELLING BORROWED STOCKS 

7.5 PROBLEMS, CHAPTER 7 


7.1 COMMON AND PREFERRED STOCK 


Corporations issue bonds to raise money. As we discussed in Chapter 6, bonds 
are certificates of indebtedness. Another way for a corporation to raise capital 
is for it to sell off assets. Notable among its assets are corporate ownership, 
and that is precisely what you get when you purchase shares of common 
stock. Each share of common stock represents a claim to a tiny bit of the 
company. If you own shares of common stock, you have equity — that is 
ownership — in the issuing corporation. 

How might you benefit from possession if you own common stock? When 
a company makes money, as a holder of common stock in the company, you 
may receive a part of the profit in the form of a dividend. However, it is 
also possible that the corporation will hold on to whatever profits it can, with 
an eye to making further profits. If the value of a corporation in which you 
own common stock increases, you will experience capital appreciation, in the 
sense that should you decide to sell your shares, the price should be higher. 
As a common stock shareholder, you will have voting rights and therefore 
a say in company policy, but you will not have the opportunity to vote on 
whether a dividend should be declared or its amount (although you may vote 
for members of the the Board of Directors, the body that makes decisions 
on dividends). In summary, you might purchase common stock in a company 
because you believe that the corporation will increase in value or that it will 
pay attractive dividends. If the company loses money, your share will decline 
in value. 

A second type of equity investment that a corporation may issue is pre- 
ferred stock. If you purchase shares of preferred stock, then you are buying 
the right to certain future earnings, again called dividends, as spelled out in 
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the stock offering. In the United States, stock dividends are usually paid quar- 
terly. Preferred stock dividends are most often fixed, although participating 
preferred stock pays extra dividends if the company has sufficient profits, 
and adjustable preferred stock pays dividends that change each period 
based on some set formula: Most likely the size of the dividend depends on 
the yield earned by holders of Treasury bills or on some other market rate. 

The payment of dividends on preferred stock is guaranteed so long as 
the company has first paid its creditors. So, preferred stockholders may re- 
ceive dividends when common stockholders receive none; thus, the name “pre- 
ferred.” In addition, if the preferred stock is cumulative, should dividends 
fail to be paid for some period, they accrue until the company can pay them. 
In case the issuing company declares bankruptcy, once again bondholders have 
priority over stockholders, but preferred stockholders’ claims are met prior to 
common stockholders’. To compensate for the fact that preferred stockholders 
have less potential for capital appreciation than the holders of common stock, 
the dividends paid on preferred stocks tend to be higher than those received 
on common stock. In general, the performance of the issuing company has 
much less effect on the price of preferred stock than it does on common stock 
prices. 

Some issues of preferred stock are convertible. This means that there is a 
time period during which they may be exchanged for common stock, the trade 
accomplished by a formula spelled out when the preferred stock shares are 
issued. Purchasers of preferred stocks should be careful to note what options 
the company has for buying back the shares of stock. The preferred stock 
may be callable, commonly after five years, at its issue price. As you can see, 
while preferred stocks are equity assets (representing ownership) rather than 
debt obligations, they have much in common with bonds. However, since a 
stock is a certificate of ownership, it does not have a maturity date. 


EXAMPLE 7.1.1 Preferred stock 


Problem: At the beginning of a quarter, Shermann DePew purchases 100 
shares of preferred stock at a price to provide him with a yield rate equal 
to 5.5%, assuming all dividends are paid. The stock is nonadjustable and 
nonparticipating so the dividends are fixed at the level stipulated at issuance, 
namely $.36 per share each quarter. How much does Mr. DePew pay for the 
stock? 


Solution Since Mr. DePew purchases 100 shares, he will receive $36 at the 
end of each quarter. Thus, he should pay an amount $X such that $36 = 


((1.055) # — 1)X. That is, X = auto = $2,671.58. Note that this is the 


present value of a perpetuity-immediate paying $36 each quarter. E 
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Pricing by looking at the present value of the dividends, as in Example (7.1.1), 
is sometimes referred to as the dividend discount model. 

Stock ownership gives you equity in a company. Of course it is possible 
that the company will go bankrupt. Then, you may lose your total investment 
or receive only a small fraction of what you paid for it. However, the ownership 
of common or preferred stock is a limited liability. The most you can lose is 
the amount you invested. 

Stocks and bonds are examples of securities, legal claims representing fi- 
nancial value whose trade takes place in financial markets. These markets may 
be physical locations, called exchanges, or trades may be accomplished over 
the telephone or computer. These latter transactions are said to be over the 
counter (OTC). In the United States, the major national exchange where 
stocks are traded is the New York Stock Exchange (NYSE). The Amer- 
ican Exchange (AMEX) and regional exchanges are of considerably lesser 
importance. Many stock transactions now take place over the counter using 
the network of computers known as NASDAQ (National Association of 
Security Dealers Automated Quotation system). Like the exchanges, 
NASDAQ has strict rules as to how trades may be performed. These are set out 
by the National Association of Security Dealers (NASD), the largest 
self-regulatory group of security dealers in the United States. Additionally, 
the Securities and Exchange Commission (SEC), which was created by 
the Security and Exchange Act of 1934, regulates American security trading. 
The SEC is in charge of ensuring that potential investors are given access to 
information on all publicly traded securities. 

There are many newspapers and Internet sites that list stock prices. Read- 
ily available information also includes several indices that try to represent the 
health of the market, or a segment of the market, with a single number. In par- 
ticular, you may have heard of the Standard and Poor’s 500 (S&P500), 
the Dow Jones Industrial Average (DJIA), and the Nasdaq index|} 

The DJIA, introduced in 1896, is the oldest of these and its calculation 
is rather simple. Currently based on the stock of thirty very large companies 
that are subjectively selected by the Wall Street Journaľs managing editor 
and index editor, the DJIA is computed by adding the thirty share prices 
and dividing by the Dow divisor. The purpose of the divisor is to account 
for stock splits in the thirty component stocks, thereby allowing historical 
continuity! Since the DJIA is proportional to the sum of the thirty share 


1 The index, unlike the acronym NASDAQ, has lowercase letters after the first “N”. Thus, 
Nasdaq refers to an index, NASDAQ to a network of computers. 

?To understand the use of the divisor, consider a simplified example with three stocks 
trading at $10, $17, and $27. Suppose that the $27 stock undergoes a three-for-one stock 
split so that each share of the $27 stock is replaced by three $9 shares. Then the average of 
the share prices changes from $10+$174827 = $18 to 10+8174$9 = $12 without any market 
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prices, a 1% change in a share with a high price has a bigger impact than a 
1% impact in the price of a stock with a lower share price. 

In contrast, the S&P500 and Nasdaq are each market-weighted indices. 
This means that each stock’s weight in these indices is proportional to the 
product of the share price by the number of shares outstanding. So, Microsoft 
may account for 3% of the index while a small company might account for 
less than .1% of the index. The S&P500 is based on five hundred stocks 
chosen for “market size, liquidity, and group representation.” The index only 
uses American companies and excludes real-estate stocks and companies that 
mainly hold stock in other companies. The Nasdaq is based on the more than 
four thousand stocks that trade on the NASDAQ. While it is hard for an 
individual to own stocks in all the companies included in the indices, for the 
interested investor there are financial index funds that hold the entire index 
portfolio. 

The legal claim granted by stock ownership is represented by a stock 
certificate. In this computer age, these fancy pieces of paper are usually not 
passed on to you when you buy stock. Rather, the brokerage firm (perhaps 
an online entity) that handles the trade usually holds the certificate and your 
claim is reflected on a brokerage statement. This eliminates the need for the 
seller to deliver the stock certificate so that a sale may be completed. The 
stocks are likely to be registered “in street name” rather than in your name 
although you may ask that they be registered in your name. This facilitates 
the brokerage firm borrowing its clients’ stocks for the use of another client. 
[See Section (7.4) on short sales.] If your shares are held in street name, you 
may have to request your voting rights if you wish to exercise them. 

The fact that you likely do not hold your stock certificates makes insur- 
ance against brokerage house failure especially important. Just as many banks 
have deposits covered by Federal Deposit Insurance Corporation (FDIC) in- 
surance, clients of covered brokerage firms receive protection from the Se- 
curities Investor Protection Corporation (SIPC). Customers are insured for 
losses up to $500,000 with cash loss limited to $250,000. Additional private 
insurance is offered by some brokerage firms. 

Now that you know what stocks and bonds are, we can tell you briefly 
what a mutual fund is. Mutual funds are investment companies that allow 
investors to invest their pooled money in a variety of securities. The investors 
are shareholders and each owns a part of the company. Generally, mutual 
funds sell their shares on a continuous basis, and mutual fund shares may 
be redeemed upon demand by the investor A mutual fund’s portfolio is 


forces at work. This is avoided if we change the second denominator (or divisor) from 3 to 
2: 

3Closed-end funds also are actively managed companies that pool money for security 
investments, but they trade on exchanges. A third type of investment company, a unit 
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likely to contain a mixture of stocks, bonds, money market instruments, and 
other securities including derivative securities that are studied in Chapter 8. 
The particular objective of a mutual fund will help dictate the company’s 
investment choices, and these goals will impact the level of risk. Examples 
of mutual fund objectives include steady income production and targeting 
a particular industry or type of company, say rapidly growing companies. 
Mutual funds offer investors the advantages of diversification and professional 
management. In the United States, regulation of mutual funds is generally 
provided by the SEC under the Investment Company Act of 1940. 


7.2 BROKERAGE ACCOUNTS 


If you are going to invest in stocks, you will almost certainly need to deal with 
an intermediary. The reason for this is that it would be a rare situation in 
which you have direct access to the stocks you wish to purchase. You may not 
enter the trading floor on an exchange and even trading on NASDAQ requires 
a representative. 

There are fees or commissions that are charged by the intermediary but 
we will largely ignore these in our discussion. For simplicity, we will refer to 
the intermediaries as “brokers” or “brokerage firms.” Actually, you may deal 
with either a broker who just acts as your agent and collects a commission 
for services rendered, or with a dealer who holds an inventory of stocks. 
When you use a dealer, you may buy from the dealer’s inventory or have the 
shares you sell added to this inventory. A dealer makes money by, at any time, 
buying shares at a lower price than he or she sells those shares for. This price 
difference is called a bid-ask spread. Many brokerage firms act as a broker 
on some trades and a dealer on others. With the advent of discount brokerages 
and the internet, many of the costs associated with trading have decreased 
considerably in recent years. In general, fees (per share traded) are higher for 
small investments than for large ones. 

In order to be able to invest in stocks, you will need to open a brokerage 
account. If you select a cash brokerage, you pay for the securities you pur- 
chase with money from the account, and when you sell securities, the proceeds 
(less any commission) are credited to your account. You may withdraw money 
from your cash account, but the account does not serve as an instrument for 
borrowing money. In contrast, a margin account allows you to borrow from 
your broker, using assets in the account (money or securities) as collateral. 
The loan may be for the purpose of purchasing securities, which you then 
place in the account, but borrowing may not be restricted to this use. 

When you use a margin account for a stock purchase, you are borrowing 
part of the money used to purchase the shares. The brokerage firm will hold 


investment trust, has a fixed composition of redeemable securities, and is not actively 
managed. 
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onto the purchased shares for you. The Federal Reserve Board (FRB) imposes 
the initial margin requirement that, at the time of purchase, you must 
deposit a certain proportion m of the value of the securities purchased on 
margin into your margin account. This is your downpayment. [You may satisfy 
your downpayment with securities instead of with cash, but only a fraction 
of the value of the securities (perhaps again m) is counted: So the market 
value of securities needed to meet the initial margin requirement is greater 
than the cash amount needed.] The rate m has been constant at 50% from 
1974 to 2006, and it has ranged from a low of 40% to a high of 100% since the 
Securities Exchange Act of 1934 required federal regulation of the buying of 
securities on margin. Furthermore, you must have on deposit at least $2,00c4 
in your margin account. The amount that you deposit is your initial equity. 

The loan balance is called the debit balance or net debit amount, and 
it is usually updated daily. Changes in the debit balance result from interest 
assessed by the broker, cash deposits or withdrawals (if allowed), and from 
trading securities. Of course the market value of the securities you hold is 
subject to frequent change, but this value does not affect your debit balance. 
In general, the difference between the market value and the net debit balance 
is referred to as equity. Equivalently, 


Market Value = Net Debit Balance + Equity. 


In addition to the FRB’s initial margin requirement, the NYSE and NASD 
further impose a maintenance margin requirement: They insist that the 
equity in the account is at least 25% of the market price of the securities 
bought on margin. In fact, many brokerage houses impose higher maintenance 
margins (such as, 30%), and margin requirements may vary based on the size 
of the account, the type of securities purchased, and whether your account is 
diversified. 


EXAMPLE 7.2.1 Margin requirements 


Problem: Elvira Hamilton purchases 360 shares of a stock that is currently 
selling at $57.82 per share using her margin account. Her purchase is sub- 
ject to the FRB’s initial margin requirement and a 35% maintenance margin 
requirement. What is the dollar amount of the FRB’s initial margin require- 
ment? What is the highest per share price at which she would fall below the 
35% maintenance margin requirement, assuming that the initial margin re- 
quirement is satisfied by a cash deposit and therefore has a constant dollar 
value? Assume that any interest on the margin account is immediately paid 
in cash so that the debit balance does not increase. Also assume that if the 
borrowed stock pays a dividend, which results in a reduction in the balance of 


4$25,000 for “daytraders” 


Section 7.2 Brokerage accounts 333 


the margin account, Elvira immediately makes a deposit to return the balance 
to the predividend amount. 


Solution The FRB’s initial margin requirement on Elvira’s stock purchase 
is .5 x 360 x $57.82 = $10,407.60. So, since Elvira makes the minimal allow- 
able deposit to fulfill the FRB’s requirement, she deposits $10,407.60. The 
remaining $10,407.60 of the purchase price is borrowed. So, the initial debit 
balance is $10,407.60, and by assumption, this is also equal to the later debit 
balance. Therefore, if the price of the stock is p, the market value of the 360 
shares of stock is 360p and Elvira’s equity is 360p — $10,407.60. So, in order 
that there not be a margin call, the equity 360p — $10,407.60 must be at least 
.35(360p). The inequality 


360p — $10,407.60 > .35(360p) 


is equivalent to p > SE æ% $444769. This inequality is satisfied if p = 
$44.48 but not if p = $44.47. So, since the price is a whole number of cents, 
the largest per share price that will result in the 35% maintenance margin 


requirement being violated is $44.47. a 


Failure to satisfy the margin requirements may result in a margin call 
or maintenance call, a demand that you immediately take action so that 
your account will again meet the requirements. Your response to a margin 
call may be to deposit money or marginable securities to your account so 
that your equity again meets the maintenance margin requirement. Another 
option is for you to instruct your broker to sell certain margined securities 
held in the account, thereby simultaneously increasing the cash in the account 
and reducing the amount of securities on margin. Margin buyers should be 
aware that margin calls are made at the discretion of the brokerage house. 
If your account dips below the margin requirement, the broker may liquidate 
securities without consulting you to bring your account into compliance. This 
may result in big losses! Therefore, it is important that a margin account 
holder keep an eye on the value of the assets in the account and the debit 
balance and take action before the broker. Do not count on the broker issuing 
a margin call! Margin buyers should further be aware that the brokerage firm 
may increase its maintenance margins at any time. 

To analyze margin considerations more generally, we introduce some no- 
tation. Let B, denote your debit balance at time t and P, denote the market 
value of your margined holdings, also at time t. Then FE; = P; — Bi is your 
account equity at time t. The margin m, at time t is 


_B-B _ Hi 
ae ees 
the ratio of the net holdings, or equity, to the current price the margined stock 
would fetch. Suppose the maintenance requirement is m’. You may calculate 


(7.2.2) me 
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the minimum price Q+ that your entire package of assets must command 
at time ¢ in order for a margin call not to be made. More specifically, by 
Equation (7.2.2) we have m’ = oF 
m Q: = Qı — Bı as well as to 


(7.2.3) Qi 


If the margin m; is less than m’, the account is said to be undermargined 
and is therefore subject to a margin call. If m, is between the maintenance 
margin and the initial margin, the account is said to be restricted. This 
means that you may not withdraw money without selling stocks and get- 
ting back to the initial margin requirement. Furthermore, purchases are not 
allowed until the initial margin requirement is again met, and part of the 
proceeds from any sale must go to reducing the deficiency. 

When my exceeds the initial margin requirement, you are free to withdraw 
assets from the margin account, as long as you leave sufficient funds to meet 
or exceed the initial margin requirement. 


. This is equivalent to the equation 


~ tm" 


An account is restricted if the balance is above the maintenance 
margin but below the initial margin. Restricted accounts do not 
allow money to be withdrawn or purchases to be made. 


EXAMPLE 7.2.4 Avoiding a margin call, portfolio of two stocks 
bought on margin 


Problem: On February 4, 2001, Seth Stubbs made a margin purchase of 200 
shares of an oil stock for $78 per share, borrowing to the full extent allowable 
with a 50% margin requirement. Two months later, he again made a margin 
purchase using the same account. This time he bought 100 shares of a tech 
stock at $121 per share. In addition to the 50% initial margin requirement, 
the oil stock had an mı” = 30% maintenance margin requirement, and the 
more volatile tech stock had an m2’ = 40% maintenance margin requirement. 
Suppose that the price of the oil stock at the time of the tech stock’s purchase 
was $81, and that Seth took advantage of the $3 per share increase when he 
purchased the tech stock, using any extra unrestricted equity to reduce the 
amount of new money he needed to add to the margin account. 


(1) How much new money did Seth have to deposit to accomplish the pur- 
chase of the tech stock? 

(2) If the share price of the tech stock two months after Seth purchased the 
stock was $101, how high must the price of the oil stock have been so 
that Seth’s account is not subject to a margin call? Assume that there 
was no account activity other than what has been reported and that 
(unrealistically) there was no growth in the debit balance. 
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Solution (1) Originally, Seth purchased 200 x $78 = $15,600 of stock using 
$7,800 of his own funds and $7,800 of borrowed money. Two months later, the 
oil stock was worth 200 x $81 = $16,200. But, according to Equation (7.2.2), 
this resulted in a margin of $16,200— 87.800 x~ 51.85%. To achieve a margin of 
50%, as is required for funds to be unrestricted, the numerator need only be 
$8,100 rather than the current $8,400. So, there was an extra $300 that Seth 
had available for the purchase of the tech stock. The total price of the tech 
stocks was 100 x $121 = $12,100. The initial margin requirement for the tech 
stock was .5 x $12,100 = $6,050, so Seth only had to contribute $5,750 of 
newly invested money to execute the tech stock purchase. 

(2) Sitting in Seth’s account were 200 shares of oil stock and 100 shares 
of tech stock, and he borrowed $7,800 for the oil stock and $6,050 for the tech 
stock. Now, consider the margin situation two months after the tech stock 
purchase, first looking at each of the types of stock separately. According 
to equation (7.2.3), if the tech stock had its own margin account, a margin 
call would go out if the price fell below $6,050 = $10,083.3333. Again by 
Equation (7.2.3), the oil stock (alone) would trigger a call if its price were 
below $7,800 æ% $11,142.8571. So, if we allocate Seth’s assets to best serve 
him, he needed just $10,083.3333 + $11,142.8571 ~ $21,226.1904 to avoid a 
margin call. If, as was the case after two months, the tech stocks had a price of 
100 x $101 = $10,100, then there would have been a margin call unless Seth’s 
holdings of oil stock had a price of at least $21,226.20 — $10,100 = $11,126.20. 


Since 211,126.20 = $55.631, per share, we needed a price of at least $55.64. I 


In Examples (7.2.1) and (7.2.4), we’ve considered the prices stocks must 
command in order for margin calls to be avoided. But, sometimes stock prices 
experience a big drop, and the investor who purchased stocks on margin re- 
ceives a maintenance call. Our next example concerns various responses an 
investor could make to such a call. 


EXAMPLE 7.2.5 Responding to a margin call 


Problem: Shannon Cox purchases $25,000 of a single stock using her margin 
account and borrowing to the full extent allowed. The account has a 30% 
maintenance margin requirement. Immediately after the sale, the value of the 
stocks plummets to $17,000. 


(1) How much cash would she need to deposit in order for the account to 
meet the maintenance requirement without other changes? 

(2) What must be the price of marginable securities added to satisfy the 
30% margin requirement? Assume these securities again have a 30% 
maintenance margin and that no cash is added or stock sold. 

(3) Ifthe margin requirement is to be satisfied solely by liquidation of stocks, 
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what is the total market value of the stocks that must be sold? The 
proceeds from the sale are put in the initial margin account. 


Solution The FRB initial margin requirement is 50%, so Shannon deposits 
$12,500 and borrows another $12,500. If the price of the purchased stock falls 
to $17,000, Shannon’s debit balance remains $12,500 and her equity in the 
stock is just $17,000 — $12,500 = $4,500. 

(1) If the security holdings held in the account are unchanged, the main- 
tenance margin requirement requires her equity to be at least .3 x $17,000 = 
$5,100. Therefore, Shannon must deposit $5,100 — $4,500 = $600 to meet the 
maintenance requirement. 

(2) We next consider what dollar value S of securities Shannon must add 
so that the new equity S + $4,500 = .3($17,000 + S). This equation expresses 
the requirement that the revised security holdings represent equity equal to 
30% of the price of those holdings, and it is equivalent to .7S = $600. So, since 
$600 = $857.143, Shannon must deposit $857.15 of securities to meet the 30% 
margin requirement. 

(3) Suppose that broker sells stocks from Shannon’s account with market 
value Y. Then the market value of her remaining stocks is $17,000 — Y and 
her account also includes an additional amount Y of cash. In other words, 
the market value of her holdings is unchanged, and her debit balance remains 
$12,500. So, she still has $4,500 of equity. What changes is her ratio of equity 
to margined securities. In order that it equals 50%, we would want 4,500 = 
.5($17,000 — Y ), so Y = $8,000. Observe that under this scenario, if the share 
price returns to its original level, Shannon’s equity would then be 


2 
$8,000 + = (817,000 — $8,000) | — $12,500 ~ $8,735.29. 


So, she would have lost $3,764.71. There is no such loss in (1) and in (2) where 
Shannon would gain equity if the newly purchased securities also experience 
a price rise. | 


Obviously, you would like to avoid the consequences of having a restricted 
account. In fact, if the value of the securities in your account rises before it 
falls, you may have the equity that exceeds the FRB’s 50% transferred to 
another account, a so-called special memorandum account (SMA), also 
called a special miscellaneous account. The purpose of an SMA account is 
to preserve the customer’s buying power and ability to withdraw funds. Once 
money is credited to an SMA, it remains until used by the customer, even 
if the account becomes restricted. Here is a simple example of how an SMA 
may help a customer who has a margin account. 
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EXAMPLE 7.2.6 Special memorandum account 


Problem: Uki Grissom opens a margin account and purchases 1,000 shares 
of pharmaceutical stock for $32.50 per share, borrowing 50% of the purchase 
price. An announcement that the FDA has granted approval of one of the 
company’s drugs results in the stock soaring to $36.70 per share. However, 
the approval is withdrawn after several users die and lawsuits are feared. This 
results in the stock falling to $30 per share. In addition to the FRB’s 50% 
margin requirement, the brokerage firm has a 35% maintenance margin for the 
stock. Trace the sequence of equity in Uki’s account if there is no SMA and 
again if funds are transferred to an SMA to the full extent allowed, whenever 
equity exceeds the FRB’s 50%. 


Solution The original price for the 100 shares was $32,500, and the initial 
debit amount and equity amount are each half of that amount, so $16,250. 
When the price jumps to $36.70 per share, for a total increase of $36,700 — 
$32,500 = $4,200, without an SMA the equity in the margin account increases 
to $16,250+$4,200 = $20,450. The market value is now $36,700 so only $18,350 
of equity is needed to satisfy the 50% initial margin requirement. If the excess 
$2,100 of equity is transferred to an SMA, then the margin account will now 
have equity of $18,350. 

Without the SMA, following the price decline to $30,000 for 1,000 shares, 
Uki’s margin account will have equity of $30,000 — $16,250 = $13,750, and 


= i ; $13,750 
Uki’s account will have a margin of $30,000 © 458333333. 


In the case where the $2,100 was moved to an SMA, Uki’s equity is 
$13,750 — $2,100 = $11,650 and the margin is i078 ~ .388333333. In both 
cases the margin account is restricted, but if Uki has the SMA, he has $2,100 
available: He may use this money as he wishes. The downside of using an SMA 
is that he now needs to be vigilant for continuing price declines that would 


make his account undermargined. a 


7.3 GOING LONG: BUYING STOCK WITH BORROWED MONEY 


How can you attempt to make money with common stocks? Since a stock is 
an equity, you could do so by determining a stock issuing company, or better 
yet several, whose future is better than the current price reflects. Of course 
this is a prediction about the future direction of a stock price (or prices) and 
is therefore at best an informed guess. If there is general agreement that a 
stock is underpriced, you would expect that market forces would quickly act 
to correct this undervaluing. 


Beware that playing the stock market is a risky business! 
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If you believe a stock will rise in value, you are said to be bullish on the 
stock, while if you foresee a decline, you are bearish. F] We defer discussion of 
how a bearish investor can try to make money on the stock market to Section 
(7.4). 

Suppose you are confident that a stock will have a significant increase in 
value. You may wish to purchase shares of the stock now and sell them after 
their value increases. Purchasing an investment that will appreciate in value 
when the investment goes up in price is referred to as taking a long position 
or going long. When you take a long position on a stock, in addition to 
anticipating appreciation in the share price, you may foresee dividends being 
issued during the period in which you plan to hold the stock. 

What should you consider when you make a decision as to whether to 
buy stock? If you are contemplating taking a long position on a stock using 
your own money, you should compare the anticipated gain from the stock 
purchase with the money you could earn by using your money for lower risk 
investments (e.g., U.S. Treasury securities). If borrowed money would be used 
to finance the stock purchase (or part of it), the interest rate on the loan must 
be considered. In both cases, it is wise to compare various stocks, evaluating 
the level of risk as well as the profit potential. You should also note dividend 
reinvestment options. If you make your purchase with a cash account, perhaps 
you have an option of having your dividend reinvested in the company without 
any transaction fee. When you purchase stock on margin, commonly dividends 
are credited to your account and reduce the debit balance. 

In our next example, we illustrate that speculating using borrowed money 
can increase your yield, but it also magnifies the risk. 


EXAMPLE 7.3.1 Going long with cash and on margin 


Problem: Cong is confident that the price of shares of Promise Computer 
stock will soon rise dramatically. He pays $2,500 to purchase 1,000 shares. 
Cong’s sister Shu Fang wishes to share in her brother’s potential windfall, but 
only has $1,250 to invest. She opens a margin account with her broker and 
places her $1,250 in the account so that she may purchase $2,500 of the stock 
as her brother has done. So, she is taking out a $1,250 loan that is secured by 
the purchased Promise Computer shares. The stock pays dividends of $.20 per 
share at the end of the first six months. Calculate Cong’s yield if he sells his 
1,000 shares at the end of one year for $3,000. Also determine what his yield 
would be if he sells the stock at the end of one year for $2,000. If Shu Fang 


5The terms “bear” and “bull” can be traced back to Thomas Mortimer’s 1761 book 
“Every Man His Own Broker, or, A Guide to Exchange Alley.” 
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sells her shares at the same time as her brother, and for identical prices, what 
would her yield be in each case? Assume that Shu Fang pays $35 of interest 
for the year, and that there are no commissions. 


Solution The dividend paid halfway through the year on 1,000 shares is 
$.20 x 1,000 = $200. So, if the price at the end of one year for 1,000 shares has 
jumped to $3,000, then Cong’s yield rate ic satisfies the equation of value 


$2,500 = $200(1 + ic)" ? + $3,000(1 tig)! 


Therefore, ic © 29.08940135%. (This may be found using the quadratic for- 
mula or the BA II Plus calculator Cash Flow worksheet.) On the other hand, 
if Cong only receives $2,000 when he sells the 1,000 shares, his yield rate ic 
satisfies s 

$2,500 = $200(1 + ic) 7 + $2,000(1 + ioy}, 
and he has a negative yield rate ic ~ —12.51743063%. (Note that 1 + ic is 
still positive.) 

In Shu Fang’s case, at the end of a year, the stock is sold and Shu Fang 
liquidates her margin account. The balance of her account at this time is 
the proceeds for the stock sale, less her debit balance. This debit balance 
is $1,250 — $200 + $35 = $1,085 since the dividends would be added to the 
account. So, if the sale price is $3,000, she gets $1,915, and if it is $2,000 she 
gets $915. Denoting her yield rate by isp, in the first case her time 1 equation 
of value is 

$1,250(1 + isr) = $1,915, 


while in the case that the stock goes down, it is 
$1,250(1 + isr) = $915. 


Therefore, in the case when her brother had a yield of about 29%, Shu Fang 
has a yield of isr = 53.2%, and when Cong’s yield is about —12.5%, hers is 
isr = —26.8%. E 


In Example (7.3.1), the yields have larger absolute value when borrowed 
money is used for part of the sale price. We shall see in Example (7.4.1) that 
positive and negative investment returns are also exaggerated if you anticipate 
a downturn in the price of a security and try and make a gain using borrowed 
securities. 


The term leverage is sometimes used to describe the use of bor- 
rowed assets to increase one’s speculative capacity. Just as a lever 
can increase the force you apply, leveraging increases the force of 
your investment decisions. 
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With this language, Shu Fang’s investment in Example (7.3.1) was lever- 
aged; Cong’s was not. 

Whenever you purchase stock on margin, interest will be charged on the 
debit balance. In our example, the interest rate was roughly 3.4%. In practice, 
the broker call rate is the rate that the broker must pay to borrow money 
and the interest rate on a margin account is apt to exceed that by up to 2%. 
Interest rates tend to be lower on higher debit balances. 

In addition to making money by charging interest, brokers collect more 
commissions and fees when they allow investors to buy stock on margin, be- 
cause customers can then make transactions for the purchase of more shares. 
This benefit is to some extent offset by client default, but the brokerages tend 
to have sufficiently high margin requirements to protect their interests. More- 
over, when an account is undermargined, the broker may choose not to give 
you time to respond to a margin call. If the broker makes a partial liquidation 
of your account, as allowed when it is undermargined, any choice of which 
stocks to liquidate may be made to lessen the brokerage’s exposure to risks 
to which it is overexposed. 


7.4 SELLING SHORT: SELLING BORROWED STOCKS 


Recall that if you purchase stock on margin (take a long position), you borrow 
money so that you may buy more stock than you could without the added 
borrowed funds. This is done with the belief that the value of the additional 
purchased shares will increase at a rate greater than the interest rate on the 
debit balance. If your forecast is correct, you profit. But what do you do if you 
wish to make an investment based on a prediction that a stock is overpriced 
and the share price will drop substantially? In contrast with the situation 
where you were bullish on a stock and borrowed money so that you could 
buy more of it, you now borrow stock so you may sell more of it, planning 
on buying it back and returning shares when you can do so for less than you 
sold them for. Naturally, since the success of this strategy depends on your 
projection being correct, implementing it carries considerable risk. If you carry 
out the just outlined plan, you are a short seller and have made a short 
sale or established a short position. 

When you sell short a stock, you borrow the stock shares from your 
broker. Perhaps they were in the brokerage’s own inventory or the account 
of another one of the firm’s customers. The shares are sold and the proceeds 
are credited to your margin account. Eventually you must buy back the same 
number of shares that you borrowed and return them to your broker.(This is 
called closing your position.) You should be aware that a broker may require 
a short seller to return the shares at any time, even when the price is high 
and it would be disadvantageous to the short seller. If dividends are paid 
to shareholders before you close your short position, these must be paid from 
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your margin account (since dividends are owed both to the person who bought 
the stock and to the person from whom you borrowed it, and the company will 
only pay once). If the price of the shares falls sufficiently, you make money. 
If it rises or falls an amount insufficient to make up for dividends you had to 
pay and interest due on the borrowed stock, you lose money. 

When you sell short, your broker will want you to place assets in your 
margin account to secure the loan of shares. The assets should have sufficient 
value so that, combining them with the cash from the stock sale, you can 
buy back the borrowed shares even if their price goes up significantly. We 
will suppose that your margin requirements are fulfilled by cash and that 
a modest rate of interest is credited on your margin balance. Treasury bills 
may sometimes be deposited in lieu of cash, and then the interest rate you 
receive is the Treasury-bill (T-bill) rate. If you deposit more volatile or less 
liquid assets, you may need them to have a higher deposited value since only 
a percentage of their total value is counted in figuring your margin balance. 
So, just as was the case for a margined stock purchase, a short sale has an 
initial margin requirement and a maintenance requirement [see Section (7.2)], 
the requirements made by the Federal Reserve Board and your broker. 


EXAMPLE 7.4.1 Short sale 


Problem: Dayita believes that stock in Confederated Foods is overpriced. 
The current price per share is $48.25. She decides to immediately sell 500 
shares of Confederated Foods on margin and, as instructed by her broker, 
deposits the required FRB 50% margin in cash to her brokerage account. The 
annual effective interest rate on her cash margin deposit (but not on the funds 
from the stock sale) is 2.5%. If the stock declines by 20% over the next year 
and she closes out her short position after exactly one year, what will her 
yield be if no dividends were declared? How about if a dividend of $.15 was 
declared right before she covered her short sale? What yield would Dayita 
receive if the price rose by 20% and there were no dividends? How about if 
there were dividends of $.15 right before she bought back the stock? 


Solution The price of 500 shares at the time of the short sale is $48.25 x 
500 = $24,125, and Dayita’s margin deposit is $12,062.50, half of the value at 
the time the short position is initiated. At the end of the year, the stocks are 
repurchased, any dividends due are paid out, and Dayita receives the balance 
from her margin account. This balance is the difference between $24,125 + 
(1.025) ($12,062.50) ~ $36,489.06, the sum of the proceeds from the short 
sale and Dayita’s deposit to the margin account, and the money paid out to 
purchase the stock and pay any dividends. We were asked to calculate her 
yield in four different cases, and here are the results: In each case, the entry 
recorded in the “Money due to Dayita” column was found by calculating 
$36,489.06 — (“Repurchase Price” + “Dividends paid out”). 
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Change in Repurchase Dividends Money due _  Dayita’s 


Stock Price Price paid out to Dayita yield 
—20% .8($24,125) $0 $17,189.06 pees a 

= $19,300 ~ 42.49997927% 
—20% .8($24,125)  500($.15) $17,114.06 S 1 

= $19,300  =$75 ~ 41.87821762% 
+20% 1.2($24,125) $0 $7,539.06 wee 

= $28,950 = —37.5000207% 
+20% 1.2($24,125) 500($.15) $7,464.06 wees 1 

= $28,950  =$75 ~ —38.1217824% 


We note that when the stocks go down as predicted, her yield is much 
higher than the percentage the stock prices fell, and when the movement was 
contrary to the bearish forecast, Dayita’s percent loss was much worse than 
the percent gain by the stock. a 


The yield calculations illustrated in Example (7.4.1) might have been 
made by appealing to a formula. Specifically, let P, denote the price of the 
short-sold stocks at time t. We suppose that the short sale is initiated at time 
0 and terminated at time T. Suppose that the initial margin requirement is 
r [where r = .5 = 50% as in Example (7.4.1)], and J denotes the interest 
rate for the interval [0,7] on the margin deposit. Also, let D denote the time 
T aggregate value of all dividends paid on (0,7], where the values of the 
individual dividends are computed using the interest rate J and compound 
interest. Then the initial margin deposit is rP), and assuming that there are 
no intermediate margin deposits or withdrawals, the profit by the investor is 
(Po — Pr) + J(rPo) — D, and the yield over the interval [0, T] is 


(Po — Pr) + I(r Po) — D 
rPo ` 


(7.4.2) tshortsale = 


EXAMPLE 7.4.3 Short sale with multiple dividend payments 


Problem: On April 1, Zheng Wang initiates a short sale for 400 shares of 
Allied Machinery when the per share price is $43.13. She closes out her short 
position exactly two years later, buying back the stock for $38.95 per share. 
The initial margin requirement is 55%. Assume that there are no intermediate 
margin deposits except for quarterly withdrawals of $.36 per share to cover 
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dividends. The annual effective interest rate earned by the margin deposit is 
2.82%. Find Zheng’s annual yield for this two-year transaction 


Solution Zheng sells the stock for Po = 400 x $43.13 = $17,252 and 
buys it back for P> = 400 x $38.95 = $15,580. The margin requirement is 
.55($17,252) = $9,488.60, and the interest rate for the two-year investment 
period is J = (1.0282)? — 1. We further note that at the end of each quar- 
ter (for eight quarters) dividends of 400 x ($.36) = $144 are paid out, so 
D = $14483 (1 9282):25—-1)- Therefore, Equation (7.4.2) gives 


tshort sale 
($17,252 — $15,580) + [((1.0282)” — 1)($9,488.60)] — $144s3((1.0282) 5—1) 
$9,488.60 


= 10.8991522%. 


This is for the two-year period, so the annual effective yield is (1.08991522) 2 — 
1 ~ 5.3086664%. E 


Equation (7.4.2) is only useful when the investor doesn’t make interme- 
diate deposits and withdrawals from the margin account. So, for instance, it 
is not applicable if a margin call is answered with a cash deposit. In general, 
you should use the basic principles introduced in Chapter 2 to find the yield. 


EXAMPLE 7.4.4 Yield rate for a short sale with an intermediate 
cashflow 


Problem: Dr. Amos Riesman short sells stock in Elwood Pharmaceutical. 
The purchase price is $38,300 and this requires Dr. Riesman to make a $19,150 
margin deposit. Three months later, the price of the shorted shares is $56,200 
and, since Dr. Riesman’s account has a 35% maintenance margin, he receives 
a margin call that he answers with a cash deposit of $4,000 (although less was 
required). Six months after Dr. Riesman initiated the short sale, the price of 
the stock is just $28,800, and Dr. Riesman closes out his short position. If the 
interest rate paid on the margin account was a nominal rate of 2% convertible 
quarterly and no dividends were declared, what was Dr. Riesman’s yield on 
the short sale? 


Solution At the end of six months, Dr. Riesman’s contributions to his mar- 
gin account have accumulated to $19,150(1.005)°+$4,000(1.005) = $23,361.98. 
Moreover, $38,300 was received from the sale of the stock. So, after the stock 
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is repurchased for $28,800, Dr. Riesman liquidates $23,361.98 + $38,300 — 
$28,800 = $32,861.98. So, a time six months equation of value giving Dr. Ries- 
man’s annual yield i for the short sale is 


$32,861.98 = $19,150(1 + i)? + $4,000(1 + 4)?. 


The quadratic formula may be used to find (1 + it œ~ 1.20969138. So, i ~ 
114.14%. This value of i may also be found using the BA II Plus calculator cash- 
flow worksheet. 

We note that there was considerable risk in Dr. Riesman’s short sale. 
When the price of the stock soared to $56,200, it would not have been sur- 
prising if the investor, from whom the shares were borrowed, decided it was 
time to sell the shares. To accomplish the sale, the broker might have required 
Dr. Riesman to buy back the stocks, resulting in the doctor losing most of his 
$19,500 investment! E 


Why do brokers allow clients to execute short sales? A broker only offers 
a short sale if the stocks to be sold are readily available, either in the bro- 
kerage’s own inventory (including the shares held in “street name”) or in the 
inventory of another firm to which the broker has access. Should the owner of 
the borrowed stock shares require them back (most likely to sell them), the 
broker will try to borrow other shares. However, the broker may require the 
short seller to terminate the short position. While short sales are risky for 
investors, due to the margin requirements, the brokerage does not share sub- 
stantially in that risk. Rather, it makes money from commissions and fees for 
the stock sale and from the later stock repurchase. In addition, the brokerage 
firm has access to the money from the sale of the shorted stocks, but does not 
pay interest on this money to either the investor or the party from whom the 
stocks were borrowed. Of course the brokerage firm can earn money on it, for 
instance by investing in Treasury bills. In some cases, there is an additional 
profit if the brokerage firm receives a higher rate of interest on the collateral 
than they pay the short seller. 

You are not alone if you have concern that short selling might drive panic 
selling and that traders might attempt to create panic selling so as to drive 
down the price and thereby make a profit. Such concerns were the motivation 
behind the uptick rule. The uptick rule requires that on a short sale of a 
stock traded on the NYSE, the stock must be sold at a price no lower than 
the previous sale and higher than the last different price. Put another way, 
the uptick rule says you may not sell a stock short if it is already going down. 
There is a similar bid rule on NASDAQ trades. 

Short selling can cause prices to rise as well as to fall. Specifically, when a 
number of short sellers simultaneously try to cover their positions, this drives 
up demand and therefore the price. This is called a short squeeze. 
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In general, a short position is taken when an investor (or trader) sells a 
borrowed security. That is to say, the investor borrows a security of which he 
was “short” and then sells it. This is done so that the investor will see a profit 
if the security’s price declines sufficiently. An investor may wish to hedge 
— that is protect against — his risk by combining long and short positions. 
Hedging strategies are an active area of research in financial mathematics. 


7.5 PROBLEMS, CHAPTER 7 
(7.0) Chapter 7 writing problems 


(1) 


(4) 


Contact a brokerage house or go online to the website of a brokerage firm 
and learn what commissions or other fees that a broker would charge 
for buying and selling stock in a long position and also for a customer 
wishing to short sell a stock. Illustrate these with a specific stock (or 
stocks) and a stated number of shares. 

Pick a corporation that issues both preferred and common stock and a 
period of at least five years. Report on the price history of each type 
of stock and any dividends paid. Include mention of any special events 
such as a stock split. 

Market makers and specialists are important to the smooth running of 
the financial markets. Write a paragraph or two describing the role they 
play. 

Comment on the following statement: “As interest rates rise, stock prices 
tend to fall.” 


(7.1) Common and preferred stock 


(1) 


At the beginning of a quarter, Bridget Dubois purchases 200 shares of 
preferred stock for a price to provide her with a yield rate equal to 6.2%. 
Assuming the stipulated dividends of $.28 per share are paid quarterly, 
what is Bridget’s per share price? 

On July 1, Kevin Swisher purchases 6,000 shares of preferred stock for 
$25.13 per share. The stock is to pay a dividend of $.29(1.02)*~! at the 
end of each quarter of the k-th year Kevin holds the stock. That is to 
say, he first receives four successive end-of-quarter payments at a rate of 
$.29 per share, then four successive end-of-quarter payments at a rate of 
$.29(1.02) per share, etc. Find the yield rate for this purchase assuming 
all dividends are paid and Kevin holds the stock forever. 


(7.2) Brokerage accounts 


(1) 


Dr. Mary Rogowski opens a new margin account at Robertson and Hen- 
dricks brokerage firm, which requires a 65% initial margin and a 45% 
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maintenance margin. She purchases $13,000 of stock in Bell Foods using 
her margin account to the full extent allowable. Prior to any interest be- 
ing credited on the margin account, by what percentage may the stock 
fall without Dr. Rogowski’s account violating the maintenance margin? 
Assume that she does not use the margin account for any other purpose 
and that no interest is credited. 

Pat Delmonico opens a new margin account with an initial margin re- 
quirement of m and a maintenance margin requirement of (m — .2). He 
uses the account to purchase stock for $24,512, borrowing to the full 
extent allowable. At what price is the maintenance margin first vio- 
lated, assuming that there is no interest or dividends paid to or from 
the margin account? 

Beverly Hibbert purchases $20,000 of Prosperity Industries stock using 
her margin account and borrowing to the full extent allowed. The ac- 
count has a 35% maintenance requirement for all securities and a 50% 
initial margin requirement. Immediately after the sale, the value of the 
stocks falls to $15,000. 

(a) How much cash would she need to deposit in order for the account 
to meet the maintenance requirement without other changes? 

(b) What must be the price of marginable securities added to satisfy 
the 35% margin requirement? Assume no cash is added or stock 
sold. 

(c) If the margin requirement is to be satisfied solely by liquidation of 
stocks, what is the market value of the stocks that must be sold? 


(7.3) Going long: buying stock with borrowed money 


(1) 


Eleanor Michaels believes that the price of Continental Metals stock will 
go up. Its current price is $35.45 per share and she has $3,000 to invest. 
How many shares may she purchase with a cash brokerage account? 
How many may she purchase using a margin brokerage account with a 
60% margin requirement? If the per share price is $38.45 three months 
later when she sells the shares, what is her quarterly yield in each case? 
Assume that there are no dividends and that in the case of the margin 
account, Eleanor deposits exactly $3,000 and interest charged to Eleanor 
for the three months reduces the funds received by $30. 

Fred Copeland decides to invest $10,000 in Supreme Foods stock. He 
chooses to purchase as much stock as he can with a margin account 
that has a 50% initial margin requirement. The price drops suddenly 
to only 30% of its initial value. At this point, Mr. Copeland receives a 
margin call and, fearing that the stock is about to lose its remaining 
value, sells it. How much of an additional payment must he make to his 


Section 7.5 Problems, Chapter 7 347 


broker? Assume that there are no dividends or interest charged. (This 
problem illustrates the fact that with a margined purchase, you may 
lose more than the amount of your initial investment.) 


(7.4) Selling short: selling borrowed stocks 


(1) 


Gregory sells a stock short at a price P and buys it back one year later 
for .9P. The required margin is 50% and interest on the margin deposit 
is paid at 5%. Gregory’s yield for the year is 14%. Dividends are paid 
out at the end of the year. Find the amount of these dividends as a 
percent of Gregory’s investment. 

Nadia sold short a stock. The price of the stock was $3,000 and she 
bought it back six months later for $3,400. The initial margin require- 
ment was 60%, the maintenance margin requirement was 40%, and no 
interest was paid on her margin deposit. Dividends of $10 were declared 
just prior to her repurchasing the stock. Find Nadia’s annual effective 
yield rate for her six-month investment. 

Ursula sells short $2,400 of a stock. Her broker requires a margin of q%. 
The stock does not pay any dividends for the year that she holds the 
stock, the repurchase price to cover the short sale is $2,012, and her 
yield is 34%. If the interest rate on the margin account is 6%, find the 
margin requirement. 

Byron Stewart believes that shares of Clever Computer are underpriced 
compared to shares of other high tech stocks. He therefore decides to 
purchase $10,000 of Clever Computer stock. However, Byron is a bit 
worried that high-tech stocks could generally be overpriced. To hedge 
the position he took on Clever Computer, he sells short $5,000 of Silly 
Chip stock, a stock he views as being overpriced compared to stocks 
in comparable companies. There is a 50% initial margin requirement on 
the short sale, and the margin account pays 5% annual effective interest. 
Suppose that Byron’s concern was justified and that on the average high- 
tech stocks lose 30% of their value over the year that Byron maintains 
his long position with Clever Computer and his short position with Silly 
Chip. If Clever Computer loses 10% of its value during the year, Silly 
Chip loses 35% of its value during the year, and neither stock declares 
any dividends, what is Byron’s yield for the year? You should assume 
that Byron sells the Clever Computer stock at the end of the year and 
also closes out his short position on Silly Chip at that time 

Warren sells short $3,000 of a common stock that pays dividends of $20 
after six months and $15 after eighteen months. The margin requirement 
is 50%, and the annual effective interest rate on the margin account is 
4%. Twenty months after he sold the stock, Warren repurchases the 
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stock (to cover the short sale) for $2,650. Find his annual yield for this 
twenty-month investment. 

Kim and Pauline each sell short a different stock for $2,000. They each 
face a 60% margin requirement, and the interest rate on their margin 
accounts is 5% annual effective. At the end of exactly one year, Kim 
purchases back his stock for X and Pauline repurchases hers for 8% 
more (that is to say, for 1.08X). Kim’s stock did not pay any dividends, 
but Pauline’s declared a dividend of $10 just before she repurchased it. 
Kim’s yield y is twice Pauline’s. Find y. 


Chapter 7 review problems 


(1) 


Fernando Jones sells short common stock in Alpha Communications for 
$2,082. There is a 60% margin requirement, and the margin account 
pays interest at an annual effective rate of 3.2%. The stock price goes 
up by 2% during the next year, and dividends of $84 are declared at the 
end of six months. If Fernando closes out his short position at the end 
of the year, what is his yield for the one-year investment? 

What is the price of a preferred stock bought to yield 5% annually, if it 
pays level dividends of $40 semiannually, and the next dividend is due 
in exactly three months? 

Yuri Popescu purchases $16,850 of stock using his newly created margin 
account and borrowing to the full extent allowed. The account has a 
40% maintenance margin requirement on all securities and a 50% ini- 
tial margin requirement. Soon after the sale, the value of the stocks is 
$18,200 and Yuri withdraws the full amount of money allowable. The 
price then plummets to $13,600 and Yuri receives a margin call. 


(a) How much cash would he need to deposit in order for the account to 
meet the maintenance margin requirement without other changes? 

(b) What must be the price of marginable securities added to satisfy 
the 40% margin requirement? Assume no cash is added or stock 
sold. 

(c) If the margin requirement is to be satisfied solely by liquidation of 
stocks, what is the market value of the stocks that must be sold? 


Ehud Katz anticipates that the price of Trinity Technology stock will go 
up. Its current price is $55.50 per share and he has $3,330 to invest. How 
many shares may he purchase with a cash brokerage account? How many 
may he purchase using a margin brokerage account with a 60% margin 
requirement? If the per share price is $60.20 six months later when Ehud 
sells the shares, what is his annual yield in each case? Assume that there 
are no dividends paid, and that in the case of the margin account, Ehud 
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has no cashflows to or from the margin account except that interest for 
the six months reduced the funds he received by $32. 


CHAPTER 8 


Arbitrage, the term structure 
of interest rates, and 
derivatives 


8.1 INTRODUCTION 

8.2 ARBITRAGE 

8.3 THE TERM STRUCTURE OF INTEREST RATES 

8.4 LOANS WITH FLOATING RATE OF INTEREST 

8.5 INTEREST RATE SWAPS: THE BASICS 

8.6 FORMULAS FOR INTEREST RATE SWAPS 

8.7 MARKET VALUE OF AN INTEREST RATE SWAP 

8.8 MORE SWAPS 

8.9 FORWARD CONTRACTS 

8.10 COMMODITY FUTURES HELD UNTIL DELIVERY 

8.11 OFFSETTING POSITIONS AND LIQUIDITY OF FUTURES CONTRACTS 
8.12 PRICE DISCOVERY AND MORE KINDS OF FUTURES 
8.13 OPTIONS 

8.14 USING REPLICATING PORTFOLIOS TO PRICE OPTIONS 
8.15 USING WEIGHTED AVERAGES TO PRICE OPTIONS 

8.16 PROBLEMS, CHAPTER 8 


8.1 INTRODUCTION 


Arbitrage refers to the possibility of making money with no outlay of cap- 
ital or possibility of loss. Modern markets provide ready access to trading 
information and trades may be quickly transacted. Consequently, arbitrage 
opportunities should be short-lived. If you assume that there are no arbitrage 
opportunities, then two investments that have exactly the same cashflows 
must have the same price. This is the “law of one price” and is the funda- 
mental principle of “no-arbitrage” pricing. Arbitrage is discussed in Section 
(8.2). 
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Market prices for noncallable bonds and other fixed-term investments 
determine interest rates for the term of the bond—so-called spot rates. 
“No-arbitrage pricing” will then allow you to infer interest rates for certain 
future periods. All this goes under the title term structure of interest 
rates and is the topic of Section (8.3). 

A loan is said to have a floating rate of interest if the interest rate 
applied to determine the amount of interest due varies over time as market 
conditions change. The rate is usually linked to an index and while future 
levels of the index are unknown at the time of loan inception, one can use 
spot rates to infer what they may be. Loans with floating rate of interest are 
discussed in Section (8.4). 

A derivative is a security that provides its owner with cashflows that are 
a function of the value of other securities— that is, a derivative is an agree- 
ment that depends on the price of some other asset, called the underlier. 
The remainder of the chapter discusses various types of derivatives. Deriva- 
tives may be used to hedge against adverse price movements. In other words, 
a derivative may be a conservative investment used to provide insurance by 
capping expenses or guaranteeing a minimum revenue. Derivatives may also 
be used by speculators who are willing to take on risk in the hope of realizing 
significant profit. A desire to reduce transaction costs, to circumvent regula- 
tions, or to avoid tax liabilities may also motivate an individual or company 
to use derivatives. 

A swap is a privately negotiated agreement, often arranged through a 
dealer, in which the parties trade sequences of cashflows arising from financial 
instruments. Sections (8.5)—(8.7) concern interest rate swaps. Such swaps 
are often paired with floating rate loans as a hedge against interest rate risk 
or to lower the amount due at times of loan repayment, but they can also be 
used independently for speculation. There are many different types of swaps 
besides interest rate swaps, and we see a couple of these in Section (8.8). 

A forward contract is a non-exchange-traded derivative that requires 
the parties to carry out a particular future sale at a specified price. The 
exchange-traded counterpart is a future. Forward contracts are discussed in 
Section (8.9), and futures are considered in Sections (8.10)—(8.12). The future 
contracts of Sections (8.10) and (8.11) all have commodities as underliers. 
Other types of futures are introduced in Section (8.12), which also includes a 
discussion of the importance of futures as a “price discovery” agent. 

Unlike forward contracts and futures, options give the owner a choice: a 
call option gives the holder the right to buy a specified asset at a designated 
time and price, while a put option gives the holder the right to sell the 
underlier at a set time and price. Options are introduced in Section (8.13). 

In general, it is difficult to theoretically determine the price of an option, 
although market forces do so. However, there is a simple model, the so-called 
binomial option-pricing model, that allows you to readily calculate the price; 
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the model requires you to specify possible price movements, an interest rate, 
and that there is no arbitrage. In this simple model, you may find an easily 
priced portfolio that provides the same cashflows as the option. Then, by the 
“law of one price,” the option must also have that price. This is explained 
in Section (8.14). In our binomial option pricing model, we do not specify 
probabilities of the stock going up or down. However, there is a probabilistic 
interpretation of the option pricing equation, and Section (8.15) is devoted to 
an elementary presentation of it. The section should be understandable even 
if you have not studied probability. 


8.2 ARBITRAGE 


Arbitrage refers to a financial strategy that requires the instigator to expend 
no money, allows no possibility of a loss, and allows a possibility of a gain. 
It is important to note that if any money is to be spent, there must be a 
simultaneous inflow of at least as much money. Otherwise, you do not have a 
true arbitrage strategy. Also, the risk must truly be zero, not just slim. That 
is to say, in order that you be engaged in arbitrage, there must be no chance 
that you have a net outflow at any time. 

You may think of an arbitrage opportunity as occurring when two port- 
folios are mispriced relative to each other. Imagine that portfolio B is better 
than (or at least as good as) portfolio W in the following sense: B guarantees 
all the same inflows as W, at least the possibility of some additional ones, and 
no outflows not also required with W. Further suppose that B has a lower 
price than W. An arbitrageur has the opportunity to simultaneously sell 
the overpriced portfolio W and buy the underpriced portfolio B. This may 
require the borrowing of W, which we assume may be done without cost, and 
the repaying of the inflows of W using the cashflows provided by B. Remem- 
ber, B reproduces all the inflows of W! Now, if this opportunity is recognized 
by others, there should be an increased demand for B and an increased supply 
of W. The result is that the price of B should go up, and the price of W 
should go down. In other words, the fact that many people are happy to get 
something for nothing (or a possibility of something for nothing) along with 
the “law of supply and demand” should work to eliminate an arbitrage op- 
portunity. In today’s world, information is disseminated widely and quickly, 
so you would expect arbitrage opportunities to be fleeting. 

If we assume that there are no arbitrage opportunities even though all 
assets may be bought and sold at will without borrowing or trading expenses, 
then we are said to have a no-arbitrage model (or arbitrage-free model). 
When the no-arbitrage model is used, any two portfolios that give exactly 
the same payments must have the same price. This is called the “law of 
one price”. Of course, the assumption that there are no transaction costs is 
clearly violated in the real world, so we cannot expect the no-arbitrage model 
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to perfectly fit reality. On the other hand, large traders often have tiny costs 
relative to the prices of assets exchanged, and hence the model tends to be 
fairly good. 

At several instances as we proceed through this chapter, we will assume 
that we have the no-arbitrage model; for example, Sections (8.14) and (8.15) 
use this model when prices of “options” are derived. 

We end this section by looking at some examples where there is an arbi- 
trage opportunity. 


EXAMPLE 8.2.1 An arbitrage opportunity: interest rates 


Problem: Jennifer Atkins has an opportunity to borrow up to $123,000 for 
one year from Community Bank at an annual effective rate of 5.5%. She learns 
that she may purchase one-year $10,000 Treasury bills at an annual discount 
rate of 6%. How much money can Jennifer make if she purchases eight $10,000 
Treasury bills using money borrowed at the 5.5% annual effective rate? 


Solution The $10,000 bonds each sell for $10,000(1 — .06) = $9,400, so 
Jennifer borrows 8 x $9,400 = $75,200. One year later, she will redeem her 
Treasury bills for a total of $80,000, and pay back the loan for 1.055 x 75,200 = 
$79,336. This leaves her with $80, 000 — $79,336 = $664 or $83 per bond 
purchased with no outlay or risk to Jennifer. It is likely that the decision 
makers at Community Bank did not know that Treasury bills would be offered 
for this price, since lending to the United States Treasury rather than Jennifer 
would have allowed the bank to make $664 more. That is to say, the Bank 
would not intentionally offer to lend the money at an interest rate lower than 
provided by Treasury bills. On the other hand, Treasury bills are sold on a 
competitive basis, so it is likely that others will spot the arbitrage opportunity 
and drive up prices. Rather quickly, we would expect this opportunity to 
disappear! | 


EXAMPLE 8.2.2 An arbitrage opportunity: exchange rates 


Problem: Hideki Kato often checks the exchange rates between dollars and 
yen. He observes that at First Exchange Bank, a dollar may be exchanged 
for 124 yen and that at Currency Bank, 100 yen may be exchanged for $.81. 
How might he use this information to make money, assuming he has $100,000 
available for immediate use? 


Solution Mr. Kato simultaneously places an order for 12,400,000 yen at 
First Exchange Bank, and an order for $100,440 at Currency Bank, locking 
in the stated exchange rates. He then delivers the $100,000 to First Exchange 
Bank, receives 12,400,000 yen, and remits them to Currency Bank which gives 
him $100,440. A $440 profit has been made. This might conceivably all be 
done by wire in a matter of minutes. Of course the wire transfer could involve 
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some fees that would cut into Mr. Kato’s profit. Also, there is a concern as to 
the logistics so that the exchange rates would truly be locked in at the same 
instant, insuring that there is no risk from a change in exchange rates. In 
real life, it is hard to create a situation with absolutely no risk! Presumably, 
market forces would quickly cause the exchange rate difference between the 
banks to disappear. E 


In Examples (8.2.1) and (8.2.2), the cashflows were predictable. However, 
this need not be the case. Our next example illustrates how a trader might 
develop an arbitrage strategy in a situation where the cashflows are not fixed 
but they take on known values if the state of the market is known. 


EXAMPLE 8.2.3 


Problem: The market includes two assets. Asset B has a current price of 
$46. One year from now, it will return $51 if the market is up and $44 if the 
market is down. Asset V sells for $23. One year from now it will return $25 if 
the market is up and $22 if the market is down. Develop an arbitrage strategy 
involving these two assets. 


Solution We observe that asset B sells for twice the cost of asset V, and 
if the market is down, B returns twice as much as V does. However, if the 
market is up, B will return more than twice the amount an investor holding V 
receives. Therefore, asset V is overpriced relative to asset B, and an arbitrage 
strategy may be developed that involves selling V and using the proceeds to 
purchase B. More specifically, an investor can sell u units of V and simulta- 
neously purchase + units of B. One year from now, if the market is down, 
the investor’s return is —$22u + $44 (4) = 0 while an up market produces 

$25u+ $51 (4) =$ (4). No money is expended by the investor, the investor 
cannot lose money, and the investor makes money if the market is up. This 
is an arbitrage opportunity, and once again, you would expect it to vanish 


quickly. a 


8.3 THE TERM STRUCTURE OF INTEREST RATES 


Throughout this book, we have talked as if there is a single interest rate 
that governs compound interest investments, independent of the length of the 
investment. Occasionally, we have looked at problems involving a change in 
interest rates, but we have not recognized the fact, readily apparent to any 
investor, that the interest rates available depend on the length of time the 
investors are willing to tie up their money. The expression term structure 
of interest rates refers to the way interest rates vary with the investment 
term. This section presents various ways of describing this term structure, 
using such tools as yield rates, spot rates, forward rates, and discount factors. 
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There are a number of different theories that attempt to explain why 
interest rates vary with the investment period, even among investments with 
similar default risk. We wish to briefly consider some of these before describing 
mathematical ways to specify the term structure. 

The (pure) expectations theory] has the underlying premise that in- 
vestors view a sequence of short term bonds as a perfect substitute for a single 
longterm bond. For example, this theory states that investors are indifferent 
between a two-year bond and a one-year bond, followed by a one-year rein- 
vestment so long as they foresee the same overall yield. Consequently, if Yn 
denotes the annual yield rate for an n-year investment, then the expectations 
theory says that 1+ yn is the geometric mean of the growth factors for a 
sequence of one year bonds; that is, 1 + yn = (eee! + fik-1,4))] ne where 
fix—1,r] is the yield rate for a bond with term [k — 1, k]. In order for the pure 
expectations theory to give an explanation of the fact that yield rates on 
longer term bonds commonly are greater than those on shorter term bonds of 
comparable default risk, you would have to believe that, on the average, in- 
vestors tend to forecast interest rates to increase. Predictions of higher stated 
interest rates may be tied to beliefs that inflation will be higher [see Section 
(1.15)]. An argument in favor of the expectations theory is that it supports 
the documented phenomenon that yield rates on different term bonds tend to 
move up or down in unison. 

Biased expectations theories are off-shoots of the pure expectations the- 
ory in which the investors are no-longer assumed to be indifferent about the 
length of their individual investments. The liquidity preference theory 
or the opportunity cost theory, asserts that investors prefer to invest their 
money for (a sequence of) short periods so that the money is frequently ac- 
cessible. In addition, many investors are hesitant to commit to longer term 
investments, fearing that they will be missing out on higher rates available in 
the future. Consequently, market forces drive up the cost of long-term bor- 
rowing. To overcome this preference, issuers of long-term loan bonds must be 
prepared to offer a higher rate than is available on short-term bonds with 
similar default risk. In other word, they must offer a premium, called a liq- 
uidity premium, which is the amount the rate of return must be increased 
to compensate investors for_holding a less liquid bond. More generally, the 
preferred habitat theory] asserts that investors each have their own pre- 
ferred investment term, but may be induced to leave their “preferred habitat” 
if they are compensated by yields that are sufficiently higher than those for 
the investment period they view as being more desirable. This is called a term 


1This theory was first proposed by Irving Fischer (1867-1947), who was an American, 
pioneering mathematical economist. His 1930 book Theory of Interest is still studied. 

?This theory was proposed by J.R. Hicks in 1939. 

3The preferred habitat theory was proposed in the mid-1960’s by Franco Modigliani and 
Richard Sutch. 
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premium, and a liquidity premium is an example of a term premium. A term 
premium is different from a risk premium, which is the difference in yield 
rates offered on Treasury and non-Treasury bonds of comparable maturity. 

The preferred habitat theory recognizes that investors have investment 
terms they prefer but it allows them to shift to nonpreferred maturity seg- 
ments if they are rewarded by sufficiently greater yield rates. In contrast, the 
so-called market segmentation theory states that the bond market is ac- 
tually not one market but is rather divided into separate markets for each 
term, each subject to the laws of supply and demand within its own segment. 
According to the market segmentation theory, participants in one segment 
would not be influenced by interest rates in another segment. 

Whatever may be the forces that influence the term structure, the yield 
curve is the classic way to visualize an investor’s annual yield rate; for exam- 
ple, for a set of par-value bonds (or bonds trading at close to par) with various 
times to maturity and each bond in the set having a similar default risk and 
coupon period. Bonds issued by the United States Treasury are viewed as 
having zero default risk, and the phrase “yield curve” often refers to the yield 
curve for these. Usually, the time until maturity of each bond is recorded as the 
x-coordinate, and the yield to maturity for the investment is the y-coordinate. 
As indicated above, often yields increase with the length of investment, and 
the yield curve is said to be a normal yield curve if it is increasing. You 
have an inverted yield curve if there are higher yield rates for shorter term 
investments, and a flat yield curve if the yield is independent of the in- 
vestment term. [See Figure (8.3.1) at the bottom of this page.] Of course the 
yield rate may be increasing over some subintervals of time and decreasing 
over others. For instance, it may be increasing for most of the plotted period, 
but decrease for very long durations. Such a humped yield curve is fairly 
typical for United States Treasury securities. 


flat yield curve 


yield rate 


ae 


normal yield curve 


inverted yield 
curve 


time to maturity 


FIGURE (8.3.1) 


A widely used set of yield rates is based on zero-coupon bonds. More 
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precisely, for t > 0 we define the spot rate r, to be the annual effective 
interest ratd4 earned by money invested now (time 0) for a period of t years. 
(Spot rates are sometimes called zero-coupon rates.) With notation as in 
Equation (1.3.5), the definition of the spot rate r, may be expressed as 


(8.3.2) (1+ ri) =1+4 tog). 


Equivalently, the spot rate r+ is the annual effective interest rate such that an 
investment of (1 + 7;)~' now (at time 0) provides a cashflow of 1 at time t. 

Spot rates are most often reported for United States Treasury securities or 
other default-free zero-coupon securities. While Treasury bills, which have 
maturities of one year or less, are zero-coupon bonds, longer term obligations 
pay semiannual coupons] Therefore, if we want spot rates based on Treasury 
securities for terms longer than one year, we will have to determine them by 
removing the coupons. More specifically, as in Solution 2 in Example (8.3.3), 
you transform a coupon bond into a sequence of zero-coupon bonds with 
terms differing from one to the next by six months. These stripped securities 
are called STRIPS and are traded actively in the secondary market. Their 
actual yields may be found in various publications. 

When you do not have a market rate for zero-coupon bonds of a particular 
term, you may be able to determine a spot rate for that term by considering 
yield rates on available coupon bonds and assuming that there is no arbitrage. 
We first illustrate how this is done by considering a two-year bond having 
annual coupons. A more complicated example then follows. 


EXAMPLE 8.3.3 Determining spot rates from yield rates 


Problem: A two-year bond pays annual coupons of $30 and matures at 
$1,000. Its price is $984. The same corporation sells a one-year $1,000 zero- 
coupon bond for $975. Compute the two-year spot rate ro. 


Solution 1 The present value of the two-year coupon bond is $984. It is 
equal to the time 0 value of the bond’s cashflows, namely $30 at the end of 
one year and $1,030 at the end of two years where we discount these using 
the spot rates rı and r2, respectively. So, we have 

$30 $1,030 


$984 = H . 
1l+ry, (1+ 12)? 


4Elsewhere, you may occasionally see nominal rates, rather than effective rates, called 
spot rates. 

5Treasury notes is the term used to describe treasury securities issued for more than 
one year but no more than ten years, while Treasury bonds refers to securities issued 
for more than ten years. The Treasury suspended the issuance of Treasury bonds following 
the August 2001 auction, but their sale was resumed in February, 2006. Even when newly 
issued bonds were not available, many longterm securities were available on the secondary 
market, since bonds were previously issued with terms of twenty and thirty years. 
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But, the price of a one-year zero-coupon bond with redemption amount $1,000 
is $975, so z} = .975. Since .975($30) = $29.25, $984 = $29.25 + GLO 
1 
2 


(1+r2)? 
and rg = (st) — 1 ~ 3.866088985%. 


Solution 2 Strip away the coupon at the end of one year, and view it as 
a separate asset. Thus, we have divided the original two-year bond into two 
pieces, namely a one-year zero-coupon bond with redemption $30 and a two- 
year zero-coupon bond with redemption $1,030. We know that the total price 
of these two (fictional) zero-coupon bonds is $984. Now what should the price 
of the one-year bond be? It is indistinguishable from 3% of the $1,000 one- 
year security, and since the $1,000 one-year security sells for $975, its price 
should be .03 x $975 = $29.25. Then, the fictional zero-coupon two-year bond 
(the original security without its coupon at time 1) should have price $984 — 
$29.25 = $954.75. Thus, 954.75(1 + r2)? = $1,030, and 


1 
1,030 \ 7 
= 2 —-183. 
T2 (s) 3.866088985%, 


just as found in Solution 1. a 


In Example (8.3.3), we calculated the two-year spot rate to be about 
3.866% by two different methods. The first one is a bit easier to apply, but 
the second is instructive as to what is going on. In fact, the perspective gained 
from the second solution is just what we need to see why the rate we found 
for the two-year spot rate is exactly what it must be in a no-arbitrage model. 


To see this, suppose that there was a two-year zero-coupon bond B with 
a higher yield than the computed rate r2, say 4%. Then, you could sell an 
original $1,000 two-year coupon bond and use the $984 proceeds to purchase 
a one-year zero-coupon bond with redemption amount $30 (cost $29.25) and 
a two-year zero-coupon bond B for the $954.75 balance. The first bond allows 
you to pay the $30 coupon due at the end of the first year on the sold bond. 
The second bond has a redemption value of $1,032.66 ~ $954.75(1.04)? which 
allows you to pay the $1,030 due on the sold bond and have an extra $2.66. 
As usual, we assume that there are no transaction charges. So, the higher 
two-year rate presents an arbitrage opportunity. In Problem (8.3.7), you are 
asked to explain how there is an arbitrage opportunity if there were a two-year 
zero-coupon bond with a lower yield than the rate we calculated for r2. 


The following table of bonds will be used in Examples (8.3.5) and (8.3.9). 
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Term Yield 

1 Year yı = 1.7568% 
2 Year y2 = 3.0153% 
3 Year yz = 3.5463% 
4 Year ya = 3.8616% 
5 Year ys = 4.2984% 


TABLE 8.3.4 (5% par-value bonds with annual coupons) 


EXAMPLE 8.3.5 Determining spot rates from yield rates 


Problem: Use Table (8.3.4) to determine the spot rate rs. Note that the 
bonds are all 5% bonds with annual coupons. 


Solution The five-year bond has coupons at the end of each year, and we 
will have to discount each of them using a spot rate for the payment time. The 
one-year bond has its only coupon at the time of its maturity, so we may view 
it as a zero-coupon bond. Therefore, the given yield yı for the one-year bond is 
the one-year spot rate rı. This rate may be used to determine r2. Specifically, 
a two-year $100 bond has coupons of $5 at times 1 year and 2 years as well as 
its $100 redemption. So, its price to provide the yield 3.0153% of the table is 


wd TOSS? =~ $103.7968215. If you were to actually purchase the $100 


bond, you would round to $103.80. However, for the purpose of computing 
spot rates, do not round. The reason for this is that we could have used a 
bond with any face value, say (10)* and been able to keep s of the places we 
now have behind the decimal point. Discounting each cashflow by the spot 
rate corresponding to its time, we have 


$5 $105 
103.7968215 ~ ! 
§103.7968215 S T 030153 + (L030 
$5 $105 $5 103 


“Tem (+r 1017568 (Fro? 


Therefore, (1 + r2)? ~ 1.061859431 and r2 ~ 3.04656379%. Next, we find rs 
in a manner similar to that used to calculate r2, only this time we use the two 
spot rates rı and rg, as well as the yield rate y3 = .035463. We work with a 
three-year $100 bond. From 


$5 85 $105 
Itr Fa Fry 
$5 $5 $105 


z ~ $104.0691403, 
1.035463 ` (1.035463)? ` (1.035463)3 
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we calculate (1 + r3)? ~ 1.111737654 and r3 œ~ 3.593881343%. Now for r4. 
Thinking of a four-year $100 bond, and recalling that y4 = .038616, we find 


$ $8 = $% $105 
1+r (+r? © (l+r3)3 © (1+r4)4 
$5 $5 $5 $105 


= 1038616 | (1.038616)2 ` (1.038616)? ` (1.038616) 
~ $104.1457866. 


So, (1 +r4)* © 1.166330699 and r4 ~% 3.921504795%. Finally, consider a five- 
year $100 bond purchased to yield ys = .042984. From the equation 


5 $5 , $105 ETS $5 \ $105 
2 (1.042984) | * (1.042984) Gare} der 


= 


we obtain (1 + 75)° ~ 1.239807347 and r5 + 4.392870872%. a 


Figure (8.3.6) is a yield curve depicting how the rates in Table (8.3.4) vary 
with their terms. The graph of the spot rates versus term is called the spot 
rate curve or zero-coupon curve; see Figure (8.3.7) and compare it to 
the yield curve [Figure (8.3.6)]. In each of these figures, we have interpolated 
linearly between the rates for integer terms, but the curves are sometimes 
drawn with other paths connecting known points. 


5.0% + 

A (5429847), 
% (4,3.8616%) __---777 

4.0% (3,3.5463%) == -- 

3.5% + ee 

sae (2,3.0153%) o- - 

2.5% 4 a 

2.0% 4 (1,1.7568%), --“" 

15% + 

1.0% + 

0.5% + 

0.0% 


yield rate 


term 


FIGURE (8.3.6) Yield Curve 
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FIGURE (8.3.7) Spot Rate Curve 


In Example (8.3.5), we determined the spot rate r5 by finding a sequence 
of spot rates {rp} for times to the left of 5. This process is called bootstrap- 
ping. We note that the spot rate rı is equal to the yield rate yı but the spot 
rate for each later time exceeds the corresponding yield rate. In general, if the 
yield curve is normal, then the spot rate curve will lie above the yield curve. 
On the other hand, if there is an inverted yield curve, then the spot rate curve 
lies below the yield curve. 

If t > 0, the spot rate r; is the annual effective interest rate for money 
invested for the period [0,t]. That is to say, $A invested at time 0 grows 
to K(1+ ri) at time t. Moreover, if s > t, then if there is to be a single 
accumulation function governing the growth of money, we would find that the 


investment continues to grow so as to be an amount K(1+,,)* at time s. So, 
(trs) 
(1+r:)* 
the annual effective interest rate for the interval [t, s] is fi.) where 


money grows by a factor of over the interval ft, s]. This tells us that 


(l+r,)° 


(8.3.8) (1+ fies)? * = Gan) 


If t = 0, we have not defined rg, and this is why we asumed t > 0 in the 
above definition of the forward rate f{,,,;. We extend our definition to include 
t = 0 by specifying 

fios} =7s forall s>0. 


When ¢ = 0, it is still true that money grows by an annual effective rate f(z, 5] 
on the interval |t, s]. 

We call fg, the theoretical forward rate or the implied forward 
rate. The second name comes from the fact that it is the rate of interest for 
money invested for the period [t, s] that is implied by the spot rates r, and 
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rs. To specify the investment term, fis] is also referred to as the (s-t)-year 
forward rate, deferred t years. 

Very often, an implied forward rate is referred to simply as a forward 
rate. However, this latter designation does not clearly distinguish the implied 
forward rate from the market forward rate, the rate that is actually offered 
to investors who invest money at time t for a period of length s — t. Market 
forward rates are quite often different from theoretical forward rates, because 
it is hard to predict what future interest rates are going to be. The implied 
forward rates are based on the spot rates, which in turn reflect predictions of 
interest rates in the future. If interest rates go up more rapidly than predicted, 
the implied forward rate will be lower than the market forward rate. On the 
other hand, the implied forward rates will be higher than the market forward 
rates if interest rates rise more slowly than anticipated. The term future 
(interest) rate may also be applied to an interest rate fixed today on a loan 
to be made at some future date. 

Given a set of spot rates for times in a set S, it is easy to determine the 
theoretical forward rate between any two dates in S. A forward curve is a 
graph of the forward rates for intervals of a given length. In other words, one 
fixes the length w of the term and graphs pairs (t, flt t+w])- 


EXAMPLE 8.3.9 


Problem: On a single coordinate axes, graph the implied forward rate curves 
for the bonds of Table (8.3.4) for investment periods of lengths 1, 2, 3, and 4. 


Implied forward rates curves 


Solution In the solution to Example 8.3.5, we noted that 1+rı = 1.017568, 
(1+r2)? © 1.061859431, (1+r3)? © 1.111737654, (1+14)* ~ 1.166330699, and 
(1+rs5)° ~ 1.239807347. Equation (8.3.8) may now be used to find the forward 
rates for any pair of times chosen from S = {0,1,2,3,4,5}. For example, 


_, (1.239807347 
~ \ 1.061859431 


a 
3 
1+ fi2,5] = ( ) = 1.053001668 


and 
fiz,s} © 5-3001667687%. 


In this manner, we derive the following table of forward rates for the bonds 
of Table (8.3.4). 


Length 1 Length 2 


Length 3 Length 4 Length 5 


fio.) = 1-7568% 
fu, ¥4.3527% 
fi2,3) ¥4.6973% 
fis.a)¥4-9106% 
fia.s) ¥6.2998% 


fio,2] © 3.0466% 
fi1,3] © 4.5248% 
fiz,4 © 4.8039% 
fiz,5] © 5.6029% 


fio,3) z= 3.5939% 
fit] zx 4.6533% 
fi2,5] zx 5.3002% 


fo,4] 3.9215% 
fi1,5] zx 5.0625% 


fo,5] X 4.3929% 
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So, we have the following forward rate curves. 
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Forward rate curves for Table of bonds (8.3.4) jä 


It is clear that the forward rate fi.) may be found using Equation (8.3.8), 
provided you know the spot rates r; and rs. You may also determine spot rates 
if you know a suitable sequence of forward rates. More precisely if 0 < ty < 
to <+++<t, = t, then 


(8.3.10) (L+r:)'=(1+ fioa p a + fia & peed laa fiara i 


As already mentioned, the forward rates fy, s| are not usually equal to the 
actual market interest rate available to an investor at time t who wishes to 
lend his money from time ¢ to time s. The market rate iy.) may be higher or 
lower than the implied forward rate fw,- If you believe that the market rate 
will be different from the theoretical forward rate, you may wish to act on 
that presumption. If your prediction is correct, you may profit. This does not 
contradict our arbitrage-free assumption, because any speculation on forward 
interest rates only produces a profit if your prediction is correct. If you guessed 
incorrectly as to whether the market forward rate would be higher or lower than 
the implied, you would lose money. 


EXAMPLE 8.3.11 Speculating with forward rates 


Problem: Suppose that a one-year, $1,000, zero-coupon, par-value bond sells 
for $940 and a two-year, zero-coupon, $1,000, par-value bond is priced at 
$860. Sam Spelman believes that the implied forward rate f,;,9) is too high. 
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Discuss how Sam might act on this hunch. With the strategy you outline, what 
will happen if a year from now the price of a one-year, $1,000, zero-coupon, 
par-value bond remains $940? How about if the price has dropped to $900? 


Solution According to Equation (8.3.8), the one-year implied forward rate 
f{1,2] satisfies the equation 


(L+r2)? 1,000/860 940 80) 
Lea 1000/90 80 gen ORRON 


1+ fig = 


Sam’s strategy is as follows. He will borrow and sell a certain quantity X 
of one-year, zero-coupon bonds, having a redemption amount $1,000.X, and 
use the proceeds $940.X to buy two-year, zero-coupon bonds. We note that the 


two-year bonds will have redemption amount ee) ($940.X ). Now, you may 


be concerned as to how Sam will cover the redemption payment of $1,000.X 
that is due at the end of one year on the borrowed bonds, but Mr. Spelman 
has figured that out. He will borrow and sell one-year bonds at the time he 
needs to make the redemption payment, choosing the quantity so that their 
sale price will exactly equal the redemption that is due. Sam hopes that these 
bonds have a redemption amount, which he must again provide, that is less 


than the (e) ($940X) he will be getting from the two-year bonds. In 


this case, he will indeed realize a profit. In fact, Mr. Spelman will realize a 
profit from this scheme so long as the interest rate on one-year zero-coupon 
bonds at time 1 is less than the implied forward rate fj,2} ~ .093023256. 
For example, if the interest rate is the original ah = .063829787, so that a 
one-year $1,000 bond still sells for $940, then at the end of one year he will 
borrow and sell $1,000X in bonds to get the $1,000X he needs in order to 
redeem the original X bonds. This $1,000X in new bonds is redeemable in 
one year for ($1,000X ) (2°). In this case his profit will be 


940 
$1,000 1,000 94 100 
3 40X) — ($1 X : = ($1 X)| =- — 
E ) 6 0X) — ($1,000 ( as) ($1,000 (g r) 
= $236,000.X 
8,084 


Should the price instead drop to $900 for a one-year $1,000 par-value zero- 
coupon bond, with the higher yield rate #22 ~ .11111111, Sam’s profit would 


900 
$1,000 1,000\ —  $14,000.X 
$860 900 774 
Poor Sam would have lost money! It is this last case, or one where the price 


of a one-year bond has fallen even more, that keeps Sam from letting X be 
too large! a 


) ($940.X) — ($1,000.X) ( 
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We have introduced three types of curves to show the term structure of 
interest rates, namely yield curves, spot rate curves, and forward rate curves. 
There is a fourth type of curve that you might see. It is called the discount 
curve, and you plot pairs (t, v+) where vs = in is the discount factor asso- 
ciated with the spot rate r;. The discount curve for the bonds of Table (8.3.4) 
is as follows. 
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FIGURE (8.3.12) Discount curve for Table of bonds (8.3.4) 


8.4 LOANS WITH FLOATING RATE OF INTEREST 


A loan for which the interest rate charged on outstanding balances is specified 
at the beginning of the loan term and does not change through the life of the 
loan is said to have a fixed interest rate. There may be multiple interest 
rates (for example, 5% for the first three years, 6% for the remainder of the 
term) but the rates will stay as specified in the agreement, even if market 
conditions change during the term. So far, the loans we have studied were 
fixed interest rate loans. A loan that does not have a fixed interest rate is said 
to have a floating interest rate or a variable interest rate. The floating 
interest rate is usually tied to an outside index such as the prime interest 
rate, LIBOR, or spot rates implied by the prices of zero-coupon bonds. The 
outside index fluctuates as market conditions and other factors change over 
time. 

The prime interest rate, or prime rate, is the interest rate that a bank 
charges its most creditworthy customers. Their values fluctuate depending on 
other factors such as the federal funds rate which is the rate that U.S. banks 
lend to each other on an overnight basis. LIBOR (London Interbank Offered 
Rate) is the average of the interest rates that leading banks in London are 
prepared to charge to borrow from each other. It is published in five different 
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currencies, for maturities ranging from overnight to one year f] The United 
States Treasury regularly posts rates for their zero-coupon bonds. 

The agreement for a variable interest loan specifies the index, how the 
interest charged is calculated from the index, and the frequency that the in- 
terest rate is reset to reflect the changes in the index. Typically, the rate 
charged to the borrower is the index plus a spread. The spread reflects the 
creditworthiness of the borrower and will be larger for higher risk loans. To 
avoid ambiguity, the spread is often expressed using basis points (abbrevi- 
ated bps). One hundred basis points (denoted 100 bps) is equivalent to 1%. For 
example, if the variable interest rate is “LIBOR plus 140 bps” and the quoted 
LIBOR rate is 3.1%, then the interest rate charged is (3.1 + 1.4)% = 4.5%. 


EXAMPLE 8.4.1 Loan with floating rate of interest 


Problem: On May 1, 2013, Ridge Industries borrowed $500,000 for four 
years from Rolling Hills Bank and Trust. Ridge Industries has agreed to pay 
the interest due at the end of each of the first three years. At the end of the 
fourth year, it will pay $500,000 in addition to the interest due. The interest 
rate charged for each year is the one-year LIBOR (at the beginning of that 
year) plus 125 bps. 


(a) For each payment made by Ridge Industries, give the date of the pay- 
ment and the earliest date that the amount of that payment could be 
determined. 

(b) Suppose that the one-year LIBOR for May 1 of 2014, and the one-year 
LIBOR for May 1, 2016, written as annual effective interest rates, were 
0.53% and 1.80% respectively. Find the amounts paid on April 30, 2015, 
and April 30, 2017. 


Solution (a) The first year started on May 1, 2013, and ended on April 30, 
2014. The amount of interest due at the end of the first year is calculated 
using LIBOR at the beginning of the first year. Therefore, Ridge Industries 
could determine the amount of the April 30, 2014, payment on May 1, 2013. 
The second year started on May 1, 2014, and ended on April 30, 2015. 
The amount of interest due at the end of the second year is calculated using 
LIBOR at the beginning of the second year. Therefore, Ridge Industries could 
determine the amount of the April 30, 2015, payment on May 1, 2014. 
Similarly, Ridge Industries could determine the amount of the April 30, 
2016, payment on May 1, 2015. The amount of the April 30, 2017, payment 
could be determined on May 1, 2016. Note that the first payment is the only 
payment for which the amount was known at the beginning of the loan term. 


6While LIBOR has been the benchmark for financial transactions all over the world since 
1986, the United Kingdom’s Financial Conduct Court announced in July of 2017 that it 
may phase out LIBOR by 2021. 
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If the index suddenly increased, Ridge Industries could face an unexpectedly 
large payment. 

(b) The outstanding loan balance right after the payment on April 30, 
2014, is $500,000 because only the interest due was paid on that day and 
thus the loan balance was not reduced. The interest rate charged for the year 
starting on May 1, 2014, and ending on April 30, 2015, is (0.53 + 1.25)% = 
1.78% because 125 bps is equivalent to 1.25%. Hence the amount paid on 
April 30, 2015, was 1.78% of $500,000, which is 


(0.0178) ($500,000) = $8,900. 


The outstanding loan balance right after the payment on April 30, 2016, 
was $500,000 because only the interest due had been paid. The interest rate 
charged for the year starting on May 1, 2016, and ending on April 30, 2017, 
is (1.80 + 1.25)% = 3.05%. But the principal is also due on April 30, 2017. 
Therefore, the amount paid on April 30, 2017, was 


(0.0305)($500,000) + ($500,000) = $515,250. 


It should be mentioned that LIBOR is not quoted as an annual effec- 
tive interest rate; instead, LIBOR rates are quoted as simple interest on an 
actual/360 basis. A demonstration of how interest is calculated using given 
LIBOR rates will be given in Example (8.5.11). 


EXAMPLE 8.4.2 Loan with floating rate of interest 


Problem: Weston Corporation took out a loan for $7,000,000 from Howell’s 

Federal Bank, to be repaid in three years. At the end of the first year, Weston 
Corporation will pay the interest due, plus $1,000,000. At the end of the 
second year, Weston Corporation will pay the interest due, plus $2,000,000. 
Weston Corporation will make a final payment at the end of the third year 
to pay off the loan. The interest rate charged will be Howell’s one-year prime 
interest rate at the beginning of that year plus 230 basis points. Given that 
the one-year prime rate of Howell was 2.85% at the beginning of the third 
year, determine the amount of Weston’s final payment. 


Solution The interest rate applied to the third year is (2.85 + 2.3)% = 
5.15%. Hence, Weston’s final interest payment will be 5.15% of the outstand- 
ing loan balance right after the second payment. Since Weston paid $1,000,000 
in addition to the interest due at the end of the first year, the loan balance 
right after the first payment is 


($7,000,000) — ($1,000,000) = $6,000,000. 
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Similarly, since Weston paid $2,000,000 in addition to the interest due at the 
end of the second year, the loan balance right after the second payment is 


($6,000,000) — ($2,000,000) = $4,000,000. 
Therefore, the interest due at the end of the third year is 
($4,000,000) (0.0515) = $206,000. 


Adding the remaining principal, Weston’s final payment is $4,206,000. | 


EXAMPLE 8.4.3 Sequence of loans resulting in cashflows of a float- 
ing interest rate loan 


Suppose a company with a less-than-stellar credit rating wants to borrow 
$800,000 for five years to expand its business, but the business finds that it 
can only qualify for a six-month loan with a higher interest rate than desired. 
To get the cashflows of a five-year loan, it can take out ten consecutive six- 
month loans of $800,000. For each six-month loan, the quoted interest rate 
would be the market rate for that particular six-month term. At the beginning 
of the five-year period, the only interest rate known is for the first six months. 
The company can obtain the cashflows of a five-year loan, but it is exposed 
to possibly unfavorable interest rate fluctuations. a 


8.5 INTEREST RATE SWAPS: THE BASICS 


A swap is a contract in which the parties agree to trade sequences of cashflows 
arising from financial instruments. There are many types of swaps, but in this 
section we will concentrate on the interest rate swap. An interest rate swap 
is a contract between two parties in which each party agrees to pay the other 
party a sequence of cashflows over a specified period of time, where each 
payment is defined as the interest due on a specified amount. 

Before we give an example of an interest rate swap, we give an example 
where a party may be motivated to take part in such a contract. 


EXAMPLE 8.5.1 Loan with floating interest rate 


Problem: EFG Corporation entered a three-year loan agreement where it 
will receive $1,000,000 at the beginning of each year. EFG Corporation agreed 
to pay interest due at the end of each year, calculated using the one-year spot 
rate as of the beginning of that payment period. At the end of the third year, 
EFG will repay the $3,000,000 it had borrowed, along with the interest due. 
Find the amounts that EFG paid to repay this loan if the one-year spot rates 
experienced at times 0, 1, and 2 (in years) were 5.04%, 4.82%, and 6.13%, 
respectively. 
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Solution One year into the agreement, EFG paid the interest due on the 
$1,000,000 it had received at time 0, which is 5.04% of $1,000,000, or $50,400. 
At time 2, EFG paid the interest due on $2,000,000: the $1,000,000 it received 
at time 1 plus the $1,000,000 it received at time 0. Therefore, EFG paid 4.82% 
of $2,000,000, or $96,400 at time 2. Similarly, at time 3, EFG paid 6.13% of 
$3,000,000, or $183,900 in interest due. Therefore, EFG paid $3,183,900 at 
time 3. a 


The interest rate applied to each payment period in Example (8.5.1) is 
likely to be an index plus a spread. EFG’s loan has a floating interest rate; 
the interest rate for the second and third payment periods were not known 
until the appropriate spot rates became available. EFG may have preferred to 
have a fixed rate loan for the sake of easier planning, but may not have been 
able to obtain one with favorable terms. 

Now, let us see how an interest rate swap can change the nature of the 
loan for EFG Corporation. 


EXAMPLE 8.5.2 Interest rate swap 


On the same day that EFG Corporation entered into a three-year loan agree- 
ment as in Example (8.5.1), EFG entered a separate three-year agreement 
with a third party, HIJ Financial. At the end of each of the three years, the 
two parties will pay the other party an amount equal to the interest calculated 
using $1,000,000, $2,000,000, and $3,000,000 as principal, in that order. These 
amounts were chosen to mirror the outstanding loan balances at the end of 
each year for EFG’s loan. EFG will pay using a fixed rate of 5.51%. HIJ will 
pay using the one-year spot rate at the beginning of the year. This agreement 
between EFG Corporation and HIJ Financial is an example of an interest rate 
swap. 

Six payments took place in this interest rate swap. As given in Exam- 
ple (8.5.1), the one-year spot rates at the beginning of the first, second, and 
third years were 5.04%, 4.82%, and 6.13%, respectively. Hence, HIJ paid EFG 
(with time given in years): 


($1,000,000) (0.0504) = $50,400 at time 1 
($2,000,000) (0.0482) = $96,400 at time 2 
($3,000,000) (0.0613) = $183,900 at time 3 


On the other hand, EFG paid HIJ as below: 
($1,000,000) (0.0551) = $55,100 at time 1 
($2,000,000) (0.0551) = $110,200 at time 2 
($3,000,000) (0.0551) = $165,300 at time 3 
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Let us look at EFG’s net cashflows resulting from the original loan agreement 
together with the interest rate swap. Written in the order of loan repayment, 
payment to HIJ, then payment from HIJ, we can see that EFG paid: 


$50,400 + $55,100 — $50,400 = $55,100 at time 1 
$96,400 + $110,200 — $96,400 = $110,200 at time 2 
$3,183,900 + $165,300 — $183,900 = $3,165,300 at time 3 


Note that EFG’s net cashflows are equivalent to that of a three-year loan that 
is identical to the original loan except that interest is calculated using the 
fixed annual interest rate of 5.51%. Also note that EFG’s net cashflows were 
not subject to interest rate fluctuations since HIJ Financial’s payments would 
have matched the loan’s interest payments. By using an interest rate swap, 
EFG changed its cashflows from that of a floating rate loan to a fixed rate 
loan. | 


The specified period covered by an interest rate swap is called the swap 
term or swap tenor. The two parties in an interest rate swap are called 
counterparties. A date on which payments are made is called a settlement 
date. The payments are usually periodic and the length of time between two 
consecutive settlement dates is called the settlement period. Each settle- 
ment date is at the end of a settlement period. By definition, each payment is 
equal to the amount of interest for a specified amount. That specified amount 
is called the notional principal or notional amount or notional prin- 
cipal amount. “Notional” means “in name only.” This is appropriate since 
none of the payments in an interest rate swap are in the notional amount. The 
notional amount is merely used to calculate the amount of the payments. The 
notional principal is often level over the swap term, but that is not always the 
case. If the notional principal increases over the swap term, then we have an 
accreting swap. If the notional principal decreases over the swap term, then 
we have an amortizing swap. Example is an example of an accreting 
swap. 

Often the payments made by one counterparty are calculated using a fixed 
rate on the notional principal while the payments made by the other coun- 
terparty are calculated using a floating rate on the same notional principal. 
Such a swap is known as a plain vanilla swap. The counterparty paying 
with the fixed interest rate is called the payer; the counterparty paying with 
the floating interest rate is called the receiver. The fixed rate is called the 
swap rate. Interest rate swaps can swap a floating rate for another floating 
rate, but we will not consider such swaps. 

Usually, instead of having both counterparties pay on a settlement date, 
the payments are netted, that is, only the difference in the cashflows changes 
hands. This payment is called the net swap payment. 


372 Chapter 8 Arbitrage, term structure of interest rates, and derivatives 


EXAMPLE 8.5.3 Net swap payments 


Problem: Consider the interest rate swap of Example (8.5.2). List the net 
swap payments. 


Solution There were two swap payments on each of the three settlement 
dates but only the difference in the payments, the net swap payments, changed 
hands. 

At time 1, EFG paid HIJ $55,100 — $50,400 = $4,700. 

At time 2, EFG paid HIJ $110,200 — $96,400 = $13,800. 

At time 3, HIJ paid EFG $183,900 — $165,300 = $18,600. E 


If a counterparty has a loan that is reflected in the swap, then the net 
interest payment is the net interest for the loan together with the swap for 
the loan holder. 


EXAMPLE 8.5.4 Net interest payments 


Problem: Consider the interest rate swap of Example (8.5.2). List the net 
interest payments for EFG. 


Solution At time 1, EFG paid $50,400 of interest for the loan, paid $55,100 
for the swap, and received $50,400 from the swap. Therefore, the net interest 
payment at time 1 for EFG is $50,400 + $55,100 — $50,400 = $55,100. 

At time 2, EFG paid $96,400 of interest for the loan, paid $110,200 for 
the swap, and received $96,400 from the swap. Therefore, the net interest 
payment at time 2 for EFG is $96,400 + $110,200 — $96,400 = $110,200. 

At time 3, EFG paid $183,900 of interest for the loan, paid $165,300 
for the swap, and received $183,900 for the swap. Therefore, the net interest 
payment at time 3 for EFG is $183,900 + $165,300 — $183,900 = $165,300. E 


In Example (8.5.2), no explanation was given as to why 5.51% was an 
appropriate swap rate. Clearly, each counterparty would be interested in what 
it considers to be a fair or advantageous agreement. Also, the fixed rate must 
be decided using information available at the inception of the agreement. We 
state the underlying principle to determine a swap rate. 


IMPORTANT PRINCIPLE 8.5.5 

The net present value (NPV) of the cashflows for one counterparty 
of an interest rate swap should be equal to the NPV of the cash- 
flows for the other counterparty where NPV is calculated using 
the spot rates at the beginning of the swap term. 
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EXAMPLE 8.5.6 Swap rate 


Problem: Consider the loan agreement of Example (8.5.1). On the day that 
the loan agreement is entered, the spot rates, given as annual effective rates, 
are as in the table below: 


time (t) in years | spot rate (r+) | 
1 5.04% | 
2 5.12% | 
3 5.38% | 


EFG Corporation wishes to avoid the risk of interest rate fluctuations 
and enters a three-year accreting interest rate swap with HIJ Financial with a 
settlement period of one year. The notional amounts for the first, second, and 
third years are $1,000,000, $2,000,000, and $3,000,000, respectively, mirroring 
the loan balances for the original loan. HIJ’s payments will be calculated using 
the one-year spot rate at the beginning of each year. EFG’s payments will be 
calculated using the swap rate R, given as an annual effective rate. Find the 
swap rate. 


Solution The settlement periods are [0,1], [1,2], and [2,3], where time is 
given in years and time 0 is the beginning of the three-year term. The settle- 
ment payments take place at the end of the settlement periods, which is times 
1, 2, and 3. The NPV of EFG’s cashflows is given by 


($1,000,000) R A ($2,000,000) R a ($3,000,000) R 
l+ry (1+ r2)? (1+ 13) 


For HIJ, the amount of payment at time 1 is calculated using the one-year 
spot rate at the beginning of the first settlement period which is time 0. That 
spot rate is rı = 5.04%. The actual amount of payment at time 2 will be 
calculated using the one-year spot rate at the beginning of [1,2], which is 
time 1. But the one-year spot rate at time 1 will not be known until time 1. 
Similarly, the one-year spot rate at time 2 will not be known until time 2. 
Now recall that the forward rate fj, 4) is the yield rate implied by the spot 
rates at time 0, for money invested at time s for a period of (t — s) years, 
and it is an annual effective rate. Thus, we can use the forward rate [1,2] 
as the anticipated one-year spot rate at time 1. Similarly, we can use fi2,3] 
as the anticipated one-year spot rate at time 2. This gives the NPV of HIJ’s 
cashflows as 


($1,000,000) fio,1) 
1 + Ti 


($2,000,000) fi1.2) ($3,000,000) fra. 
(1+ r2)? (1 +r)’ 
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where 


fio, = ri = 5.04%, 


(1 >e r2)? 
= ——— — ] x 5.200061 
fuz Er %, 
(1 +r)? 
= — —— — 1 x 5.901931%. 
fi2,3] ERF 5.901931% 


Applying Important Principle (8.5.5), then solving for R, we obtain 


($1,000,000) fto 1] 4 ($2,000,000) fț1,2} , ($3,000,000) fiż 3) 


R= l+rı (+r2)? (1+r3)% 
= $1,000,000 , $2,000,000 , $3,000,000 
ltr. (1+r2)? (1+r3)8 
This allows us to calculate R ~ 5.5093113% ~ 5.51%. E 


As we have seen, pairing a plain vanilla swap with a floating rate loan 
can allow the payer of the swap to change the cashflows to that of a more 
predictable fixed rate loan without the hassles of terminating the current 
loan which would require the immediate payment of the balance and then 
qualifying for a new fixed interest rate loan. Similarly, a plain vanilla swap 
can change the cashflows from a fixed rate loan to that of a floating rate 
loan, which can be an advantage if the borrower’s income follows the rise 
and fall of an index. Of course obtaining the desired type of loan at the loan 
origination would make the swap unnecessary, but by adding an appropriate 
swap agreement to a different type of loan a borrower can possibly obtain 
cashflows of a loan with a more favorable interest rate. An example of this is 
given in Example (8.5.9). 

Interest rate swaps can also be used for speculation. For example, if an 
investor believes that interest rates will rise significantly, then a payer’s po- 
sition would appear lucrative. In this case, there is no need to pair the swap 
with a loan; the investor just needs to find a willing counterparty to enter the 
agreement. 


EXAMPLE 8.5.7 Interest rate swap with level notional principal 


Problem: Mia enters into a four-year interest rate swap as a payer. The level 

notional amount is $80,000 and settlement payments will be made annually. 
Determine the swap rate and the anticipated net swap payment at the end of 
the fourth year. Today’s spot rates are given by the table below. 


Term in years 1 2 3 4 
Spot rate 1.78% | 2.03% | 2.48% | 3.05% 
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Solution Let R be the swap rate, expressed as an annual effective interest 
rate. The NPV of the swap payments calculated with the fixed rate R is 
($80,000)R  ($80,000)R | ($80,000)R | ($80,000)R 
(1.0178)! (1.0203)? (1.0248)3 © (1.0305)4 ` 


The NPV of the swap payments calculated with the floating rate is 
($80,000) fio 1) ($80,000) f (1,2) ($80,000) fj2,3; . ($80,000) fi3,4) 


(1.0178)! (1.0203)? —s(1.0248)3 ~*~ (1.0305)4 
where 
fio. = rı = 1.78%, 
(+r)? (1.0203)? 
= = Las 2.2 
fuz er S poo 
(1 +r)? (1.0248)? 
= = 1 © 3.3860 
fe (1+r2)? (1.0203)? OOO 
(1 +r4) (1.0305) 
fsal = (Frs) (1.0248)? Cann 
Important Principle (8.5.5) gives us 
($80,000)R , ($80,000)R | ($80,000)R , ($80,000)R 
(1.0178)! ' (1.0203)? " (1.0248)3 ` (1.0305)4 
_ ($80,000) fio; , ($80,000) fi1,2} ($80,000) fi2,3) — ($80,000) fis. 
~ (1.0178)! ` (1.0203)? "Ss (4.0248)3—*(1.0305)4 ` 


Solving for R, we find R ~ 3.1024%. Therefore, the swap rate is 3.0124%. 
At the end of the fourth year, the anticipated swap payment for the float- 
ing rate is 


$80,000 fisa} © ($80,000) (0.047791) ~ $3,823.27431 
while the swap payment at the fixed rate is 
$80,000R ~ ($80,000) (0.030124) ~ $2,409.90505. 


The floating rate swap payment is larger than the fixed rate swap payment 
and the difference is 


$3,823.27431 — $2,409.90505 ~ $1,413.3693. 


Therefore, it is anticipated that at the end of the fourth year, $1,413.37 will 
be paid by the receiver to the payer (Mia). If the actual one-year spot rate in 
the fourth year is higher than fj3 4), then Mia will receive even more. a 
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Usually, the first settlement period of an interest rate swap starts as soon 
as the agreement is initiated (time 0). But with a deferred swap, the first 
settlement period does not start until a later date. The period of time until the 
first settlement period starts is called the deferral period. The swap term 
for a deferred swap starts at the beginning of the deferral period and ends 
on the last settlement date. The swap rate is determined by the spot rates 
at time 0 since the swap rate needs to be stated in the contract at its inception. 


EXAMPLE 8.5.8 Deferred interest rate swap 


Problem: Adun enters a five-year interest rate swap with a deferral period 
of two years and level notional amount of $250,000. The settlement period 
is one year. Adun will swap a fixed interest rate for a variable interest rate. 
The variable interest rate will be the one-year spot rate at the start of each 
settlement period. At the beginning of the five-year period, the spot rates are 
as below. 


Term in years 1 2 3 4 5 
Spot rate 3.5% | 3.8% | 4.3% | 5.1% | 5.8% 


Calculate the swap rate for this contract. 


Solution Let R be the swap rate, expressed as an annual effective interest 
rate. Since the swap term is five years and the deferral period is two years, the 
settlement payments are made over three years. There are three settlement 
periods, namely [2, 3], [8,4], and [4,5] where time is given in years and time 0 
is the start of the five-year term. The settlement payments occur at times 3, 
4, and 5. Thus we need to anticipate the one-year spot rates at times 2, 3, and 
4 using the spot rates at time 0. We use fj2\3), ff3,4), and fjas] as anticipated 
spot rates at time 2, 3, and 4, respectively: 


($250,000) R 
(1.043)3 


($250,000)R — ($250,000)R 
(1.051)4 (1.058)5 
($250,000) fi2,3) . ($250,000) fis, 


(1.043)3 = (1.051)4 i 


($250,000) fja,5) 
(1.058)5 


3 
where fj2,3] = cece -1 


for R, we have 


— (1.051) — (1.058) $ 
» Jea = (1.04393 —1, fas) = (os — 1. Solving 


($250,000) fi2,3) + ($250,000) fts ,4] + ($250,000) fta ,5] 
(1.043)5 (1.051)4 (1.058)® 
$250,000 , $250,000 pa $250,000 
(1.043)? ' (1.051)4 (1.058) 


R= ~ 0.070776. 


Therefore, the swap rate is 7.0776%. a 
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Borrowers may not all qualify for the same loan rates due to differences 
in creditworthiness and regulations. One potential borrower may have more 
favorable loans available to him than another potential borrower does for 
otherwise comparable loans. Since the payments of an interest rate swap are 
netted, the amounts of the payments are relatively small (in comparison, say, 
for a loan with a loan amount equal to the notional amount). This allows 
those with compromised credit to take part in interest rate swaps and to re- 
duce the default risk for the counterparties. Example (8.5.9) demonstrates 
how two borrowers may be able to lower their payments by entering interest 
rate swaps with a financial intermediary. Swaps may be directly negotiated 
between two individuals or corporations, but it is more common for an in- 
vestment or commercial bank to be the counterparty. The intermediary earns 
money by receiving a higher rate for a swap than what it is simultaneously 
paying for another comparable swap. Swap dealers facilitate many swaps, 
warehousing swaps until they can find counterparties and engineer multiparty 
arrangements. 


EXAMPLE 8.5.9 Use of interest rate swaps to lower loan payments 


Ryan borrowed $100,000 for five years with annual interest payments. He was 
offered a choice of a floating rate of LIBOR plus 1.5% or a fixed rate of 8%. 
Ryan prefers a fixed rate, but accepted the floating rate of LIBOR plus 1.5%. 
Naomi also borrowed $100,000 for five years with annual interest payments. 
The rates available to her were a floating rate of LIBOR plus 1%, or a fixed 
rate of 7%. Although she prefers a floating rate, she chose to accept the fixed 
rate of 7%. 

Naomi still prefers a floating rate, so she enters an interest rate swap with 
another bank in which she swaps the fixed rate of 7% for a floating rate of 
LIBOR plus 0.8%. Ryan, too, enters an interest rate swap with the bank in 
which he swaps the floating rate of LIBOR plus 0.8% for a fixed rate of 7.1%. 
The cashflows can be shown in a diagram as in Figure (8.5.10). 

Now, let us see how Ryan, Naomi, and the bank that was the counterparty 
to both, have benefited from the swaps. 

Each year, Naomi pays 7% to her lender while she receives 7% and pays 
LIBOR plus 0.8% for the swap. As a result, her net interest rate is LIBOR 
plus 0.8%, which is lower than the LIBOR plus 1% she was offered by her 
lender. 

Each year, Ryan pays LIBOR plus 1.5% to his lender while he receives 
LIBOR plus 0.8% and pays 7.1% for his swap. As a result, his net interest 
rate is 7.8%, which is lower than the 8% he was offered by his lender. 

The bank that acted as counterparty for both Ryan and Naomi has re- 
ceived LIBOR plus 0.8% from Naomi and paid the same to Ryan. The bank 
also received 7.1% from Ryan and paid 7% to Naomi. Therefore, the bank 
received 0.1% from the two swaps. E 
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fa . 
Ryan’s Naomi’s 


lender lender 


LIBOR+1.5% 


LIBOR+0.8% LIBOR+0.8% 


7% 


7.1% 


FIGURE (8.5.10) 


We finish the section with an example of an interest rate swap where 
the floating rate is linked to LIBOR and the settlement period is six months. 
LIBOR rates are quoted as simple interest on an actual/360 basis. Exam- 
ple demonstrates how the LIBOR rates are used to calculate settle- 
ment payments. 


EXAMPLE 8.5.11 Interest rate swap linked to LIBOR 


Problem: On February 1, 1999, Value Enterprises (VE) has a low credit 
rating and therefore has trouble qualifying for loans longer than six months. 
In fact, VE cannot find a lender who will offer it a four-year loan. Therefore, 
in order to finance a four-year $3,600,000 building project, VE anticipates 
needing to take out a sequence of eight six-month $3,600,000 loans. (VE plans 
to make the interest payments at the end of each six months with its own 
money, so the loan amount will remain at $3,600,000.) So, unless VE enters 
an interest rate swap, it is subject to the risk that the interest rate rises. With 
uncertain interest rates, VE would not know ahead of time what their building 
project would cost, even though the contractor has promised to produce the 
building in return for a February 1, 1999, payment of $3,600,000. 


(a) Suppose that VE took out a sequence of eight six-month loans, each 
of which was at an interest rate that is numerically equal to the then 
current six-month LIBOR] rate plus 2%. These LIBOR rates, reported 
chronologically on an “actual/360” basis, were 5.168%, 5.913%, 6.328%, 
6.831%, 4.955%, 3.479%, 2.068%, and 1.815%, so VE’s rates were 7.168%, 


TThe sequence of rates used in this example was found on 
www.erate.com/six_month_libor_index.6-months-libor.html. 


Section 8.5 Interest rate swaps: the basics 379 


7.913%, 8.328%, 8.831%, 6.955%, 5.479%, 4.068%, and 3.815%. What 
interest payments did VE have to make? 


— 
€ 


Suppose that on February 1, 1999, VE also entered into a fixed-to- 
floating rate interest-rate swap with Swapland Bank, with cashflows 
computed using a notional principal of $3,600,000. VE contracted to 
pay semiannual interest at a nominal rate of 5% convertible semiannu- 
ally and to receive interest calculated using the six-month LIBOR rate. 
Assuming there was no default by either VE or Swapland, what netted 
cashflows did they exchange? 

Show that VE’s total semiannual cashflows are nearly level during the 
four-year period. 


~ 
io) 
Nes 


Solution (a) Interest payments took place at the end of each six-month 
period, hence on each August 1 and each February 1. In the non-leap-years 
1999, 2001, and 2002, there are 181 days in the six-month period beginning 
on February 1, and this period has 182 days in the leap year 2000. In all four 
years, the six-month period beginning on August 1 has 184 days. Therefore, 
VE’s interest payments are 


$3,600,000(.07168) (181/360 
$3,600,000(.07913) (184/360) = 
$3,600,000(.08328) (182/360) = 
$3,600,000(.08831) (184/360) = 
$3,600,000(.06955) (181/360) = 

(. )( 

(. ( 

( ) 


= $129,740.80 on 8/1/1999, 
$145,599.20 on 2/1/2000, 
$151,569.60 on 8/1/2000, 
$162,490.40 on 2/1/2001, 
$125,885.50 on 8/1/2001, 
$100,813.60 on 2/1/2002, 
$73,630.80 on 8/1/2002, 

= $70,196.00 on 2/1/2003. 


$3,600,000(.05479) (184/360) = 
$3,600,000(.04068) (181/360) = 
$3,600,000(.03815) (184/360 


(b) Under the terms of the swap, at the end of each six-month period, VE 
owes Swapland a payment of $3,600,000 (-32) = $90,000. However, only 
netted cashflows exchange hands, and Swapland owes VE interest at the 
LIBOR rate. That is, Swapland owes VE 


$3,600,000(.05168) (181/360) = $93,540.80 on 8/1/1999, 

$3,600,000(.05913) (184/360) = $108,799.20 on 2/1/2000, 
$3,600,000(.06328) (182/360) = $115,169.60 on 8/1/2000, 
$3,600,000(.06831) (184/360) = $125,690.40 on 2/1/2001, 
$3,600,000(.04955) (181/360) = $89,685.50 on 8/1/2001, 
$3,600,000(.03479) (184/360) = $64,013.60 on 2/1/2002, 
$3,600,000(.02068) (181/360) = $37,430.80 on 8/1/2002, 
$3,600,000(.01815) (184/360) = $33,396.00 on 2/1/2003. 
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The netted cashflows are therefore 


$93,540.80 — $90,000 = $3,540.80 from Swapland to VE on 8/1/1999, 
$108,799.20 — $90,000 = $18,799.20 from Swapland to VE on 2/1/2000, 
$115,169.60 — $90,000 = $25,169.60 from Swapland to VE on 8/1/2000, 
$125,690.40 — $90,000 = $35,690.40 from Swapland to VE on 2/1/2001, 


$90,000 — $89,685.50 = $314.50 from VE to Swapland on 8/1/2001, 

$90,000 — $64,013.60 = $25,986.40 from VE to Swapland on 2/1/2002, 
$90,000 — $37,430.80 = $52,569.20 from VE to Swapland on 8/1/2002, 
$90,000 — $33,396.00 = $56,604.00 from VE to Swapland on 2/1/2003. 


Note that the first four cashflows are inflows to VE, while the last four were 
outflows. Of course, there is no reason that the number of inflows need equal 
the number of outflows. We note that, under the swap, there is considerable 
fluctuation in the amount of money changing hands from one period to the 
next. 


(c) In parts (a) and (b) of this solution, VE’s cashflows [interest in (a), 
netted in (b)] were far from being level. However, if we combine the 
interest outflows [from (a)] with the swap cashflows [from (b)], so as to 
obtain VE’s total outflows on each of the eight dates, we see that these 
total outflows show much less variation. In fact, VE’s total outflows are 


$129,740.80 — $3,540.80 = $126,200.00 on 8/1/1999, 
$145,599.20 — $18,799.20 = $126,800.00 on 2/1/2000, 
$151,569.60 — $25,169.60 = $126,400.00 on 8/1/2000, 
$162,490.40 — $35,690.40 = $126,800.00 on 2/1/2001, 
$125,885.50 + $314.50 = $126,200.00 on 8/1/2001, 
$100,813.60 + $25,986.40 = $126,800.00 on 2/1/2002, 
$73,630.80 + $52,569.20 = $126,200.00 on 8/1/2002, 
$70,196.00 + $56,604.00 = $126,800.00 on 2/1/2003. 


The payments are all near $126,500. We note that $126,000 = $3,600,000( 7). 
This is as we would expect since the fixed rate was a nominal rate of 5% con- 
vertible semiannually, the floating rate was 2% above LIBOR, and 7% = 
5% + 2%. Of course the LIBOR rates were six-month rates, rather than nom- 
inal rates convertible semiannually, and this is why things only work out 
approximately. 

Without the Swap, VE’s interest payments in (a) were subject to varia- 
tion, from about $70,000 to more than $162,000. This variation could make it 
difficult for VE to plan, and could even lead to default. With the swap, VE’s 
net outflows in (c) were nearly level, making it easier for VE to plan. The 
price for this convenience was over $51,000 more in outflows with the swap 
than without it. The LIBOR rates beyond the first six-month period were not 
known when the swap agreement was made, so at the outset VE might have 
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imagined the cost would have been much less, but it could have been even 
more. a 


8.6 FORMULAS FOR INTEREST RATE SWAPS 


As we have seen in Section 8.5, swap rates can be calculated using Impor- 
tant Principle (8.5.5), but calculating the forward rates can be tedious. The 
solutions you have seen for interest rate swaps with level notional principal 
suggest that there may be some shortcuts in calculating their swap rates. 

Consider an interest rate swap with n settlement periods. Let the k-th 
settlement period be given by [tx-1, tx] for k € {1,2,3,...,n}, time as usual 
given in years. For a deferred swap, to # 0. Let Qk be the notional amount for 
the k-th settlement period. Let R be the swap rate expressed as an effective 
rate per settlement period. Let Snasta] be the forward interest rate implied 
by spot rates at time 0, written as an effective rate per settlement period. If 
the settlement payments are annual, then Sinita] = fit,_1,t,]- Since the spot 
rates are annual effective rates, we have 


tk— x 
(1 + fina) i (1 + fits stl) T (1 Hra). 


Thus 


(ra) 
thao 
LHren) k—1 


(8.6.1) Jinata] = | 


With these notations, the amount paid by the payer at time tk is Qk R. 
For the receiver, the payment amount is Qk Frty—1,te)° 


Let P, be the value at time 0 of a payment of 1 at time t. Then for t > 0, 
we have 


(8.6.2) P, = (+r. 


Note that by definition, 


(8.6.3) Py=1. 


Using this notation, the present value of the payer’s cash outflow at time tk 
is Qk RP,,. For the receiver, it is Qr Sinite] Pte 
The NPV of the payments made by the payer is 


(8.6.4) NO QRP 
k=1 
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The NPV of the payments made by the receiver is 


(8.6.5) De Qk Fite atu Pte: 


k=1 


Setting (8.6.4) equal to (8.6.5), we have 


5 Qk füri, ta] tr 
k=1 


(8.6.6) psa 
X Pr 
k=1 


Note that from (8.6.2) and (8.6.3), 


(1+ re) Piri 


T+ ine = (1 + Tip 1): = P, 


It follows that 


x Piri 
(8.6.7) Finita] te = P — 1 Pr, = Pipa = P,- 


tk 


By replacing fë,_ı,t,]Pte in Equation (8.6.6) with P,, , — Pip, we obtain 


SOPs = Pa) 


(8.6.8) R= =È — 
XO QP, 
k=1 


Most interest rate swaps have level notional amount, so we now consider the 
case where Qg = Q for all k. Using Equation (8.6.8), we find 


n 


DOREN XO (Pini — Pex) 


(8.6.9) R= =i 


2 OP, 2 Pa Dd Ph 
k=1 k=1 k=1 


_ Pig — Ft 


0 k 
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Summarizing, we have: 


IMPORTANT FACT 8.6.10 
Swap rate for level notional amount is given by 


Fen a 
2 Pa 
k=1 


where R is the effective swap rate per settlement period. 


Note that unlike the solutions for Examples and (8.5.8), the equa- 
tion in Important Fact (8.6.10) does not include forward rates. For an interest 
rate swap with a level notional amount, we can use a nice shortcut! 


EXAMPLE 8.6.11 Interest rate swap with level notional principal 


Problem: Elliott enters into a one-year interest rate swap as a payer. The 
notional amount is $50,000 and settlement payments will be made quarterly. 
The variable interest rate is the 3-month spot rate at the beginning of each 
settlement period. Determine the swap rate expressed as a nominal interest 
rate convertible quarterly. Also, find the anticipated net swap payments at the 
end of the second quarter. Today’s spot rates are given by the table below. 


Term in months 3 6 9 12 
Spot rate 1.20% | 1.35% | 1.58% | 1.73% 


Solution Let R be the swap rate, expressed as a quarterly effective interest 
rate. Since the notional amount is level, we can use Important Fact (8.6.10). 
The settlement periods (written in years) are [0,0.25], [0.25, 0.5], [0.5, 0.75], 
and [0.75, 1]. Hence, 


p= P 
Po.25 + Po.s + Po.zs + Pi 
1 — 1.01737! 
(1.012) -0-25 + (1.0135) 05 + (1.0158) 0-75 + (1.0173)! 
= 0.00429261. 


The swap rate, expressed as a nominal interest rate convertible quarterly, is 
AR = 1.7170%. 
At the end of the second quarter, Elliot’s cash outflow will be 


$50, 000R ~ $214.63. 
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On the same day, his anticipated cash inflow is $50, 000 Ji0.25,0.5)7 and 


(1.0135)°5 


Ff0.25,0.5) = oys! 0.0037296. 


Hence, his anticipated cash inflow is 
$50, 000(0.0037296) ~ $186.48. 


Therefore, we anticipate that Elliott will pay the receiver $214.63 — $186.48 = 
$28.15 at the end of the second quarter. Of course the actual amount to be 
paid will not be known until the beginning of the second quarter. a 


EXAMPLE 8.6.12 Revisit deferred interest rate swap of 
Example (8.5.8) 


Problem: Find the swap rate for Example (8.5.8) using Important Fact 
(8.6.10). 


Solution Let R be the swap rate, expressed as an annual effective interest 
rate. The notional amount for the swap in Example is level, so we can 
use Important Fact (8.6.10). For this swap, the settlement periods are [2, 3], 
[3,4], and [4,5] where time is given in years. We have 


_ b-P; 
— P + Py + Ps 
(1.038)-? — (1.058)-5 
(1.043)-3 + (1.051)-4 + (1.058)-5 
=~ 0.070776. 


R 


So the swap rate is approximately 7.0776%. E 


For non-level notional amounts, Equation (8.6.8) can be helpful. 


EXAMPLE 8.6.13 Revisit accreting interest rate swap of 
Example 


Problem: Consider a three-year swap with annual settlements. The notional 
amounts for the first, second, and third years are $1,000,000, $2,000,000, and 
$3,000,000, respectively. The floating rate will be calculated using the one- 
year spot rate at the beginning of each year. The spot rates at the inception 
of the swap are rı = 5.04%, rg = 5.12%, and r3 = 5.38%. Calculate the swap 
rate. 
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Solution Let R be the swap rate, written as an annual effective rate. Using 
Equation (8.6.8), we have 


($1, 000, 000) (Po — P1) + ($2, 000, 000) (P; — P2) + ($3, 000, 000) (P2 — P3) 


n= ($1, 000, 000) (P;) + ($2, 000, 000) (P2) + ($3, 000, 000) (P3) 


where Py = 1, P, = (1.0504)-1, P = (1.0512)-?, Ps = (1.0538). 
These values give R ~ 5.5093113% ~ 5.51% as in Example (8.5.6). E 


8.7 MARKET VALUE OF AN INTEREST RATE SWAP 


A counterparty in a swap can choose to terminate its position at any time 
during the swap term by finding another party that will assume the remain- 
ing settlement payments, possibly for a price. It is also possible for the two 
counterparties to agree to close their positions, that is, to terminate the swap 
before the end of its term. In either case, the value of the position would need 
to be determined at the time of termination. The value of a position, called 
the market value, is the value of future net payments: 


(Market value of position) 


= (Total value of inflows) — (Total value of outflows) 


where by value, we mean the value at the time of evaluation, calculated using 
the spot rates at the time of evaluation. If the market value is to be calculated 
for a settlement date, assume evaluation takes place immediately after the 
settlement payment unless otherwise specified. Any transaction fees involved 
are ignored in determining the market value. By Important Principle (8.5.5), 
the market value is zero at the start of the swap termi] But at any other time, 
the market value is unlikely to be zero since the spot rates change over time. 


EXAMPLE 8.7.1 Market value of an interest rate swap with level no- 
tional principal 


Problem: Makayla and Stephen entered a four-year interest rate swap with 
annual settlement and level notional principal of $500,000. Makayla will pay 
the floating rate, which will be the spot rate at the beginning of each settle- 
ment period. Stephen will pay the fixed rate. Find the market values of their 
positions at the end of the second year. Explain what your results imply for 
someone to assume their positions at the beginning of the third year. Assume 
that the spot interest rates are as in Tables (8.7.2) and (8.7.3). 


8Highly customized swaps may have non-zero market value at the beginning of the swap 
term. 
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t (years) 1 2 3 4 5 
ri 1.52% | 2.35% | 3.17% | 3.89% | 4.50% 


TABLE (8.7.2) Spot interest rates at beginning of swap term 


t (years) 1 2 3 4 5 
rt 3.72% | 4.18% | 5.06% | 6.29% | 6.80% 


TABLE (8.7.3) Spot interest rates at beginning of third year 


Solution Let R be the swap rate, expressed as an annual interest rate. The 
swap rate is calculated using the spot rates at time 0. Since the notional 
amount is level, we can use Important Fact (8.6.10): 


Pp P, 
P, + P, +P +P, 

z 1 — (1.0389)~4 

~ (1.0152)71 + (1.0235)-2 + (1.0317)-3 + (1.0389)-4 
~ 0.03817245. 


R= 


At the beginning of the third year, there are two years remaining in the swap. 
The market value at the beginning of the third year (time 2) will be calculated 
using the spot rates at that time. Note that the swap rate has been fixed at 
inception of the swap. Makayla receives the floating rate payment and pays 
the fixed rate payment. Thus, the net amount she receives at time 3 is 


$500,000(0.0372 — R) ~ —$486.222859. 


At time 2, her net payment at time 4 is still unknown because the one-year 
spot rate at time 3 will not be known until time 3. But the one-year spot rate 
at time 3 implied by the spot rates at time 2 is 
(1.0418)? 
1.0372 


This tells us that the anticipated net amount she receives at time 4 is 


— 1 0.0464204. 


$500,000(0.0464204 — R) ~ $4,123.9777. 


Again, using the spot rates at time 2, her market value at the beginning of 
the third year is 
—$486.222859 | $4,123.9777 


~ $3,390.901. 
1.0372 (1.0418)? oe 


Stephen receives the fixed rate payments and pays the floating rate payments, 
but he is just exchanging the amounts with Makayla. Therefore, his market 
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value at the beginning of the third year is the opposite of Makayla’s, which 
makes —$3,390.90 his market value. 

A person who assumes Makayla’s position would pay $3,390.90 to Makayla. 
However, a person who assumes Stephen’s position would receive $3,390.90 
from Stephen. These values ignore any possible transaction fees that may be 
incurred. | 


EXAMPLE 8.7.4 Market value of an interest rate swap with non-level 
notional amount 


Problem: Consider the interest rate swap in Example (8.5.6): EFG Corpora- 
tion entered a three-year accreting interest rate swap with HIJ Financial with 
a settlement period of one year. The notional amounts for the first, second, 
and third years are $1,000,000, $2,000,000, and $3,000,000, respectively. HIJ’s 
payments were to be calculated using the one-year spot rate at the beginning 
of each year. EFG will pay the fixed rate. Based on the spot rates upon the 
inception of the swap, the swap rate is R + 5.5093113%. 

One year into the swap, the spot rates are rı = 4.86%, ro = 4.95%, r3 = 
5.2%. Calculate EFG’s market value at the end of the first year, immediately 
after the first settlement. 


Solution There are two years remaining in the swap. EFG receives the 
floating rate payments and pays amounts based on the fixed rate. The market 
value is evaluated at the end of the first year, so we use the spot rates for that 
date. EFG’s market value is 


($2,000,000) (7, — R) 
1 + fä 


($3,000,000) (fu 2} — R) 
(Fr)? 


where rı = 4.86%, ro = 4.95%, fir) = G95" — 1 ~ 5.04%. With these 
values, we can see that EFG’s market value is given by 


($229,970.6886) — ($255,135.4762) ~ —$25,164.79. 
Therefore, EFG’s market value at the end of the first year is —$25,164.79. E 


8.8 MORE SWAPS 


There are many different types of swaps besides the interest rate swaps that 
were discussed in Sections (8.5)—(8.7). In this section, we consider several of 
them. 

Currency swaps are another common type of swap. p To understand 
currency swaps, it is helpful to first give a little thought to foreign exchange 


9 An early, and much described, currency swap took place between the World Bank and 
IBM in August 1981. IBM had issued callable bonds in Swiss Francs and Deutsche Marks, 
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rates. A foreign exchange rate (exchange rate, FX rate) is the price, 
expressed in the currency of one country, that you would have to pay for the 
basic unit of the currency of another country. For example an exchange rate 
of 5 Egyptian pounds to the U.S. dollar means that 5 Egyptian pounds are 
worth the same as one dollar. With this exchange rate, you are making a 
fair exchange if you trade X U.S. dollars for 5X Egyptian pounds. On the 
other hand, with the stated exchange rate, each Egyptian pound is worth .20 
U.S. dollars. So, just as you may translate English to Spanish and Spanish to 
English, you may translate between two currencies using the exchange rate as 
your dictionary. [9 

An accurate Spanish/English—English/Spanish dictionary written one day 
is apt to be very similar to a Spanish/English-English/Spanish dictionary 
recording the next day’s language. However, the exchange rate, our “foreign 
currency dictionary” between two specified currencies, may show much greater 
day-to-day changes! Therefore, when we describe a (two-party) currency swap, 
which is basically an interest-rate swap in two different currencies, we must 
be very careful about the translating. 

As was the case for an interest rate swap, a currency swap has a notional 
principal. Using the exchange rate that is in effect at initiation, the notional 
principal may be given in two different currencies, say as an amount Nj, of 
currency 1 or as an amount Na of currency 2. (It is optional whether these 
notional amounts are exchanged at the start of the swap, since they then 
have the same value.) The currency swap will also have a term to maturity 
and dates given for interest cashflows to be exchanged. Additionally, there 
will be two different interest rates specified; a rate jı to be used for the 
principal denominated in currency 1, and a rate j2 to be used for the principal 
denominated in currency 2. The rates jı and j2 may each be floating or fixed. 

One party in the currency swap makes interest payments, whose amount 
is determined using the interest rate jı on a principal amount Nj : This is all 


and the dollar had appreciated against these currencies, making it tempting for IBM to 
call the bonds and finance the repayment with new U.S. dollar issues. However, this would 
involve a number of costs including the cost of exchanging currencies, call premiums, and 
costs of reissue. The World Bank (also known as the International Bank for Reconstruction) 
borrows money internationally and lends it to developing countries to finance construction 
projects. At the time, the interest rate the World Bank faced for borrowing Swiss Francs was 
about 8% and the rate for loans of Deutsche Marks was 11%—-12%. These rates may seem 
high to you, but they were attractive compared to a 16%-17% rate for U.S. dollars. But the 
World Bank was near the borrowing limits imposed by the Swiss and German governments 
for the amounts of these currencies they could borrow in Switzerland and Germany. The 
agreement reached between IBM and World Bank, with Salomon Brothers as intermediary, 
called for World Bank to borrow U.S. dollars in the U.S. market with IBM then assuming 
the repayment while World Bank took over their Swiss Francs and Deutsche Marks bond 
obligations. 

10Tf you actually attempt to exchange currencies at a bank, you are apt to encounter 
service fees so that you experience a slight loss in value. 
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in currency 1. The other party makes interest payments in currency 2, these 
being the interest due on a loan of amount Nə of currency 2 if the interest rate 
on the loan is j2. Each swap party has one additional payment it must make 
to its counterparty. The party that made payments in currency k,k € {1,2}, 
(as if it had borrowed an amount N; of currency k,) must make an additional 
payment of Nz, in currency k. Since our “exchange rate dictionary” has likely 
changed, we do not expect these additional payments at maturity to have the 
same value. 


EXAMPLE 8.8.1 Currency swap 


Uncle Sam Industries (USI) and Iwasawa Technology (IT) are counterpar- 
ties in a currency swap that involves U.S. dollars and Japanese yen. The 
exchange rate at initiation is 109.44 yen per dollar, and the notional principal 
is $10,000,000 = 1,094,400,000 yen. Uncle Sam Industries will make payments 
in yen as if it has borrowed the 1,094,400,000 yen for one year, and Iwasawa 
Technology will have outflows in dollars as if it has borrowed $10,000,000, 
again for one year. (In fact, USI may have sent IT $10,000,000 in return for 
1,094,400,000 yen.) The interest rate to be paid on the dollar loan is the three- 
month Treasury bill rate, and interest on the borrowed yen is a fixed rate of 
3.5% convertible quarterly. 


(1) Describe all cashflows after the swap is initiated if the four three-month 
nominal Treasury bill rates convertible quarterly are 2.75%, 2.87%, 3.05%, 
and 3.11%. 

Suppose that the exchange rate in three months is 107.35 yen per dollar, 
in six months is 106.82 yen per dollar, in nine months is 110.58 yen per 
dollar, and in twelve months is 111.42 yen per dollar. Assuming an 
annual effective interest rate of 3%, determine the value at time 0 in 
yen of the cashflows from experienced by Uncle Sam Industries from the 
swap. 


(2 


New 


Solution (1) Iwasawa Technology is required to make quarterly payments 
for one year on the $10,000,000 loan using four different quarterly interest 
rates, namely 


0275 — 006875, 22387 = 007175, 2305 = .007625, and 23H = .007775. 
So, Iwasawa Technology makes payments of 


.006875($10,000,000) = $68,750 in three months, 
.007175($10,000,000) = $71,750 in six months, 
.007625($10,000,000) = $76,250 in nine months, 


and a final payment of 
.007775($10,000,000) + $10,000,000 = $77,750 + $10,000,000 = $10,077,750 
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in one year. Uncle Sam Industry’s payments are quarterly payments for one 
year on a loan of 1,094,400,00 at a quarterly interest rate of 088 = .00875. 
Since (.00875)(1,094,400,000) = 9,576,000, USI makes three payments of 
9,576,000 yen, and then a final payment of 9,576,000 yen+1,094,400,000 yen = 
1,103,976,000 yen. 

(2) The time 0 value in yen of the payments paid by Uncle Sam Industries 
is given by 


9,576,000 | 9,576,000 , 9,576,000 | 1,103,976,000 
(1.03)9-25 " (1.03)05 " (1.03)0-75 (1.03)! 


~ 1,100,128,414. 


USI receives its payments in dollars, so we convert each payment amount into 
yen by using the appropriate exchange rate. The time 0 value in yen of the 
payments received by USI is given by 


(68,750)(107.35) , (71,750)(106.82) 


(1.03)9-25 ` (1.03)9-5 
(76,250)(110.58) (10,077,750) (111.42) 
~ 1,113,282,887. 
(1.03075 (1.03)! 


Therefore, the time 0 value of the cashflows experienced by USI is 
1,113,282,887 (yen) — 1,100,128,414 (yen) = 13,154,473 (yen). 


Interest-rate swaps and currency swaps each involve an exchange of loan 
payments. However, a currency swap does not use netting and this may in- 
crease credit risk. 

There are other types of swaps where the payments involved do not be- 
have like loan payments. Foremost among these are equity swaps. An equity 
swap is a swap in which at least one of the cashflows is determined by the 
performance of a single stock, portfolio of securities, or stock index. In a to- 
tal return equity swap, the periodic security-based cashflows due from one 
party are the sum of the capital gains (possibly negative) and the value of 
any dividends that have been paid. If for some period the value of the losses 
exceeds the value of the dividends paid on the stock, then the party that 
makes payments based on the security makes a negative payment — that is, 
it receives money from the counterparty. In a commodity swap, at least one 
stream of cashflows is based on a commodity index. 


EXAMPLE 8.8.2 Total return equity swap 


Problem: Dr. Rebecca Rubinstein has owned telephone stock for many years 
and wishes to continue to do so, even though she believes that the stock is 
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going to go down soon. Dr. Rubinstein enters a two-year total return equity 
swap with Swapmasters, exchanging her position in the stock for fixed semi- 
annual payments at a nominal rate of 3.25%. At the time she does so, the 
value of her stock is $22,240. At the end of the first six months, the stock’s 
price has fallen to $20,600, and no dividends are paid. The price falls far- 
ther the following year, namely to $20,000, and a $100 dividend is paid. Six 
months later the stock price is $21,800 and a $300 dividend is paid, and one 
year later it is $23,100, but there is no dividend. Describe all payments that 
Dr. Rubinstein receives or must make. 


Solution Each six-month period, the return on the stock is the sum of 
the dividends and the appreciation of the stock. Therefore, in the succes- 
sive periods, we have returns of $0 + ($20,600 — $22,400) = —$1,800, $100 + 
($20,000 — $20,600) = —$500, $300 + ($21,800 — $20,000) = $2,100, and 
$0 + ($23,100 — $21,800) = $1,300. These are the amounts that Dr. Rubinstein 
is responsible for paying to Swapmasters, but we use netting to determine the 
cash exchanges. The payments she is entitled to receive from Swapmasters 
are each for $22,240 ( 2325) = $361.40. So, after six months Dr. Rubinstein 


receives a payment for $361.40 — (—$1,800) = $2,161.40, and after one year 
she gets $364 — (—$500) = $861.40. In the second year, in each six-month 
period the stock has returns that exceed $361.40, and Dr. Rubinstein must 
pay the excess. So, eighteen months after the swap is initiated, Dr. Rubinstein 
pays $2,100 — $361.40 = $1,738.60, and at the end of the two years she pays 
$1,300 — $361.40 = $938.60. E 


Swaps are over-the-counter, tailor-made financial products, and are not 
limited to those we have described. Circumventing regulations or taxation, 
utilizing competitive advantage, hedging, and speculating all contribute to 
the popularity of swaps. 


8.9 FORWARD CONTRACTS 


There are several financial instruments that are derivative securities. A 
derivative is a financial investment whose worth is derived from that of some 
other asset or index. Swaps, which were discussed in Sections (8.5)— (8.8) are 
derivatives. An interest rate swap is a derivative since its worth is determined 
by the behavior of an outside index. The remainder of this chapter discusses 
various other derivatives, and in this section we consider the simplest of these, 
which are called forward contracts. 

A forward contract is a contract that specifies that one party will sell 
a specified asset, the underlier, to the other at a designated date and price. 
Delivery details should be spelled out. The party contracting to buy the asset 
is said to take a long position, while the obligated seller assumes a short 
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position. The holder of a long position, having locked in a price, hopes that 
the price of the asset will be higher at the agreed upon settlement date: then 
the buyer has contracted to get a bargain. Of course the contracted seller is 
hoping not to have to part with the asset at a price that is lower than the 
market price at the delivery date. In a forward contract, each party faces the 
risk that the price will change in an unfavorable direction. There is also a pos- 
sibility of a party failing to live up to the contracted obligations. Sometimes, 
the agreement is collateralized with earnest money or assets securing the con- 
tract, thereby lessening credit risk, the risk of default. When two parties 
enter a forward contract, among the things they should spell out are whether 
the contract is transferable. If a party may trade its position in the contract, 
this will be a private (over-the-counter) transaction. Since forward contracts 
are individual agreements between two parties, there is much variation in the 
arrangements! 


EXAMPLE 8.9.1 Forward contract 


On March 18, 2005, fisherman Tommy Wallace agreed to deliver to Gavin 
McGraph 5,000 pounds of live Maine lobsters, each lobster weighing between 
one and five pounds, with the delivery to take place at 10AM on the morning 
of June 10th, 2005. The average weight of the lobsters must not exceed two 
pounds. The lobsters are to be delivered in one hundred wooden crates to 
Mr. McGraph’s warehouse. Each crate must contain between forty-five and 
sixty pounds of lobster. The forward contract that the two gentlemen signed 
obligated Mr. McGraph to pay Tommy $25,500 at the time of the delivery. W 


The price set in a forward contract is called the forward price. It is 
frequently compared to the price at which the underlier could be sold at 
the time the contract is established, the spot price or cash price. If the 
forward price exceeds the spot price, the difference (forward price — spot 
price) is called a forward premium. If the spot price is higher than the 
forward price, you may hear the difference (spot price — forward price) called 
a forward discount. Storage costs and interest rates are among the factors 
that influence the relationship between forward prices and spot prices. The 
amount (possibly negative) by which the spot price exceeds the forward price 
is called the basis. So, the basis is equal either to the forward discount or to 
the negative of the forward premium. 

We wish to consider how two parties might reasonably settle upon a for- 
ward price. For simplicity, we assume that there is a level term structure for 
risk-free interest rates, the annual effective risk-free rate being i. First suppose 
that the contract is for an asset with current price Sọ and that there are no 
costs associated with holding the asset and no income received by the holder 
of the asset. Then, the forward price K should equal So(1 + i)” where T is 
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the length of time from contract initiation until maturity. The justification 
for this is a “no-arbitrage” argument that we discuss in the next paragraph. 


There are two ways to now ensure that you hold the asset at time T. 
The first way is to purchase the asset now at a cost of Sg and then hold 
on to it. The second way is to enter into a forward contract with forward 
price K and to invest K(1+7)~? at the risk-free rate i, thereby ensuring you 
have the money required at time T to procure the asset under the provisions 
of the forward contract. Since neither of these involve any price uncertainty, 
they must have the same cost by the “law of one price” in the “no-arbitrage” 
model. So, So = K(1+i)~7 and K = So(1 +i)". 

This “no-arbitrage” argument may be modified if there are fixed cashflows 
associated with holding the asset for the term of the forward contract, for 
instance, dividends paid or storage costs. If H denotes the value at the time 
the contract is being drawn up (determined using the risk-free accumulation 
function) of cashflows to the holder of the asset during the term of the forward 
contract, then the price of the forward contract should equal K = (So — 
H)\(1 + i)? if there is not to be an arbitrage opportunity [see Writing problem 
(8.0.10)]. Of course, in practice, forward contracts are entered into by a pair of 
individuals, and market forces do not necessarily dictate the price. Therefore, 
it is unrealistic to think that the price will necessarily be the “no-arbitrage” 
price. 

Let’s now consider just who might be a party to a forward contract. 
One possibility is a speculator who may enter into a forward contract, seizing 
a perceived opportunity to make a profit if the forward price is favorable. 
Another is someone wishing to hedge risk; if you currently feel you are too 
vulnerable to a downshift in the price of an asset, you may acquire a forward 
contract for that commodity in which you have the short position and hence 
would benefit from a price decrease. For example, a farmer who is growing 
wheat may wish to lock in a price for his crop, since if the price falls, he 
might have to sell off land to pay his creditors. Similarly, a jeweler, who has 
advertised that prices for his designs will be good through the end of the 
year, may wish to enter a forward contract to purchase a certain quantity of 
gold. There is a large range of assets for which forward contracts exist. These 
include agricultural products, currencies, and bonds. 


Forward contracts are not a new invention. There is evidence, on Mesopo- 
tamian clay tablets, of such agreements having been made about 3,700 years 
ago. Seventeenth century Chinese feudal lords collected rice from their work- 
ers, which they sold on the Osaka rice market, and forward contracts for the 
delivery of rice were common. In Europe, there is evidence of forward trad- 
ing in medieval times. Prior to the sixteenth century, forward contracts may 
just have involved the trading of that year’s expected crops or catch. Trad- 
ing became better organized and more sophisticated in Antwerp (where an 
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exchange opened in 1531) and in Amsterdam (a principal market for grain, 
herring, and other bulk commodities). Still, the parties in forward contracts 
were not yet outside investors who viewed contracts as commodities in their 
own right. In the United States, forward contracts became common in the 
nineteenth century. 


8.10 COMMODITY FUTURES HELD UNTIL DELIVERY 


A futures contract is somewhat similar to a forward contract, but it differs 
in several ways. First, a futures contract is standardized rather than designed 
to suit the participants. Second, futures contracts are traded on a Futures 
Exchange,°” a derivatives marketplace (physical or online) with established 
rules and regulations. Among the rules that govern the operation of Futures 
Exchanges is the requirement that there be a clearinghouse. A clearinghouse 
is also called a clearing organization or clearing association. Third, un- 
like forward contracts, which are each a contract between any two willing 
parties, the counterparty to each futures contract is the clearinghouse of 
a Futures Exchange. In this section we will begin to study these three dis- 
tinctions and their consequences. One important consequence, namely that 
futures contracts tend to be highly liquid, is deferred until Section (8.11). 

Note that like a forwards contract, a futures contract spells out a specific 
asset the (underlier), which is to be exchanged at the expiration date (usually 
a month or a portion of a month). Naturally the contract must clearly and 
fully describe the underlier, the price at delivery, and delivery instructions. In 
this section and in Section (8.11), the underliers we consider will be physical 
commodities] Section (8.12) includes discussion of other types of underliers. 
In many contracts, speculators account for over 60% of the trades! The reason 
for this is that, as we shall illustrate in Examples (8.10.5) and (8.11.4), traders 
of futures may have a large amount of leverage. 


EXAMPLE 8.10.1 Kansas City Board of Trade hard red wheat future 
The Kansas City Board of Trade (KCBT) commenced trading a wheat 


The Chicago Board of Trade (CBOT) opened in 1848 and was the first Futures 
Exchange. There were earlier markets that called themselves “Futures Exchanges,” but they 
did not trade what we now call futures contracts. Rather, these grain exchanges, located in 
Buffalo and New York City among other places, traded individualized forward contracts. 
The advantages of modern futures trading quickly became apparent, and Futures Exchanges 
were established elsewhere in the United States. Chicago has, however, continued to house 
the most important exchanges. 

8In the United States, the legal term for a Futures Exchange is a designated contract 
market. 

13Rarly futures contracts had physical commodities as underliers, and it was fundamental 
that these were products with a cash market. So, the seller did not necessarily need to hold 
the product he promised to deliver, and it was not required that the buyer have a need for 
the product. This allowed speculators to enter the market as well as hedgers. 
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future in 1876. The KW (ticker symbol) contract has as its underlier 5,000 
bushels of #2 grade hard red winter wheat. Here, the grade is determined by 
government standards. Grade #1 may be substituted at a 15 cent premium 
per bushel, and grade #3 is allowable but results in a discount of five cents 
per bushel. Hard red wheat is grown primarily in the Great Plains, and it 
accounts for about 45% of the total United States wheat production. 

The wheat can be delivered in Kansas City, Missouri. It can also be deliv- 
ered in Hutchinson, Kansas, but then there is a nine cents per bushel discount. 
Allowable delivery dates are from the first business day of the liquidating 
month through the next to last business day of the month. There is no trad- 
ing date after the fourteenth of the month. There are hard red wheat future 
contracts with delivery months March, May, July, September, and December. 

Since it was established in 1913 by the KCBT, the KCBT Clearing Cor- 
portion has been the counterparty to each trade, and it has never defaulted. 
Trading hours are on business days from 9:30 AM until 1:15 PM, Central Time. 
During these hours, trading takes place by “open outcry” with traders shout- 
ing bids and offers in the “trading pit.” The minimum price fluctuation from 
a previous bid is $12.50 per contract, and the maximum allowable fluctuation 
from the previous day’s “settlement price” is $1,500. 

In October 1984, hard red wheat futures with KE ticker symbol and iden- 
tical contract specifications began trading electronically. Trading hours are 
6:32 PM to 6:00 AM, Central Time, Sunday through Friday. a 


EXAMPLE 8.10.2 Chicago Board of Trade gold future 


The Chicago Board of Trade (CBOT) offers a futures contract (ticker symbol 
ZG) with the underlier being “100 troy ounces (+5%) of refined gold, assaying 
not less than .995 fineness, cast either in one bar or in three one-kilogram bars, 
and bearing a serial number and identifying stamp of a refiner approved and 
listed by the Exchange.” The delivery requirements are physical delivery to 
specified New York area vaults. The trading is 100% electronic with trading 
from 6:16 PM to 4 PM Central Time, the next day. 

CBOT also offers a “mini-sized” gold futures (ticker symbol YG) with the 
underlier being 33.2 ounces of refined gold. Delivery requirements and trading 
hours and platform are identical. | 


These examples included many of the specifications of the futures con- 
tract. In addition to the type of information given in Examples (8.10.1) and 
(8.10.2), specifications for a contract include the minimum price change per 
contract, called a tick. The fluctuation from the previous day’s settlement 
price may be limited as may be the total number of contracts to be held by 
any one party. 

It is natural to ask who might be interested in trading futures such as 
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the above wheat and gold contracts. Just as for forward contracts, the traders 
fall into two categories, hedgers and speculators. Credit risk is a significant 
consideration if you enter a forwards contract. In contrast, credit risk is apt to 
be minimal if you take a position in a futures contract. This is because your 
counterparty is the futures’ clearinghouse, and an exchange stands behind its 
clearinghouse. Furthermore, exchanges (and their clearinghouses) are subject 
to regulation that helps safeguard traders|!4 

There is also a monetary amount called the futures price associated 
with a futures contract. This is an amount agreed upon by the two parties, 
the holder of the short position (the seller | and the holder of the long 
position (the buyer). 

If you assume a long position in a futures contract, you are contracting 
the privilege (and duty) of paying the futures price in return for delivery 
to you of the underlier. As we shall see shortly [in Examples (8.10.4) and 
(8.10.5)], the timing of your payments depends upon the futures prices of 
later traded contracts having the same underlier and delivery requirements. 
In fact, your position may give rise to intermediate positive and negative 
cashflows! However, your total outflows will exceed your total inflows by an 
amount equal to the contracted futures price. So, the holder of a long futures 
position has, at least in some sense, locked in a purchase price. In hindsight, 
entering a long position was a profitable position for the long seller to have 
taken if the spot price at expiration of the underlier is above the contract’s 
futures price. 

If you establish a short position in a futures contract, you are contract- 
ing the right (and the obligation) to deliver the underlier at expiration and to 
receive the futures price. The sequence of cashflows that you will receive de- 
pends on subsequent prices on contracts with the same underlier and delivery 
instructions. However, if you hold the contract through expiration, you should 
receive more money in inflows than you pay in outflows, with the difference 
equaling the futures price you contracted. After the fact, a short position 
was valuable if the futures price at the time the position was established was 
greater than the spot price of the underlier at expiration. 

If you enter into a long futures position, this may be described by saying 
you are buying the futures contract. Taking a short position is also referred 
to as shorting or selling the futures contract. In either case, you are said 


M4The U.S. federal government first passed legislation pertaining to futures trading in 
1923. The Commodity Futures Trading Commission (CFTC) was created by the 
Trade Commission Act of 1974 and oversees all futures trading. The National Futures 
Association (NFA), an industrywide self-regulatory body, also monitors futures brokers 
and their agents. Certain exchange functions are also regulated by the Securities and Ex- 
change Commission, the Federal Reserve Bank, and the U.S. Treasury Board. 

15Perhaps you will find it helpful to note that “sell” and “short” both begin with the 
letter “s”. 
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to have opened a position. But you are not actually buying or selling the 
contract; rather, you are contracting to buy or sell the underlier. 


A trader of a futures contract establishes either a long position or a short 
position. Since the holder of a long position has an obligation to accept 
delivery of the underlier at the expiration date and pay for it, the party 
with a long position is said to buy the contract. The holder of a short 
position has a commitment to deliver the underlier and receives money for 
doing this, so the party with an open short position may be referred 
to as the seller of the contract. Both buying and selling are described 
as trading. As was the case with stocks, if you have a long position you 
benefit from price appreciation. Once again, price decline is favorable to a 
short seller. 


If you use the expressions “selling a futures contract” or “buying a fu- 
tures contract,” it is important to remember that the sequence of cashflows 
received by the “seller” or “buyer” may be complicated. As the following two 
examples show, the cashflow sequence is not determined at the time the po- 
sition is opened, although the method for determining the cashflows as time 
passes has been established. However, if the futures price of futures contracts 
with the same underlier does not fluctuate between the time you open your 
position in the futures contract and expiration, then your cashflows will be 
just as they would have been had the contract been a forward contract with 
an earnest money deposit. We will consider the cashflows of the parties in a 
futures contract beginning with Example (8.10.4). 

We now turn to the mechanics of trading futures contracts. A futures 
contract is traded through a brokerage firm that holds a seat on the Futures 
Exchange that trades the particular futures contract. Just as is the case with 
stocks, it will be necessary for you to open an account with a broker. Now, 
you will need to identify a security you would like to trade, and determine 
a position you wish to take, either long or short. No matter whether you 
buy or sell the contract, you will be asked to make a margin deposit. This 
is commonly between 2% and 15% of the current cash value of the asset due 
from the seller at expiration. Your margin deposit is quite different from a 
stock margin deposit, which is collateral on a loan. Here there is no loan. 
The purpose of the margin deposit is to cover any losses you may incur as a 
result of movement in the futures price, so the required amount will reflect the 
volatility of the contract. The initial margin is often set equal to the maximum 
one-day loss you might reasonably expect to incur on your contract. As is the 
case for stocks, there is an initial margin requirement and a maintenance 
requirement. 

Each day, your margin balance is adjusted by any gain or loss in the 
trading value of your position for that day. This process is called marking- 
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to-market, and the daily futures price used for this process is called the 
settlement price. Each day’s settlement price is determined by a formula, 
and the settlement price may differ from the last futures price of the day. 
Commonly, the settlement price is some sort of average of futures prices near 
the end of the day’s trading. 


FACT 8.10.3 

e If the futures price of currently traded futures contracts with a 
specific underlier goes up by $U, then $U is added to the balance 
in every buyer’s margin account and $U is subtracted from the 
balance in the account of every contract seller. 

e If the futures price of currently traded futures contracts with 
a specific underlier goes down by $D, then $D is subtracted from 
the balance in every buyer’s margin account and $D is added to 
the balance in the account of every contract seller. 


For the clearinghouse, which handles the marking-to-market, there is no 
profit or loss from marking-to-market. The purpose of marking-to-market is 
to diminish default risk. Also, as we shall see in Example (8.11.2), marking-to- 
market makes the process of squaring accounts easy, even if a trader terminates 
his position before delivery: We will shortly explain how a trader can do this. 


EXAMPLE 8.10.4 Marking-to-market 


At the end of one day Klaus established a short position in a December 2005 
CME milk class III future that had as underlier 200,000 pounds of “cheese 
milk.” Such milk is used mainly in the manufacturing of cheddar cheese. The 
futures price when Klaus sold the contract was the same as the day’s settle- 
ment price, namely $26,800. The next day, a similar contract had settlement 
futures price $26,940. This was a $140 price increase. Klaus naturally wished 
he had waited a day to open his position since the next day’s settlement price 
was $140 better for a seller like Klaus than the one he contracted. This $140 
disadvantage was reflected in a $140 deduction from Klaus’s margin account. 
On the other hand, had Klaus established a long position rather than a short 
one, $140 would have been added to his margin balance. a 


If a margin account balance falls below the maintenance margin, a mar- 
gin call is made. (In fact, market conditions may be such that your account 
balance is negative, and you will be liable for any deficit in your account.) If 
you receive a margin call, you must immediately deposit money so that your 
account again satisfies the initial margin requirement. The required deposit is 
called the variation margin. Failure to respond to a margin call can result 
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in your position being closed, |*"| perhaps at a very disadvantageous time, and 
you may be left with considerable liability to the clearinghouse. For this rea- 
son, you may wish to make deposits to your margin account that are greater 
than required, especially since margin accounts can pay competitive interest. 
In fact, clients (especially those with large accounts) may be allowed to keep 
their margin in Treasury bills. 


EXAMPLE 8.10.5 Margins and marking-to-market 


Problem: On May 1, 2005, a futures contract has futures price $40,000 and 
stipulates delivery of underlier A in exactly three months (August 1). The 
contract has an initial margin of $5,000 and a maintenance margin of $3,500. 
The futures price of contracts with underlier A and expiration date August 1 
stays at $40,000 until May 25, when it falls to $37,000. Once again, there is 
a period with a level futures price (this time at $37,000) for underlier A and 
expiration date August 1. However, on June 16 it jumps to $42,000. There 
is a final change in the futures price on July 22 to $41,000. Consider two 
futures traders for this contract named Sam and Bob. Bob and Sam each 
open positions on May 1, Bob as a buyer and Sam as a seller. They each hold 
the futures through expiration and accept or make delivery as required by the 
contract. Suppose that Sam and Bob each only had outflows as required by 
the initial and maintenance margin requirements, except for Bob making a 
payment when accepting delivery. Furthermore, there was no interest earned 
on the margin accounts. (a) Describe Sam’s cashflows. (b) Describe Bob’s 
cashflows. (c) Find Bob’s yield rate if he sells the underlier on August 1, 
immediately after taking delivery, for $41,000. 


Solution We begin with a helpful graphic representing the futures price 
over time. 


40,000 42,000 
ae a Arrow up: Credit buyer’s account, 


debit seller’s account 
Arrow down: Debit buyer’s account, 


credit seller’s account 
$37,000 $41,000 


(a) Sam sold the contract on May 1 at a futures price of $40,000. At 
the time of the sale, Sam deposited $5,000 into a margin account at the 
clearinghouse. On May 25, buyers were able to enter contracts, which granted 
identical rights and obligations to those Sam had contracted for, and the 
futures price was $3,000 lower than on Sam’s contract. Consequently, Sam’s 


16A position is closed by the opening of an offsetting position. This is discussed in Section 
(8.11). 
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margin account balance was increased by $3,000, resulting in a balance of 
$5,000 + $3,000 = $8,000. Sam’s margin account then remained at $8,000 until 
June 16 when new contracts for underlier A and August 1 delivery had futures 
price $42,000. This $5,000 increase in the futures price led to a $5,000 decrease 
in Sam’s margin account balance, so that it was now $8,000—$5,000 = $3,000. 
Since his margin account had a balance below the $3,500 maintenance margin 
requirement, a margin call was made. Sam was required to bring his balance 
up to the $5,000 initial margin requirement, so he deposited $2,000. The July 
22nd decrease in the futures price from $42,000 to $41,000 resulted in Sam’s 
margin increasing by $1,000 to $6,000. On August 1, Sam withdrew the $6,000 
margin and received $41,000 from the clearinghouse after showing that he had 
delivered the asset A. Note that Sam’s cashflows total (—$5,000 — $2,000 + 
$6,000 + $41,000) = $40,000. So, the sum of Sam’s cashflows is equal to his 
contracted futures price. 

(b) Bob bought the future on May 1 when the futures price was $40,000. 
To establish his long position, he deposited the required $5,000 to a new mar- 
gin account. During the time Bob’s position was open, his margin balance was 
adjusted to match changes in the futures price. So, when the price dropped 
from $40,000 to $37,000, Bob’s balance in his margin account also dropped 
by $3,000 to $5,000 — $3,000 = $2,000, below the $3,500 maintenance margin 
requirement. Bob deposited $3,000 on May 25 to once again attain the $5,000 
initial margin. The $5,000 jump in the futures price on June 16 resulted in 
Bob’s margin account’s balance increasing to $5,000 + $5,000 = $10,000, and 
the July 22 drop in the futures price from $42,000 to $41,000 caused it to 
become $10,000 — $1,000 = $9,000. On August 1, Bob used the $9,000 with- 
drawn from his margin account, along with another $41,000— $9,000 = $32,000 
to pay for the underlier. Bob only had outflows, and the sum of these was 
$5,000 + $3,000 + $32,000 = $40,000, the futures price when Bob opened his 
long position. 

(c) Read through the solution to part (b) and you will note that a complete 
list of Bob’s net cashflows is as follows: On May 1, Bob paid $5,000; on May 
25 Bob paid $3,000; on August 1, Bob received $41,000 — $32,000 = $9,000. 
The period from May 1 to August 1 consists of 30 + 31 + 31 = 92 days, and 
the period from May 25 to August 1 has 92 — 24 = 68 days. Therefore, if j 
denotes Bob’s daily yield rate, j satisfies the (August 1) equation of value 


$9,000 = $5,000(1 + 7)°” + $3,000(1 + 7)°*. 


So, as you may discover by “guess and check,” Newton’s method, or using 
the BA II Plus cashflow worksheet, j œ~ .00141844852. Since there were 365 
days in the year 2005, Bob’s annual yield was approximately (1 + j)?® — 1 ~ 
.677604473 ~ 67.76%. During the three-month period, Bob put in a total of 
$8,000 and received $9,000. Nice going Bob! a 
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8.11 OFFSETTING POSITIONS AND LIQUIDITY OF FUTURES 
CONTRACTS 


Suppose you hold a short futures position and a long position in identical 
futures contracts and these positions share a common margin account. (When 
you have multiple positions, having a common margin account for all your 
positions is advantageous, because then you just need the total in the account 
to meet the sum of the margin requirements for the positions. This helps you 
avoid margin calls.) Recall that the clearinghouse is counterparty to each of 
your futures contracts. The long position obligates you to pay the expiration 
forward price $P to the clearinghouse and to take delivery of the underlier. The 
short position mandates that you relinquish the underlier to the clearinghouse 
and that you receive payment of the amount $P. But this leaves you with a net 
cashflow of $0 and with no change in the amount of the underlying asset that 
you own. The same is true for the clearinghouse. So, it would be a waste of time 
(and perhaps of other resources) for you to carry out either delivery. Because of 
Fact (8.10.3) on marking-to-market and the maintenance margin requirement, 
you might be concerned that there would be other payments prior to delivery. 
However, by holding both the short position and the long position, with each 
daily movement of the futures price your margin account, which is used for 
both positions, has offsetting increases and decreases. Additionally, you would 
have money just sitting in a margin account, even though there is no risk in 
your combined short and long positions. The long position and the short 
position are said to be offsetting, and the clearinghouse cancels them both 
and allows you to withdraw the balance from your margin account if it is not 
needed for other positions you hold. A pair of contracts can only be offsetting 
if they have exactly the same underlier. The delivery date and requirements 
must be the same for the two contracts, and the commodity must also be 
identical. 


Quite likely you are wondering why you might take both a short futures 
position and a long position on identical contracts. The answer involves the 
times when you acquire each of the two positions. These are almost surely 
different from each other. You take a position in a futures contract and then, 
when you wish to be rid of that position, you take the offsetting position 
on an identical contract. This is called covering or closing your position. 
If you have a short position in a futures contract, you cancel that contract 
by establishing a long position in the future. To cover a long position, you 
establish a short position. 

An individual is unlikely to take a short position and simultaneously take 
a long position in an identical futures contract. However, that is what the 
clearinghouse does each time the exchange handles a futures transaction. The 
clearinghouse matches a buyer’s and seller’s offers, then splits them legally 
into two futures contracts, each with the clearinghouse as a counterparty. 
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Therefore, if the clearinghouse holds exactly s short positions in a particular 
futures contract, it will also hold exactly s long positions in that future. Con- 
sequently, the portfolio of positions held by the clearinghouse consists entirely 
of offsetting positions! The only risk to the clearinghouse is a result of credit 
risk. 

Now that we understand that if you establish a position in a futures 
contract, you need not hold it through delivery, we wish to consider some 
examples involving closing a position early. 


EXAMPLE 8.11.1 Closing a position 


Problem: On May 1, Sergio Reynolds bought a New York Board of Trade 
(NYBOT) domestic sugar contract for 112,000 pounds of sugar to be delivered 
in October. The futures price was $9,979.20 when Mr. Reynolds established his 
long position. The initial margin requirement was $700 and the maintenance 
margin requirement was $500. As the buyer of the contract, Mr. Reynolds is 
hoping that the price of October sugar goes up. On June 1, he notes that 
an October sugar contract, again for delivery of 112,000 pounds of sugar, has 
futures price $10,483.20. If he is content with a $504 gain, what should he do? 
If he still believes that the future is underpriced, what action is appropriate? 


Solution When the price goes up by $10,483.20 — $9,979.20 = $504, the 
clearinghouse accordingly adjusts the balance of his margin account upward 
by $504, and he is now effectively the buyer of a futures contract at $10,483.20. 
If Mr. Reynolds wishes to collect his $504 gain, he just needs to have his 
broker place a market order to sell the futures contract. Of course, he must 
realize that the price of the contract may change at any time: This is called 
slippage. Therefore, he is not guaranteed that the sale takes place at exactly 
$10,483.20. If Mr. Reynolds wishes, he may place a limited order, indicating 
that he only wishes to sell if the price is at least $10,483.20. If Mr. Reynolds 
believes the contract will experience significant further appreciation, he might 
want to hold on to it. | 


When we introduced marking-to-market, we mentioned that it allows easy 
reconciling of accounts even if a position is closed before delivery. The next 
example shows how this works. 


EXAMPLE 8.11.2 Marking-to-market with offsetting positions 


Problem: Return to the contract of Example (8.10.5). Suppose that instead 
of holding his long position until expiration, Bob covered it on July 10, at 
which time the futures price was $42,000. He did so by establishing a short 
position. This was possible because Brian simultaneously opened a long po- 
sition. (a) Describe Bob’s cashflows. (b) Describe Brian’s cashflows. (c) How 
does Bob’s behavior impact Sam? 
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Solution (a) Bob’s cashflows are unchanged prior to July 10. We recall that 
these were outflows of $5,000 on May 1 and $3,000 on May 25. Further recall 
that the balance in Bob’s margin account on July 10 was $10,000. Bob covers 
his long position on July 10, so he is allowed to withdraw the $10,000. Note 
that the sum of Bob’s cashflows is —$5,000 — $3,000 + $10,000 = $2,000 = 
$42,000 — $40,000, the amount the futures price has risen during the time he 
was a buyer of the futures contract. Having held a long futures position, he 
benefited from the futures price going up. 

(b) Brian’s cashflows are very simple. On July 10, he deposited $5,000 
to his margin account. On July 22, when the futures price has dropped to 
$41,000, his margin account balance has decreased to $4,000. On August 1, 
Brian paid $37,000 to Sam (or to the clearinghouse who passes the money on 
to Sam) and took delivery of the underlier. 

(c) Sam makes delivery as instructed in the contract and gets the money 
he is owed from the clearinghouse. Sam is unaffected by Bob’s behavior once 
Bob has established his initial position. a 


We have discussed the possibility that you might terminate a futures 
position prior to delivery. To do so, you need to be able to obtain the offsetting 
position to the one you already hold, so you need the futures contract to be 
actively traded, that is, to be “liquid.” We next consider how a cash market 
for an underlier works to make a futures contract more liquid. 

If potential investors expect the price of the underlying commodity to 
be significantly above that of the futures contract at expiration, there would 
be a demand for long positions in the contract by individuals willing to take 
delivery and then sell the commodity at a profit. This demand would push 
up the price of the position. Likewise, investors who think the price of the 
underlier is apt to be significantly below the futures price would be interested 
in holding a short position. This would create a demand for the short futures 
position. As the time until contract expiration decreases, the uncertainty as 
to what price the delivered commodity would fetch usually lessens. 


IMPORTANT FACT 8.11.3 


As the settlement date approaches, the futures price tends towards the cash 
price, an allowance basis being made for the costs of taking delivery and 
selling. 


Physical delivery occurs in only a small percentage (less than 2%) of 
futures contracts. Usually, the delivery obligation is canceled out by the pur- 
chase of an offsetting (or covering) position. The veracity of Fact (8.11.3) is 
a major reason why this is true. You can usually obtain approximately the 
same amount of money by covering your position as you can obtain by tak- 
ing delivery and then selling the underlier. Moreover, delivery may be rather 
inconvenient. If you opt for delivery, you may get a warehouse receipt for the 
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product at a far-off location. So, even if you want the underlier, you may do 
better to cover your position and then purchase the commodity on the cash 
market. 

Hedgers are more likely to take delivery than speculators, since they may 
have an actual need for the underlier. However, if you take a futures position 
as a hedge, you may not have found it possible or advantageous to take that 
position in a future for exactly the underlier you want. For example, a jew- 
eler might purchase a futures contract for 99.99% pure silver but actually use 
sterling silver. A university system might use heating oil but buy a futures 
contract for crude oil. A wheat farmer with an anticipated July harvest might 
purchase an August wheat future. Trading a futures contract with one under- 
lier to hedge against price fluctuations in another is called a cross hedge, and 
cross hedgers almost always cover their positions rather than taking physical 
delivery. 

In Example (8.10.5), Bob had a high yield rate for his investment period. 
We end this section with another example, this time with no delivery, in which 
a futures trader has a very high yield rate. 


EXAMPLE 8.11.4 Futures contracts and leverage 


Problem: Michelle Schafer buys a July 2005 orange juice futures contract 
that trades on the New York Board of Trade. At the time her buy order is 
filled, the futures price for the 15,000 pound frozen concentrated orange juice 
contract (with origin Florida or Brazil) is $14,452.50. The initial margin is 
$1,050 and the maintenance margin is $750. She holds the contract for one 
month, during which time she does not receive any margin calls, and she sells 
the contract when the futures price is $15,067.50. By what percent does the 
price rise, and what is Michelle’s monthly yield rate, assuming she deposits 
only the initial margin required and that the margin account pays interest at 
a nominal rate of 2.4% convertible monthly? 


Solution The price of the contract increased by a factor of 


$15, 067.50 


~ 1.042553191. 
14, 452.50 Peroa 


So, the price rose by about 4.26%. Michelle’s yield rate for the one month 
was much higher because of leveraging. (The initial margin was only about 
7.27% of the purchase price.) Michelle sold the contract for $615 more than 
she bought it for and also earned $1,050 (924) = $2.10 interest on her margin 
deposit. Her initial deposit of $1,050 grew to $1,050+$615+$2.10 = $1,667.10. 
Therefore, her monthly yield rate is an impressive 

$1,667.10 


Poa RT TG, 
7066 58.77% 
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In Examples (8.10.5) and (8.11.4), the investors realized high yields thanks 
to leverage. Traders of futures have a tremendous amount of leverage available, 
since margin requirements reflect a small percentage of the market value of the 
underlier. However, you need to remember that leverage exaggerates negative 
yield rates as well as positive yield rates. Futures traders must be aware that 
their potential loss is greater than the amount of their margin deposit! 


8.12 PRICE DISCOVERY AND MORE KINDS OF FUTURES 


While futures originated with physical commodities as underliers, futures 
based on financial products now dominate, accounting for about three-quarters 
of the traded derivatives. The first financial futures were introduced in 1971 
by the Chicago Mercantile Exchange (CME), the largest United States 
Futures Exchange. The introduction of these first financial futures, which were 
seven different foreign currency contracts, was spurred by the abolishment of 
the “gold standard.” Their introduction was somewhat controversial. Viewing 
foreign currency as a traded asset whose value fluctuates requires a greater 
level of abstraction than that needed for understanding the trade in advance 
of corn or cattle! 

Traded financial futures have values determined by stock indices, cur- 
rency exchange rates, and debt instruments. The latter may be referred to as 
interest rate futures, and date back to 1976 when CME first offered a 90- 
day U.S. Treasury Bill contract [17] The above list of types of financial futures 
is not exhaustive. The important thing to note is that each financial future 
must have a certain rate that determines the payoff at settlement. Recently 
introduced types of financial futures include products tied to the volatility of 
stock markets. 

In contrast to commodity futures, some financial futures are cash settled, 
meaning that there is not an option for physical delivery: Instead, a settlement 
in cash is figured based on the spot prices at settlement. 

Investing successfully in financial futures requires an economic sophis- 
tication well beyond that needed for commodity futures. However, financial 
futures take their roots from the contracts devised to allow farmers to manage 
price risk, and the mathematical considerations are the same. We include the 
following example for those of you who want an illustration of an important 
financial futures contract. It is not essential for what follows. 


EXAMPLE 8.12.1 Eurodollars 


In the 1960s Eurodollars originated when East European countries deposited 
U.S. dollars in West European banks that, in turn, made loans denominated 
in dollars. These were not subject to U.S. banking regulation, and hence the 


17Recall, Treasury bills may be resold on the secondary market. 
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banks could operate on narrower spreads between lending and borrowing inter- 
est rates. This practice expanded beyond Europe, and the name Eurodollar 
is now used for CDs or other bank deposit liabilities denominated in U.S. 
dollars but not subject to U.S. credit controls. Since 1981, non-U.S. residents 
have been able to conduct business, without U.S. banking regulations, at In- 
ternational Banking Facilities (IBFs) located in the United States, and bank 
deposits at IBFs are also called Eurodollars. The United States does not stand 
behind Eurodollars. Instead, investors rely upon the issuing institutions not 
defaulting. When companies or individuals choose to deposit dollars in a bank 
not subject to U.S. regulations, they may be sacrificing a level of protection 
for a better interest rate. 

In 1981, the Chicago Mercantile Exchange (CME) introduced the Eu- 
rodollars futures, the first futures contract that was settled in cash rather 
than by physical delivery. This contract has a very high volume of open con- 
tracts and has been described as “the most actively traded futures contract 
in the world.”[5] The relevant interest rates, for the Eurodollars futures, are 
three-month interbank rates on Eurodollars for quarters ending in March, June, 
September, and December for up to ten years in the future and for the quarters 
ending in the nearest four additional months. 

The value of a Eurodollar contract is quoted in a manner so that a quote 
of 100 corresponds to a cash settlement of 1,000,000 Eurodollars, and this 
corresponds to the relevant three-month Eurodollar interbank interest rate 
being 0%. For each .01% that the effective three-month interest rate exceeds 
0, the payoff decreases by $25. So, if the rate were 1.22% at expiration, the 
contract would pay 1,000,000 — 25(122) = 996,950 Eurodollars. A quote of Q 
corresponds to a payoff (in Eurodollars) of 750, 000+ 2, 500Q. The final quote 
is 100 — I where I is the effective three-month interest rate. E 


Observe that a CME Eurodollars future has a cash payoff that is based 
on an interest rate, and a stock market index future has a payoff based on 
the value of a specified stock index at a designated time. The interest rate 
and the stock market index are numbers that seem distinctly financial, but a 
future could be marketed tied to the value of any variable. Recent successful 
entries into the market include CME weather futures using average tempera- 
ture indices in various locations. Crucial to their success is the fact that there 
are hedgers who wish to diminish risk from extra energy costs necessitated 
by the weather as well as businesses whose volume is affected by the weather 
(e.g., hotels). 


18Statements found on www.tradecenterinc.com in August 2005 included the description 
of CME Eurodollars as “the most actively traded futures contract in the world with open 
interest recently surpassed the four million mark.” This statement means that there were 
more than four million contracts open at once, and each contract has a principal value of 
$1,000,000. 
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When futures are traded, all bids, offers, and sales are public. This results 
in exchanges serving as venues for “price discovery.” The current price paid to 
buy or sell a contract may reasonably be viewed as resulting from the assimi- 
lation of the collective knowledge of all traders. The market price fluctuates so 
that supply and demand should balance, and both supply and demand reflect 
the available knowledge with regard to the many factors that will determine 
the futures price. The myriad influences may include (but are not limited 
to) forecasts of weather, political developments, shifting popularity, and new 
technology developments. It is unreasonable to think any one person would 
be an expert on all these areas, and yet the futures price takes them all into 
account! This predictive power is what is meant by price discovery. 

When we have talked about futures contracts, we have meant contracts 
that are traded on regulated exchanges. At the moment, this does not in- 
clude “Event Markets” that sell contracts based on whether an event occurs 
(e.g., Jim Webb wins the 2016 Democratic presidential nomination). However, 
“event futures” are evolving and may someday trade on exchanges. They are 
noteworthy as a discovery instrument as well as for financial gain or protection 
[see Writing problem (8.0.12)]. 


8.13 OPTIONS 


Forward contracts and future contracts obligate the holders to carry out a 
specified future sale. In contrast, an option gives the owner a choice as to 
whether to buy (or sell) a specified asset at a designated time and price. With 
American options, the option may be exercised at any time between the 
date of purchase and the expiration date. European options only allow for 
exercise at the expiration time[9] The names do not indicate the geographic 
origin of the derivative although most exchange-traded options in the United 
States are American. 

The price specified in an option contract is called the strike price or 
exercise price. If the option provides its owner with the right to buy an asset, 
it is called a call option. The owner of a call option may find it advantageous 
to exercise the option of the contract if the strike price is below the market 
price for the underlier. In contrast, a put option gives the holder the right 
to sell at a specified price. If the strike price is above the market price, then 
the buyer can make a profit by exercising the put option. For holders of 
options that trade on Options Exchanges, an alternative to exercising the 
option is taking an offsetting position. This is reminiscent of futures trading. 
Like forward and futures contracts, options may be used to hedge risk or to 
speculate. 


19In practice, there may be a short period just before maturity when option exercise is 
allowed. Bermuda options have a third type of styling with several discrete dates at which 
the option may be exercised. 
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The owner of an option is commonly referred to as an option holder. 
The option holder has paid money (the premium or option price) and in 
return has a choice as to whether the option is exercised. So, the option price 
is the amount the buyer of an option pays initially for the privilege of possibly 
exercising the option later at the strike price [24 If you sell an option, you are an 
option writer. An option writer does not have any choice regarding whether 
the contract is exercised. An over-the-counter (non-exchange-traded) option 
has an option holder matched with an option writer. 

The option writer is said to hold the short position (both on put and 
call options), and the option holder goes long. The option writer is the seller 
and his counterparty is the buyer, whether the option is a call option or a put 
option. So, the buyer in a put option can end up choosing to sell the underlier, 
while the seller in a put option can end up being forced to buy the underlier. 
In a call option, the seller sells and the buyer buys. 

In exchange-traded options, which are commonly referred to as listed 
options, an option holder for a contract is only assigned an option writer 
for that contract if the holder declares a wish to exercise the option. This is 
because the Option Clearing Corporation (occ) 24 serves as counterparty 
to every trade. So, while an options contract is only sold when there is also a 
buyer for the contract, the pairing of the buyer and seller is not ongoing. 

Most exchange-traded options are never exercised. Instead they are sold. 
This is because, if an option can be profitably exercised, the market will set 
its premium accordingly. Over 60% of all listed option contracts each month 
are covered by an offsetting trade while only about 10% are exercised, most 
commonly in the week before expiration. The remaining 30% expire worthless. 


EXAMPLE 8.13.1 Put option used for hedging 


Problem: The owners of Sunnyvale Orchards are concerned that the price of 
peaches may be below average should weather conditions allow for a greater 
than usual national supply of peaches. Local weather conditions have caused 
the cost of producing the 5,000 pound crop of Sunnyvale peaches to be $2,950, 
which is $.59 per pound. The Sunnyvale owners are confident that the per 
pound price their crop will fetch will be between $.10 and $1.00. To hedge 
their possible losses if the national price turns out to be $x per pound, the 
owners pay $500 to purchase a put option to sell $5,000 pounds of peaches at 


20Capped style options have a limit as to the profit that may be realized by the holder, 
and they are automatically exercised if the option holder can realize the maximum profit. 

21The OCC was established in 1973, as was the Chicago Board Option Exchange 
(CBOE), the first U.S. options exchange. The CBOE is the second largest listed securities 
market in the U.S. following only the NYSE. Typically, over 1 million options, with a total 
contract value over $25 billion, change hands daily. The SEC oversees all trading on option 
exchanges. 
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$.60, at the time of picking. Explain how this helps control losses for x in the 
range l<a<l. 


Solution First, consider Sunnyvale’s situation without the put option. What- 
ever the price $2 per pound, Sunnyvale would sell its peaches for $5,000z. 
Since it cost $2,950 to produce the peaches, Sunnyvale’s profit would be 
$5,000a — $2,950, which for .1 < x < 1 could be as low as —$2,450 (a $2,450 
loss) or as high as $2,050. 

Second, consider Sunnyvale’s situation with the put option. For $x > $.60, 
the strike price, Sunnyvale would not exercise the option, but would instead 
sell its peaches for $5,000x. In this case, since it cost $2,950 to produce the 
peaches and $500 to purchase the unused put option, Sunnyvale’s profit would 
be $5,000xz — $2,950 — $500 = $5,000a — $3,450. So, for $.60 < a < $1.00, 
Sunnyvale could at worst have a loss of 


5,000($.60) — $3,450 = —$450 
and at best have a gain of 
$5,000(1.00) — $3,450 = $1,550. 


On the other hand, if $x < $.60, Sunnyvale would exercise the option and sell 
its peaches for 5,000($.60) = $3,000. Once again, production costs were $2,950 
and the option was purchased for $500, so Sunnyvale has a loss of $450. 

By purchasing the put option, the owners hedged against a large loss, 
but they also reduced their maximum profit. Without the option, assuming 
that the per pound price they sell their peaches for is between $.10 and $1.00, 
Sunnyvale would have lost as much as $2,450 or gained as much as $2,050. 
With the put option, there is a narrower profit range. Sunnyvale might have 
a profit of as high as $1,550 or a loss of as much as $450. a 


In Example (8.13.1), a put commodity option is used for hedging. Among 
the commonly listed options are stock options, in which the underlying com- 
modity is 100 shares of a particular stock. In fact, options on more than 1,300 
different stocks trade on the Chicago Board Option Exchange (CBOE). 

Our next example concerns speculating with a call stock option. 


EXAMPLE 8.13.2 Call option used for speculating 


Problem: Darlene Leroux believes that she has identified a stock that is going 
to go up very soon. The stock is currently selling at $55.18 per share. Darlene 
purchases a call option, expiring in six weeks, for 100 shares of the stock. The 
option has a strike price of $55, and Darlene pays $165 to purchase it. Six 
weeks later the price of the stock per share is $60.97 and Darlene exercises the 
option, then sells the stock for $60.97. Pretending there are no commissions 
or other fees to be paid, what yield does Darlene achieve on her six-week 
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investment? How does this compare to the yield she would have obtained had 
she purchased three shares of the stock using a cash account, assuming no 
dividends were declared during the six-week period? Again, assume there are 
no commissions or fees. How about the price for purchasing six shares of the 
stock on margin, assuming the initial margin requirement was 50%, there were 
no margin calls, dividends declared, or interest on the margin account during 
the six-week period? 


Solution If Darlene purchases the option, then exercises it and trades the 
stock for cash, her initial $165 investment has grown to 


100($60.97 — $55) = $597. 


This gives her a yield for the six-week period of about 262%. In contrast, had 
she bought three shares of stock, her yield on a $165.54 investment would have 
been $60.97 —1 ~ 10.5%. The margined stock sale would have a yield that was 
21% since the profit would be doubled (based on holding six shares instead 
of three) while for the margined as well as the unmargined sale, Darlene’s 


investment would be $165.54. E 


Example (8.13.2) demonstrates that, thanks to leverage, an options trader 
has the potential to reap tremendous rewards. This is similar to what happens 
with futures. One difference is that if an investor buys a call option, the 
potential for loss is limited to the cost of the option. So, in Example (8.13.2), 
Darlene could have lost at most $165. Had she instead purchased a stock 
future for 100 shares at $55 per share and then had the company declared 
bankruptcy, her loss would have been $5,500. 

You may have tremendous risk if you are an option writer. For example, 
if you sell a call option on stocks that you do not already own, if the share 
price soars you will have a big loss! This may happen even if the price increase 
is short-lived because, as an option writer, you may be assigned to deliver the 
underlier. If you don’t own the asset that you are required to deliver, you 
have to immediately buy it at the high market price, but you only get paid 
the strike price! 

In Example (8.13.2), Darlene exercised her option at expiration and then 
immediately sold the stock she acquired. Since she evidently did not wish to 
hold on to the stock, she could alternatively have closed out her position as 
an option holder by purchasing an offsetting put option. The “no-arbitrage” 
principle indicates that the contract price should be equal to $597, the amount 
she received by exercising the contract and then turning around and selling 
the stocks. 

Suppose that an American call option has time left until maturity, but 
that a profit would result if the holder chose to immediately exercise the 
option. Then, the market price of this option (including commission) should 
exceed the profit obtainable by exercise and immediate sale of the underlier. 
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This is because a buyer could either choose to exercise the option immediately 
or to hold on to it in hopes of even greater gain. 


The gain, if any, that may be obtained by immediate exercise (and sale 
of the underlier) is called the intrinsic value of the option. (An option that 
may not immediately be exercised to realize a profit has zero intrinsic value.) 
The time premium is the amount by which the option’s price (premium for 
the option) exceeds the intrinsic value. 


EXAMPLE 8.13.3 Intrinsic price and time premium 


Problem: Alan Jones purchases an American call option, expiring in four 
months, for 100 shares of Candy Cosmetics stock. He pays $225. The strike 
price is 5% below the current price of $18.50 per share. Find the intrinsic 
value and the time premium for the option at the time of Alan’s purchase. 


Solution Weare given that the current price of the stock is $18.50 per share, 
so the 100 underlying shares of Candy Cosmetics are worth $1,850. Moreover, 
we are told that the strike price is 5% below this price, so the intrinsic value 
of the option is .05($1,850) = $92.50. The time premium is the balance of the 
price Alan paid, namely $225 — $92.50 = $132.50. a 


It is not easy to determine the price that the option market will assign to 
an American option, because the time premium is difficult to predict. There 
are, however, some general points worth noting. First, the amount of time 
remaining until expiration, the volatility of the underlier, expected dividends, 
and interest rates should all influence the size of the time premium (and 
therefore the price of the option). A longer time until expiration or greater 
volatility should increase it, since each makes it more likely that the option 
will at some point have a large intrinsic value. Analogously, you pay a higher 
premium for a longer-term insurance policy, all other things being the same. 
Dividends tend to lower the share price and hence to increase the value of put 
options and decrease the value of call options. Naturally, if there are dividends, 
this will influence the optimal timing for exercising options. Premiums on call 
options usually move in the same direction as interest rates, while premiums 
on put options tend to move in the opposite direction. 


You might wonder how the American or European styling of an option 
affects the premium. An American option allows the holder more freedom with 
regard to exercise time, hence may have a higher premium. However, before 
you conclude that you must pay more for an option to be American-styled, 
consider that the price for an option prior to expiration will always exceed its 
intrinsic value. 
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For a listed option with good liquidity and no dividends, the style 
(American or European) usually doesn’t affect the price signifi- 
cantly. 


We next introduce some notations for use as we study prices of European 
options. Each option contract has a contract origination date. At any one 
time, we will focus on one option contract, which may be a call option or a put 
option, and we denote the contract’s origination date by 0 and its expiration 
date by T. For t € [0,7], S; will denote the time t price of the underlying 
asset. The contract’s strike price is written as K. We use c; to indicate the 
price of a call option and p; to represent the price of a put option, each at 
time t. 


We wish to determine how c+ and p+ are related in a no-arbitrage model. To 
do so, we shall use the “law of one price” that was introduced in Section (8.2). 
The law says that in order for arbitrage to be impossible, if two portfolios of 
investments give rise to exactly the same cashflows, they must have the same 
price or value at all times. 


We introduce Portfolio P and Portfolio C, each giving rise to a single 
cashflow at time T. Portfolio P includes a single European put option, and 
Portfolio C contains a single European call option on the same underlier, for 
instance 75 shares of a specified stock or 1,000 lbs of sterling silver. The options 
have a common strike price K and expiration in T years. In addition to the 
put option, Portfolio P contains the underlier itself, so liquidation of Portfolio 
P at time T produces a single cashflow of value max (K, Sr). Portfolio C is 
completed by a zero-coupon T-year bond redeemable for K, so its value at 
time T is max (Sr — K,0)+ K = max (K, Sr). So, the two portfolios produce 
identical total cashflows at time T and no other cashflows. 


By the no-arbitrage model “law of one price,” Portfolio P and Portfolio 
C must therefore have the same value at all times t,0 < t < T. For Portfolio 
P, this is pi + S+, while for portfolio C it is K(1 + i” + c. Therefore, 


(8.13.4) pi + S = K(1+i) 7 +c. 


The no-arbitrage relationship expressed as Equation (8.13.4) is frequently 
referred to as put-call parity. 


We remark that to derive Equation (8.13.4), we used an important tech- 
nique that you will see again in Section (8.14). 
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TECHNIQUE 8.13.5 

Begin with one portfolio of assets. Introduce a second portfolio 
that exactly reproduces the cashflows of the first. Under the as- 
sumption that there are no arbitrage opportunities, the original 
portfolio must have the same price as the newly introduced port- 
folio at all times. 


8.14 USING REPLICATING PORTFOLIOS TO PRICE OPTIONS 


Your intuition likely tells you that the price of an option, at a time prior to 
expiration, is probabilistic in nature — that is, it depends upon the likelihood 
of certain contingencies. For example, it seems evident that a call option at 
strike price K is more valuable if it is very likely that the underlier’s price will 
be greater than K at maturity. The option is worth little if there is only a 
remote chance that the price will be above K at expiration. The mathematics 
dealing with the likelihood of random events is probability theory. However, 
and this may surprise you, there is an option pricing theory, the binomial 
option pricing model, that does not require a sophisticated analysis of random 
events. That is, it does not require probability theory. Although this model 
is overly simple, the binomial option pricing model is of considerable interest. 
In this section we introduce the model and explain how so-called “replicating 
portfolios” may be used to find option prices. We also give an example of how 
you may use a replicating portfolio in lieu of purchasing an option, provided 
you are prepared to practice “dynamic portfolio allocation.” In Section (8.15), 
we present an alternative approach to the binomial option pricing method that 
involves weighted averages. In our discussion of the binomial option pricing 
model, we will focus on European call options. 


Suppose that we wish to compute the no-arbitrage price co of a portfolio 
P at the start of an interval of length T. (We will refer to the beginning of the 
interval as time 0.) We specify that P consists of units of some single underlier 
(for instance 100 units of IBM stock) and of options or other derivatives based 
on that underlier. Denote the unit price of the underlier at the start of the 
interval by So. (Here you have a bit of choice. For example, you might think 
of the underlier as being one unit of the stock or as 100 units of the stock.) 


In the no-arbitrage binomial option pricing model, we assume that 
the unit price Sr of the underlier at the end of the interval can only be u 
(think of u for “up”) or d where d < u; by assumption, there are no changes 
in the price of the underlier until the end of the interval nor any cashflows 
within the interval. Let V, and Vz denote the no-arbitrage values or prices of 
the portfolio P at the end of the interval if the underlier’s price Sr is u or d, 
respectively. Finally, suppose that there is a fixed effective interest rate i, the 
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so-called risk-free interest rate, which applies to all risk-free investments 
(and loans) over the interval. We seek to find the no-arbitrage price or value 
co of P at the start of the interval. 


Note that the “no-arbitrage” assumption precludes the possibility that 
there is a gain with no risk or outlay of money. If So(1 +i)? < d, then an 
investor could borrow So at interest rate 7 at time 0 and use the funds to buy 
one share of stock. At time T, the investor would have to repay So(1+ i)", 
which is no larger, and possibly smaller, than what the investor could get by 
selling the stock (either for d or for u). This creates the outlawed arbitrage, 
so So(1+i)7 >d. A similar argument shows that So(1+%)? < u. Therefore, 
d< So(1 +i)? <u. 


In our effort to find co, we replicate P with another portfolio P’ that is 
easy to price. By “replicate,” we mean that the new portfolio P’ will consist 
of holdings that will again produce no midinterval cashflows and will have 
total value that is identical to that of P, no matter what happens to the price 
of the underlier. By the “law of one price” in a no-arbitrage model, the price 
of P must equal the price of P’. At the start of the interval, the portfolio P’ 
consists of f in a risk-free investment and A units of the underlier; f or A may 
be negative, in which case the portfolio includes liabilities, namely dollars or 
units of the asset borrowed and to be repaid. 


Graphically, we represent this situation over the interval by a diagram, 
commonly called a tree, with the option prices indicated below the underlier 
prices. 


Time 0 Time T 


underlier price S= u 


option value V,, 
underlier price Sọ 
option value co 

underlier price S,= d 


option value V3 


TREE (8.14.1) Underlier and option prices at times 0 and T 


The value of the portfolio P’ (and hence also of P) at the end of the 
interval is 


fdti) +uA if Sp =u, 
JAHT +dA if Sp=d. 
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So, in order that P’ replicates the values V, and V4 of P, we must have 


Guas tee +i)? +uA = Vy, 


f(l+i)” +dA = Va. 


We can solve this system of equations for f and A, so we can determine the 
price of portfolio P’. Specifically, subtracting the second equation of System 
(8.14.2) from the first gives uA — dA = V, — Va and 


Substituting this value into the second equation of (8.14.2) and rearranging, 
we find 


fti? = Va- =) 


u—d 
= Valu — d) — (Vi. — Va)d i Vau — Vad 
E u-d ~ usd ’ 
and 
f= uVa — dV, 


(u—d)(1+i)" 


So, the price co of the replicating portfolio at the start of the interval, and 
therefore of the portfolio P if there is not to be an arbitrage opportunity, is 


co = f + AS = uVa — dVa (==) co. 


(u—d)(1 +i)” u-d 


Note that the formula for A does not usually produce an integer, so it 
may not actually be possible to purchase A units of the underlier. However, 
we can still use the above fomula to determine the price co. 


We summarize. 
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IMPORTANT FACT 8.14.3 (Binomial pricing model) 

Suppose that P consists of units of a single underlier and of options 
or other derivatives based on that underlier. Suppose that the 
price of the underlier at the start of the interval is Sp. Suppose that 
the price Sr of the underlier at the end of the interval can only be u 
or d where d < So(1 + De < u; these are the only price changes for 
the underlier over the interval, and there are no cashflows within 
the interval. Let V, and V4 denote the no-arbitrage values or prices 
of the portfolio P at the end of the interval if the underlier’s price 
is u or d respectively. Finally, suppose that 7 is the risk-free rate 
of interest over the interval. Then the portfolio P is replicated by 
the portfolio P’ consisting of f in a risk-free investment at the 


start of the interval with 
uVa -= dV, 
f= e a TS 
(u — d)(1 +i) 


and A copies of the underlier at the start of the interval with 


Vu — Va 
A = ———. 
u-d 


Moreover, the no-arbitrage price of each of the portfolios is 


n A (“ = r) 


co = f + A So = 


As an illustration of the preceding, we look at how you find the time 0 
price of a European call option with strike price K at time T, where the unit 
price of the underlier at time 0 is Sp and at time T can only be either Sr = u 
or Sr = d. For this case, let the portfolio P consist of this call option alone. 
To express the values V, and V4 of the option at the end of the interval, we 
use the standard mathematical notation (x)+ for the nonnegative part of 


H 
(x) x if#>0, 
x = 
+ )0 ife<o0. 


If Sr > K, then the option is exercised and its immediate value is Sr — K; 
but if Sr < K, then the option is not exercised and its value is 0. That is, the 
value of the option is (Sr — K),. Thus, the values V, and Vy at the end of 
the interval are V, = (u — K), and V4 = (d — K)_. These values can be used 
to replicate the portfolio and price the call option at the start of the interval. 
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EXAMPLE 8.14.4 Binomial pricing model for a European call option 


Problem: Consider the six-month call option from Example (8.13.2); the 
initial price of the stock was Sp = $5,518. (1) If Darlene believed that the 
price six months later would either be $6,097 or $5,200 and that interest was 
negligible, what price should she have been willing to pay? (2) In fact, in 
Example (8.13.2), the time 0 option price was $165 and the risk-free interest 
rate was 0. If there were just two possible prices $6,097 and an unknown d for 
the stock at the expiration of the contract, what must d equal to have $165 be 
the correct option price in the no-arbitrage binomial option pricing model? 


Solution (1) We have So = $5,518, K = $5,500, u = $6,097, d = $5,200, 
and i + 0. Then the values of the option at time 6 months are 


Vu = ($6,097 — $5,500), = $597 
and 


Va = ($5,200 — $5,500), = $0. 


The formula for co in Important Fact (8.14.3) gives the fair price of the option 
to be 


(86,097) ($0) — ($5,200)($597) 


($6,097 — $5,200)(1 + i)” 
$597 $5,200 
= ~~ | $5,518 — — . 
$897 ( (1+ 3 
Therefore, if i = 0, then co ~ $211.645485; if i = .005, co ~ $220.2653478. 
So, Darlene should have been willing to pay $211.65 if she believed the interest 
rate 7 truly was 0; she should have been willing to pay slightly more if she 
thought i was small but not zero (for instance, if i was .5%, then $220.27 is 
okay). 
(2) Now we are given that co = $165, and d is unknown. Assuming, as is 


typical, that d is no larger than the strike price $5,500 so that V4 = 0, the 
formula for co in Important Fact (8.14.3) gives 


( $597 — $0 


$6,097 — aan) eaets) 


__ ($6,097) ($0) — d($597) ( $597 — $0 ) 
oe ($6,097 — d)(1 +0)” $6,097 — a) (8°18) 
$5,518 — d 
= 8501 (Soo): 


Therefore, d + $5,296.85. E 
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In the models of this section, so far there has been one time interval. We 
now want to consider two or more consecutive time intervals, where over each 
interval the price of the underlier can only either increase by a fixed percent- 
age, say 100g% (g > 0) or decrease by a fixed percentage, say 100b% (b > 0), 
and where what happens in one interval is independent of what happens in 
the others. The case of just two intervals will be sufficient to demonstrate 
option pricing under the no-arbitrage binomial model. 


If the initial price of the underlier is Spo, then at the end of the first 
interval its price is either (1+g)So or (1—b)So. At the end of two intervals, the 
underlier’s price must be one of So(1 +g)”, So(1+g)(1—b), or So(1 — b)”; note 
that if the price decreases and then increases or increases and then decreases, 
the new price of the underlier at the end of two periods is the same, namely 
So(1 + g)(1 — b). The following tree provides a graphical illustration of the 
evolution of the prices of the underlier. 


(1 +g)” So 


(1 — b)’ So 


TREE (8.14.5) The evolution of underlier prices over two intervals 


We want to find the no-arbitrage price of a two-interval European call 
option with strike price K. Our method is to use replicating portfolios and 
Important Fact (8.14.3) on the three two-branch subtrees [(1),(2), and (3)] of 
the above tree. Rather than present a general symbolic solution of this problem 
with lots of complicated formulas, we present two examples that illustrate the 
approach. 


Our first example [Example (8.14.6)] concerns a two-interval call option, 
and the second [Example (8.14.7)] features a two-interval put option. In each 
case we will find the time 0 price of the option, assuming that there are 
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no arbitrage opportunities. A broker might sell the option at time 0 for the 
determined price co, exclusive of any commissions or fees. 


EXAMPLE 8.14.6 Two-interval binomial pricing model for a call op- 
tion 


Problem: The price of a stock is currently $45.60 per share. A European call 
option for 100 shares of the stock has strike price $44.50 per share and expires 
in two months. The risk-free rate of interest is an annual effective rate of 2.2%. 
The per share price will either go up by 4% or down by 6% each month. Use 
the two-period binomial option pricing model, with replicating portfolios, to 
determine the current price of the stock option. 


Solution We begin by making a tree showing stock and option prices for 
the two-month period, noting that the underlier is one hundred shares of the 
stock. We therefore have the following tree where, as usual, the price of the 
option is displayed below the price of the underlier. We note that since the 
prices listed are being used to derive the option price at time 0 rather than 
for actual sales, there is no need for us to round to the nearest cent. The three 
subtrees we plan to examine are numbered (1), (2), and (3), and we have used 
V3u, for example, as the up-value in subtree (3). 


$4,932.096 


Pa Vin = $482.096 = $4,932.096 — $4,450 
(1) 
$4,742. N 
n e Vou $4,457.856 


Via = Vou = $7.856 = $4,457.856 — $4,450 


a $4,029.216 


Vag = $0 


Subtree (1) is based on the per share stock price one month from now 
being $47.424 = $45.60(1.04). Imagine that at time one month, you wish to 
replicate the option payments of this subtree. Then, you should invest fı in the 
2.2% annual effective risk-free account, and you should purchase 100A, shares 
of the stock (by paying $4,742.40A,), where by Important Fact (8.14.3), with 
V,, and V4 replaced by Viu and Via, we find 


$482.096 — 7.856 


A = = 
1 $4,932.096 — $4,457.856 
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and 


($4,932.096) ($7.856) — ($4,457.856) ($482.096) 
$4,932.096 — $4, 457.856 


$f, = (1.022) > 


a~ —$4,441.937426242. 


[In reporting the value of fı, we note all the decimal places held in the calcula- 
tor. We do this because the stored numerical value we subsequently calculate 
for As will be used in Example (8.14.8).] Given our values for A; and fı, by 
Important Fact (8.14.3), the value of the portfolio at time one month is 


V ~ —$4,441.937426242 + 1($4,742.40) = $300.462573758. 


This must also be the time one month price V3, of the option, if the underlier 
price went up in the first month. 


Next, we need to determine the price of the option at time one month if 
the per share price of the stock has dropped to $42.864 = $45.60(.94). To do 
so, focus on subtree (2). The investments at time one month to replicate the 
option are fə in the risk-free account and 1004% shares of the stock (obtained 
for $4,286.40A2), where by Important Fact (8.14.3), with V,, and Vq replaced 
by Vo, and V24; we find 


$7.856 — $0 7,856 


Ao = = , 
$4,457.856 — $4,029.216 428,640 


and 


($4,457.856) ($0) — ($4,029.216)($7.856) 
$4,457.856 — $4,029.216 


fo = (1.022) È 


= —$73.71260403444. 


Of course, you cannot actually purchase 10042 = 785.600 shares of the stock 


(You can purchase one share or two shares but not an intermediate amount.), 
but for now we do not need to concern ourselves with that. The option 
value V3q is the value of this portfolio at time one month, namely V3q ~ 
—$73.71260403 + $4,286.40 ( ips) ~ $4.84739596566. We now redraw sub- 
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tree (3), adding the possible time one month option values we just obtained, 


$4,742.40 
V3u = $300.4625738 


$4,560 


NN 


$4,286.40 
Via = $4.847395966, 


and we yet again solve a replication problem. This time, the investor, wishing 
to duplicate the payments that could be obtained by selling the option, should 
at time 0 invest f3 at the risk-free interest rate and purchase 100A3 shares of 
the stock; by Important Fact (8.14.3), with V,, and Va replaced by V3, and 
V3q, we find that 


_ $300.4625738 — $4.847395966 


por ~ .6482 4 
Š $4,742.40 — $4,286.40 6482788986674, 


and 


($4,742.40) ($4.847395966)—($4,286.40) ($300.4625738) 


L 
= (1.022) 7 
SA02) $4,742.40-$4,286.40 


= —$2,768.90941607. 


Therefore, the time 0 price of the option is co = f3+$4,560A3 ~ $187.2423583. 
So, the no-arbitrage price of the option is $187.24. a 


Important Fact (8.14.3) can also be used repeatedly for a multiple-interval 
put option. Once again, we illustrate with two periods. 


EXAMPLE 8.14.7 Two-interval binomial pricing model for a put op- 
tion 


Problem: The price of a stock is currently $25 per share. A European put 
option for 100 shares of the stock has strike price $24 per share and expires in 
six months. The risk-free rate of interest is 4% convertible quarterly. The per 
share price will either go up by 10% or down by 20% each quarter. Use the 
two-period binomial pricing model, with replicating portfolios, to determine 
the current price of the stock option. 

Solution This problem concerns a put option rather than a call option, 
but our method is similar. We again begin with a tree showing the underlier 
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prices. As usual, we also include the values of the option, and we number the 
subtrees. 


$3,025 


wee Lape 
(1) 
$2,750 te 
$2,500 Vou $2,200 
Po Via = Vou = $200 = $2,400 — $2,200 
$2,000 Ea 
Va (2) 


ba $1,600 


Voa = $2,400 — $1,600 = $800 


We note that if the underlier price rises twice, its price at time 2 is above 
the strike price of the option, so the put option will not be exercised. This 
accounts for its price Viu being 0. The interest rate for a three-month period 
is 1%, so to find replicating portfolios for subtrees (1) and (2), use Important 
Fact (8.14.3), finding A; = — 282, fı = — 980254: ~ $726.0726073, A> = —1, 
and fz = $240 ~ $2.376.2376238. Therefore, the price of the option at time 
three months is V3, = fı + $2,750A, ~ $59.40594059 if the underlier price 
went up in the first quarter and V3qg = fo+$2,000A_ œ~ $376.2376238 if it went 
down. So, if we redraw subtree (3) including these contingent option prices, 
it looks like 


$2,750 
V3u = $59.40594059 


$2,000 
V3q = $376.2376238. 


Using Important Fact (8.14.3), we get A3 ~ —.422442244 and fs 
$1,209.03. Therefore, the price of the put option is pp = f3 + $2,500A3 
$152.93. 


w 
xX 
w 
a 


As we have seen, replicating portfolios can be useful for pricing options so 
long as there is a single underlier whose price shift each period is either up by 
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a specified percentage or down by another named percentage. As illustrated 
by our next example, the replicating portfolio method is useful to a potential 
option trader who wishes to obtain the same financial advantages as those that 
would be obtained from the purchase of an option without actually buying an 
option. The motivation for this might be that the investor views the option 
as overpriced or that there is not an option trading with the precise underlier 
the investor is interested in. The downside of doing it yourself, instead of 
purchasing an option, is that you will need to watch how the underlier’s market 
price changes, so that you can implement appropriate responses. Of course, in 
real life you should also take into account commissions and fees, but we omit 
consideration of these. 


EXAMPLE 8.14.8 Dynamic portfolio allocation 


Problem: Jamaar wishes to buy the call option of Example (8.14.6) to cover 
a call option he has previously sold. The call option is for 100 shares of a 
stock that currently sells for $4,560, and the strike price is $4,450. The option 
expires in two months. Jamaar agrees with the assertion of Example (8.14.6) 
concerning the price movements of the underlier; the price will either go up 
by 4% or down by 6% each month. As in Example (8.14.6), the risk-free rate 
of interest is 2.2%. So, Jamaar believes that a fair price for the call option 
is $187.2423583, the value we calculated in Example (8.14.6). However, the 
option is selling for $250. 


(a) Suppose that, at any time, Jamaar may sell any number of shares, in- 
cluding fractional numbers, and that at any time he may borrow any 
amount he wishes at the risk-free interest rate. Further suppose that the 
prices of a share of stock and the amounts borrowed are not limited to 
whole number of cents. Finally, suppose that Jamaar does not pay any 
commissions or fees when he buys or sells stock. Explain how Jamaar 
may use only $187.2423583 to cover the call option, thereby saving more 
than $62 by using dynamic portfolio allocation instead of purchasing the 
option for $250. 

(b) In reality, the per share price is a whole number of cents and you may 
only trade a whole number of shares. So, the strategy outlined in the 
solution to (a) may not be implemented. Given these limitations, suggest 
a strategy that Jamaar might reasonably implement, and compare it 
with the option selling for $250. 


Solution (a) Let Aj, Ao, and A3 be as in the solution to Example (8.14.6). 


(1) Jamaar should immediately purchase 100A3 ~ 64.827889867 shares of 
the stock. The cost of this is $4,560A3 œ~ $2,956.151778, so he needs 
to borrow $2,956.151778 — $187.242423583 ~ $2,768.90942 at the 2.2% 
annual effective interest rate. 
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(2) At the end of one month, Jamaar should rearrange his portfolio. The 


(3 


nN 


way he should do this depends on whether the stock has gone up or 
down. 


) If the stock has gone up to $47.424 per share, Jamaar’s portfolio’s value 


is (100A3)($47.424) — $2,768.90942(1.022) > = $300.4625738. He should 
then rearrange his assets so as to produce a portfolio with 100A, = 
100 shares of the stock. So, Jamaar needs to purchase an additional 
100—100A3 ~ 35.17211013 shares at a cost of (35.17211013)($47.424) ~ 
$1,668.002151. Towards this end, he borrows $1,668.002151 at an an- 
nual effective rate of 2.2%. At the end of the second month, since the 
price of the stock is above the $4,450 strike price of the call option, 
the option will be exercised, and Jamaar (the seller of the call option 
he wishes to cover) will be required to deliver the stocks for payment of 
$4,450. He uses the $4,450 to repay the bank the money he owes, namely 
$2,768.90942(1.022) Ê +$1,668.002151(1.022) © = $4,500. Jamaar is left 
with no money, but he has met his obligation under the call option he 
sold. 

If the stock goes down to $42.864 per share, Jamaar’s portfolio is worth 


(100A3)($42.864) — $2,768.90942(1.022) 2 x $4.8474. To determine how 
he should reallocate the holdings of his portfolio, this time, the relevant 
delta is Ay = 285. So, he now should only continue to hold 10043 = 


728,640" 
To shares. So, Jamaar should sell 10043 — 755.600 shares, thereby 
getting (100A3 — 754600) ($42.864) ~ $2,700.222671. He should use 


this money to pay off most of his debt. Assuming he does so immedi- 
ately, at the end of two months his debt will be $2,768.90942(1.022) Ë — 
$2,700.222671 (1.022)? = $73.8464. How does this compare to the value 
of his assets at time 2 months? If the stock’s price after two months 
is $40.29216, the call option will not be exercised and the portfolio is 


hence worth (330) $40.29216 ~ $73.8464. If the per share price is 


428,640 
$4,376.1536 to buy the balance of the 100 shares he needs to sell since 
the call option will be exercised. He would then receive $4,450 when the 
option is exercised. So, deducting the cost of the just purchased shares, 
he will again find himself with $73.8464. This is exactly the amount he 
needs to pay off the loan. 


$44.57856, then Jamaar will first spend (100 - ey) $44.57856 =~ 


(b) The per share price of the stock is now constrained to be a whole 


number of cents. Therefore, the possible prices of the stock at the end of one 
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month are taken to be $47.42 or $42.86, while the possible share price at the 
end of two months should be $49.32, $44.58, or $40.29. If we were to repeat 
the calculation of the deltas of the binomial pricing method using these new 
rounded prices, we would obtain minor changes in the values of the deltas. 
In fact, we actually used 100A, = 100, 100A, = [33:69 ~ 1.832773423, and 
100A3 ~ 64.8278899. These were numbers of shares to be held (or potentially 
to be held depending on the direction the stock price moved), so it is reason- 
able to think of using 65 for the number of shares initially purchased, then 
planning on holding either 100 or 2 shares depending upon whether the stock 
price has risen to $47.42 or fallen to $42.86. 


So, the plan is to buy 65 shares initially for 65 x $45.60 = $2,964. Then, 
if the price goes up at the end of the month to $47.42, you purchase another 
35 shares, so as to be holding 100. This is clearly the right strategy since, 
with our assumptions about the price movement in the second month, if the 
stock price went up in the first month, the call option Jamaar sold is now 
certain to be exercised. The cost of purchasing the additional 35 shares is 
35 x $47.42 = $1,659.70. On the other hand, if the price of the stock went 
down to $42.86, Jamaar should sell 63 shares so that he is only left with 2. 
This seems appropriate since the call option Jamaar sold will either not be 
exercised or will be exercised at $4,458 — $4,450 = $8 below the cost of the 
shares. There is therefore little incentive to stockpile the shares. When Jamaar 
sells the 63 shares, he receives 63 x $42.86 = $2,700.18 which he can use to 
pay down his debt. 


Let’s go ahead and look at the cost to Jamaar of this strategy. Unlike part 
(a) when the cost in all cases was exactly $187.24, this time the costs will be 
somewhat different depending on the price history of the underlier. 


If the price first goes up to $47.42, then no matter what happens in the 
next month, the call option Jamaar sold would be exercised. Jamaar would 
forfeit his 100 shares and receive $4,450. So, the cost to him in time 0 dollars 
would be 


$2,964 + $1,659.70(1.022)~ 27 — $4,450(1.022)" ®© ~ $186.8034714. 


If the price first goes down to $42.86 and then goes up to $44.58, then 
the call option that Jamaar sold would be exercised. Therefore, since the 
strategy was to only continue to hold two shares if the share price fell to 
$42.86, Jamaar would have to purchase 98 shares for 98($44.58) = $4,368.84. 
He would then hand over the newly acquired shares, along with the 2 shares 
he was previously holding; he would receive $4,450. So, the cost to Jamaar in 
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time 0 dollars would be 


$2,964 — $2,700.18(1.022)~ + ($4,368.84 — $4,450) (1.022) È 
~ $187.8460521. 


If the price first goes down to $42.86 and then goes down again to $40.29 
then the call option that Jamaar sold would not be exercised. In this case, 
Jamaar would sell the 2 shares that he still held for $40.29 apiece, so he 
would take in $80.58. In this case, the total cost of Jamaar’s position, in time 
0 dollars, would be 


$2,964 — $2,700.18(1.022) 77 — $80.58(1.022)” @ ~ $188.4239523. 


The cost to Jamaar in all cases (in time 0 dollars) was between $186.80 
and $188.43. This is at least $61.57 less than the $250 for the option. 


By the strategy outlined, Jamaar has considerably reduced the variation 
in the cost. Had he done nothing, the cost of the call option (in time 0 dollars) 


would have ranged from a high of ($4,932 — $4,450) (1.022) ~ % a $480.2549932 
to a low of $0. Just as in (a), you can consider Jamaar’s strategy to be a hedge 
against a loss of approximately $480. | 


When you actively manage your portfolio, moving assets as desirable, you 
are implementing dynamic portfolio allocation. In contrast, if you do not 
make changes, you have a static position. The dynamic portfolio allocation 
of Example (8.14.8) is called a delta portfolio allocation, since it is ac- 
complished by holding a number of copies of the underlier (100 shares of the 
stock) equal to the delta of the relevant subtree. The delta portfolio alloca- 
tion of part (a) of Example (8.14.8) is self-financing, meaning no additional 
money needs to be added or withdrawn after the initial portfolio is purchased. 
Instead, already committed funds are reallocated. 


Dynamic portfolio allocation that is used to accomplish a hedge is called 
dynamic hedging. This term is more common than our “dynamic portfolio 
allocation.” 


8.15 USING WEIGHTED AVERAGES TO PRICE OPTIONS 


If you use a little elementary probability theory, there is an interesting and 
computationally useful way to interpret the binomial model option pricing 
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equation of Important Fact (8.14.3). Define 


«def So(1 +7 -d 
p = =. 


(8.15.1) nee 


Then, the formula for co in Important Fact (8.14.3) may be rewritten as 


(8.15.2) co = [Vall +AT] p + [vaa +i) (1 - 2"). 


As we discussed in Section (8.14), under our assumption that there is no 
arbitrage, we have the string of inequalities d < So(1 +i)” < u. Combining 
this with Equation (8.15.1) gives 


(8.15.3) 0<p* <1, 


and p* could be thought of as the probability of some event — that is, the 
proportion of time that the event would happen on average. Moreover, if p* 
is thought of as if it were the probability that the value of the underlier rises, 
then 1 — p* represents the probability that the value of the underlier falls. 
Furthermore, 


u—d S+) -d 


1—p* = 


u—d u-d 

_ u—So(1 +i)" 

E u-d ; 
and 

[wa $ | p+ [aa +97] (1—p*) 
8.15.4 es ot Sth So(1+i)7—d d u—So(1+i)? 
( ) = TT ( ae ) + upr ( rd ) 
= So. 


Thus, the price Sọ is a weighted average of the time 0 values of u and d, the 
weights being the numbers we are treating as though they are the probabilities 
that the underlier has time T price u and d. Note that the first and third lines 
of Equation (8.15.4) completely determine p*. In the language of probability 
theory, Equation (8.15.4) tells us that So is the expectation (or expected 
value) of the time 0 value of the payoff of the underlier under the artificial 
probability distribution we’ve introduced. This fabricated probability p* is 
called the risk-neutral probability and we say that the time 0 underlier 
price So is equal to the risk-neutral expectation of the time 0 value of the 
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time T value of the underlier. (This is a bit of a mouthful, but is conceptually 
simple. You start with the possible time T values, discount them to time 0, 
and then average them using risk-neutral probabilities as weights.) 


FACT 8.15.5 

In the no-arbitrage model, there is an artificial probability 
distribution, the risk-neutral probability distribution, with respect 
to which the initial price co of the European call option is the 
expectation as in Equation (8.15.2) of the present value of the 
time T option value. The probability function that gives the risk 
neutral probabilities of the two possible outcomes u and d is given 


by 
p(x) de" the probability the new price is x 
p* if £x = u, 
= 1-p* ifx=d, 
0 otherwise, 


where p* is defined by (8.15.1). The value p* is determined by the 
fact that the initial price Sọ of the underlier is the expectation of 
the present value of the time T underlier price: 


So =p" [wa + | + (bor) [aa + iy 


Our intuition tells us that the value of the call option must depend upon 
how likely it really is that the underlier’s price moves up or down— that is, 
on the true probability distribution for these outcomes. Such a dependence is 
not apparent in the option pricing formula (8.15.2). However, the probability 
distribution for the underlier’s time T price is presumably reflected in its time 
0 price So, and according to Definition (8.15.1) and Fact (8.15.5), p* depends 
on So. So, our intuition was indeed correct, even though you do not need the 
real probability distribution for the underlier’s time T price in order to price 
an option. All you need is the risk-neutral probability p*. 


METHOD 8.15.6 Risk-neutral method (One period) 


(1) In the no-arbitrage model, the risk-neutral probability distri- 
bution p* is completely determined as follows. Set the risk-neutral 
expectation of the time 0 value of the time T price of the underlier 
equal to the time 0 price So of the underlier. Solve for p*. 

(2) Compute the risk-neutral expectation of the time 0 values of 
the option’s possible payoffs V, and Va. This is equal to the time 
0 price co of the call option. 
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EXAMPLE 8.15.7 Risk-neutral method 


Problem: Suppose that a European call option with expiration in one month 
has a strike price $37.75. The current price for the underlier is $36.50, one 
month from now it will be $34 or $39, and the risk-free nominal interest rate 
convertible monthly is 3%. Determine the risk-neutral probability p* of an 
upward movement of the underlier’s price and the no-arbitrage price of the 
option at time 0. 


Solution We use Method (8.15.6). The risk-neutral probability p* must 
make the risk-neutral expectation of the time 0 value of the outcomes of the 
underlier equal the time 0 value of the underlier; that is, 


.03\ 7! 
x 1 ae, 
p fsso( + 2 ) 
which gives p* = .51825. Then the risk-neutral price of the option at time 0 is 


the risk-neutral expectation of time 0 values V, = $39 — $37.75 = $1.25 and 
Va = $0. That is, 


Co = p* ( PE ) H(1-—p*) ( £ ) = .51825 ( pues ) = $.646197007. 


.03\ 7} 
a a = $36.50, 


1.0025 1.0025 1.0025 
a 


The same approach works to price options over more than one time in- 
terval. 


EXAMPLE 8.15.8 Risk-neutral method 


Problem: A European call option, with expiration in three years, has strike 
price $4,100. The current price of the underlier is $4,000, and this price is 
guaranteed to either be up by exactly 10% or down by exactly 5% at the end 
of the first two years. Moreover, the final year will independently have either 
a 10% increase or a 5% decrease in the underlier’s price. Use the risk-neutral 
method to find the no-arbitrage price of the option, assuming interest rates 
remain at an annual effective rate of 3% throughout the three-year period. 


Solution We have strike price K = $4,100, initial price Sọ = $4,000, and 
i = .03. The price Sz of the underlier at time 2 is either $4,000(1+.1) = $4,400 
or $4,000(1—.05) = $3,800. Therefore, with respect to the yet to be calculated 
risk-neutral probability pj of an increase in the underlier price during the first 
period [0,2], the expectation of the time 0 value of the time 2 price of the 
underlier is 


ps [s4,400(1.03) | +(1— p) [$3,800(1.03) 7 


430 Chapter 8 Arbitrage, term structure of interest rates, and derivatives 


According to Fact (8.15.5), pj may be found by setting this expectation equal 
to the time 0 underlier price So = $4,000. In fact, 


pi = [4,000(1.03)” — 3,800]/(4,400 — 3,800) = 443.6/600 © .739333333. 


The risk-neutral probability p3 for the second interval [2,3] is again given 
by looking at expectations. If the time 2 price is $4,400, then the time 3 price 
will be either $4,400(1 + .1) = $4,840 or $4,400(1 — .05) = $4,180. According 
to Fact (8.10.5), p3 must satisfy 


$4,400 = p3[$4,840(1.03)~*] + (1 — p3)[$4,180(1.03)~*], 


which gives p3 = * z% .533333333. Alternatively, if the time 2 price is $3,800, 
then the time 3 price would be either $3,800(1 + .1) = $4,180 or $3,800(1 — 


.05) = $3,610. Then pä would have to satisfy 


$3,800 = p3[$4,180(1.03)~*] + (1 — p3)[$3,610(1.03)~*], 


which again gives p = oe ~ .533333333, since this second equation for p3 is 
just (1.1)7'(1—.05) times the first equation for p4. (With constant percentage 
increases or decreases over each time interval, the same value of p> will be 
found regardless of the price at the start of the interval.) 

At time 3 there are three possibilities for the underlier’s price, namely 
$4,840, $4,180, and $3,610. The corresponding time 3 values of the call option 
are Vin, = $4,840 — $4,000 = $740, Via = $4,180 — $4,000 = $80, and Vag = 0. 
But the time 0 price of the call option is equal to the risk-free expectation 
of the time 0 value of these time 3 values of the option. The risk-neutral 
probability of two increases is p}p3, of one increase and one decrease (in either 


order) is (1 — p})p5 + pj(1 — p3), and of two decreases is (1 — p})(1 — p3). So, 


co = pip [8740(1.03)-*] + [(1 — pip} + pi (1 — p3)] [880(1.03)~*] 


+ (1 = pi)(1 — p3) [80(1.03)~*] 
= (=) (Fs) [s740(1.03)"*] 


+ (“aa ) (zea) + (m) C- saa) [oao 


= $302.47. 
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The approach illustrated above in one-interval and two-interval binomial 
models is a powerful and general one for pricing options in a no-arbitrage set- 
ting. First, find the risk-neutral probabilities using the prices of the underlier; 
second, compute the option price as a risk-neutral expected value. In fact, 
under appropriate hypotheses one can prove the Arbitrage Theorem: The ex- 
istence of such risk-neutral probabilities and this method of pricing options is 
equivalent to the impossibility of arbitrage 24 

We next consider two more examples of how to price options using the 
risk-neutral method. The first concerns a European call option and the second 
a European put option, where the same approach used for call options can be 
applied. In each case, we will find the time 0 price of the option under the 
assumption that there are no arbitrage opportunities. 


EXAMPLE 8.15.9 Example (8.14.6) revisited: risk-neutral method 


Problem: The current price of a stock is $45.60 per share. A European call 
option for 100 shares of the stock has strike price $44.50 per share and expires 
in two months. The risk-free rate of interest is an annual effective rate of 2.2%. 
The per share price will either go up by 4% or down by 6% each month. Use 
the risk-neutral method to find the no-arbitrage price of the stock option. 


Solution We have, for 100 shares, Sp = $4,560 and K = $4,450. The stock 
price Sa at the end of one month is either (1 + .04)($4,560) = $4,742.40 
or (1 — .06) ($4,560) = $4,286.40. 

The risk-neutral probability pj of an increase in the first month can be 
found using Fact (8.15.5) and Method (8.15.6): 


L, 


$4,560 = p* [84,742.40(1.022) =| itp) [84,286.40(1.022)~*4 


Therefore, pł = [4,560(1.022) % = 4,286.4] 7 456 ~ .61815103. 


The risk-neutral probability p3 of an increase in the second month may 
be found similarly. If the stock price after the first month is S a; then after 
the second it is either (1 + 04) S51. or (1 — 06) Sa. So, p> must satisfy 
(1.0227 ® |, 


Sa =P [(1.04)s (1.022) | +9) [.948 


Le a 
i. 12 
which yields ps = [(1.022) 8 = 94] 7 1 ~ .61815103. Note that p¥ = p3; this 


happens whenever the time intervals have equal length and the percentage 
changes are the same each period. 


22 The Arbitrage Theorem is discussed in Sheldon Ross’s Introduction to Probability Mod- 
els, (seventh edition) Academic Press, 2000. Ross’s theorem (10.1) is more general than what 
we use here, but it is still in a discrete setting. Also see Section (11.2.9) of Panjer’s Financial 
Economics. 
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Now, if the price after two months is $4,932.096 = (1+.04)?$4,560, the op- 
tion is exercised with value V,,,, = $4, 932.096 — $4, 450 = $482.096. Likewise, 
if the price is $4,457.856 = (1 + .04)(1 — .06)$4,560, the option is exercised 
with value Vig = $4,457.856 — $4,450 = $7.856. On the other hand, if that 
price is $4,029.216 = (1 — .06)?$4,560, the option is not exercised since the 
strike price is $4,450 > $4,029.216. Method (8.15.6) gives the no-arbitrage 
price as 


—i *\ k * * -5 
co = pips [Vw (1.022) "| + [(1 — pi)p3 + pi (1 — p3) [Vua( 1.022) i 
~ (61815103)? [$482.096(1.022)7 è| 


+ 2(.38184897)(.61815103) [$7.856(1.022)7¢] 


+ (1 — .61815103)? [s0(1.022)*] 
~ $187.24. 


Our answer agrees with the one found in Example (8.14.6) using replicating 
portfolios. a 


We made a useful observation in the course of our solution to the last 
example. It should be displayed, for easy reference. 


FACT 8.15.10 

The risk-neutral probability pj for an increase in the underlier 
price over the interval [0,7] and the risk-neutral probability p3 
for an increase in the underlier price over the interval [T,T’] are 
equal whenever T’ = 2T — that is, whenever the time intervals 
are equal. 


EXAMPLE 8.15.11 Example (8.14.7) revisited: risk-neutral method 


Problem: The current price of a stock is $25 per share. A European put 
option for 100 shares of the stock has strike price $24 per share and expires 
in six months. The risk-free rate of interest is 4% convertible quarterly. The 
per share price will either go up by 10% or down by 20% each quarter. Use 
the risk-neutral method to find the no-arbitrage price of the stock option. 


Solution We measure time in quarters, so the risk-free interest rate per 
time period is i = 24 = .01. We also have Sọ = $2,500. The stock price at 
time 1 is either (1 + .1)$2,500 = $2,750 or (1 — .2)$2,500 = $2,000. As usual, 
pï may be found using Fact (8.15.5): 


$2,500 = p*$2,750(1.01)~! + (1 — p?)$2,000(1.01)~. 
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Therefore, pj = .7. Since both intervals are one quarter and the percentage 
changes in the stock prices are the same each quarter, we may apply Fact 
(8.15.10) to get p3 = pj =.7. 

The price at time two quarters (six months) has three possible values, 
namely $3,025 = (1 + .1)?$2,500, $2,200 = (1+.1)(1—.2)$2,500, and $1,600 = 
(1 — .2)°$2,500. The only difference from our previous analysis occurs now, 
when we have to compute the values of the put option at time 2 corresponding 
to each of the possible stock prices. For a stock price of $3,025, we do not 
exercise the option since it exceeds the strike price K = $2,400. That is, 
Vau = $0. If the price is $2,200, we do exercise the option; the option value 
is Vaa = $2,400 — $2,200 = $200. Likewise, for $1,600, the option value is 
Vaa = $2,400 — $1,600 = $800. 

We now determine the option price po as the risk-neutral expected value 
of the time 0 values of these option values: 


po = pipz [Vuu(1-01) 7] + [pi (1 — p3) + (1 — pt)p3] [Vua(1.01)~7] 
+ (1 — pt)(1 — p3) [Vaa(1.01)~7] 
= (.7)?[0] + [2(.7)(.3)] [8200(1.01)~7] + (.3)? [$800(1.01)~7] 
~ $152.93. 


This agrees with the price po that we computed in Example (8.14.7). E 


8.16 PROBLEMS, CHAPTER 8 
(8.0) Chapter 8 writing problems 


(1) [following Section (8.3)] Write a paragraph or two concerning the evo- 
lution of coupon stripping. Include the Tax Equity and Fiscal Respon- 
sibility Act of 1982 (TEFRA), Treasury Investment Growth Receipts 
(TIGRs), and Separate Trading of Registered Interest and Principal of 
Securities (STRIPS). 

[following Section (8.3)] Discuss how the yield curve for Treasury Secu- 
rities has changed over a twenty-year period of your choosing. Mention 
major political developments that occurred during your period in (or af- 
fecting) the United States. Note any relations you hypothesize between 
changes in the term structure of interest rates and the political events. 
[following Section (8.5)] As of 2018, LIBOR is scheduled to be eliminated 
as a benchmark index by 2021. Write a few paragraphs explaining why 
LIBOR would be discontinued, what indexes might replace it, and why 
they may be considered to be improvements over LIBOR. 
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(4) 


(5) 


(6) 
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following Section (8.5) or (8.8)] Write a paragraph or two explaining 
why swaps are traded in “over-the-counter” (OTC) markets rather than 
in exchanges, 

following Section (8.5) or (8.8)] Write a paragraph or two about the his- 
tory and role of Swap Execution Facilities (SEF). Include a description 
of how an SEF may influence the risks for swap counterparties. 


following Section (8.5) or (8.8)] Write a paragraph or two describing 
what a central counterparty clearing house (CCP) is and what it does. 


following Section (8.8)] Write a paragraph or two describing some rea- 
sons someone might wish to become a party in an equity swap. 


following Section (8.8)] Write a few paragraphs about the role of swaps 
in the financial crisis of 2008. 


following Section (8.8)] Write a paragraph describing how various types 
of derivatives may be used to benefit from a predicted stock appreciation. 
Include discussion of what happens if your prediction is wrong. 


following Section (8.9)] Assume that there is a level term structure 
for risk-free interest rates, the annual effective risk-free rate being i. A 
forward contract is initiated at time 0 for an asset whose time 0 price is 
So, the contract calling for the sale of the asset at time T for forward 
price K. Suppose there are fixed cashflows associated with holding the 
asset for the term of the forward contract, and these have time 0 value 
H if you use the risk-free accumulation function a(t) = (1 + i)*. Explain 
why with “no- peas ore the time 0 price of the forward contract 
is K = (So — H)(1+7) 


[following | (8.10)] As we did in Examples (8.10.1) and (8.10.2), 
write a short description of a currently traded futures contract. 


(12) [following Section (8.12)] Write a paragraph describing an event futures. 
Include your thoughts on how (if at all) it is useful or beneficial. 
(8.2) Arbitrage 


(1) 


(2) 


Mr. Ralbracht qualifies for his company’s low interest loans. This allows 
him to borrow up to $20,000 for two years at an effective interest rate of 
2.5%. Mr. Ralbracht does not have any need to borrow money. However, 
he observes that two-year Treasury notes are currently selling so as to 
provide an investor an annual effective yield of 3.72%. Treasury notes 
pay interest semiannually. Describe in detail the arbitrage opportunity 
available to Mr. Ralbracht. 


Lorenzo notes that the market includes securities A and B whose prices 


— 
w 
Ww 
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D 


in one-year depend only upon whether the market is “up,” “steady,” 
or “neutral.” A, which has a current share price of $25, will sell for 
$32, $25, or $22, respectively, while B, with a current share price of 
$14, will sell for $16, $14, or $12, respectively. Explain how Lorenzo has 
an arbitrage opportunity, assuming there are no costs associated with 
trading A and B. 


Leonard Talbot observes that there are three options, all with identical 
prices. The price of the first will increase by 10% if the market goes up, 
and decrease by 10% if the market goes down. The second will increase 
in value by 20% if the market is up, and decrease by 15% if the market 
is down. The third will increase by 16% if the market is up and decrease 
by 20% if it is down. Describe an arbitrage opportunity. 


(8.3) The term structure of interest rates 


(1) The current prices on one-year, two-year, and three-year $10,000 zero- 


(2 


) 


Ww 


wa 


aH 


coupon bonds are $9,765, $9,428, and $8,986.82, respectively. Find all 
forward rates implied by these prices. 

A three-year, $1,000, 4%, par-value bond with annual coupons sells for 
$990, a two-year, $1,000, 3% bond with annual coupons sells for $988, 
and a one-year, zero-coupon, $1,000 bond sells for $974. Determine the 
spot rates r1, r2, and r3. 

Consider the following table of 4% par-value bonds having annual coupons. 


Term Yield 

1 Year yı = 1.435% 
2 Year yo = 2.842% 
3 Year y3 = 3.624% 
4 Year ya = 3.943% 
5 Year Ys = 4.683% 


Determine the forward rate f[3,5]- 


The current prices on one-month, three-month, and six-month $1,000 
Treasury bills are $998.20, $991.50, and $972.40 respectively. Find all 
forward rates implied by these prices. 


Calculate the total accumulated value four years from now of $5,000 
invested today and $8,000 invested two years later, implied by the table 
of current spot rates below. 
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Term in years Spot rate 


1 2.60% 
2 3.25% 
3 3.70% 
4 4.15% 
5 4.80% 


Spot rates associated with a four-year, par-value, $3,000, 6% bond with 
annual coupons are rı = 4.5%, r2 = r3 = 5.5%, and r4 = 6%. Calculate 
the value of the bond and its yield if it is sold at a price equal to its 
value. 

Assuming the market is arbitrage-free, if a six-month pure discount bond 
yields 1.9%, a one-year pure discount bond yields 2.3%, an eighteen- 
month pure discount bond yields 2.65%, and a two-year discount bond 
yields 3.05%, what should be the price of a two-year $1,000 6% par-value 
bond with semiannual coupons? 

The current prices of one-year, two-year, and three-year $100 zero- 
coupon bonds are $98.38, $95.82, and $92.47 respectively. Find the an- 
nual effective yield for a three-year par-value annual coupon bond that 
is selling at par. 

In Example (8.3.3) we calculated the two-year spot rate and found rg ~ 
3.866088985%. Explain how there would be an arbitrage opportunity if 
there was a two-year zero-coupon bond available with a yield rate of 
3.5%. 

Alan Jones observes that two-year zero-coupon bonds yield 3.2%, two- 
year 10% bonds with annual coupons yield 3%, and the one-year spot 
rate is 1.8%. Describe how he might use this to make money without 
tying up any of his own money. 


(8.4) Loans with floating rate of interest 


(1) 


On January 1, 2005, Aliza secured a ten-year $600,000 loan with annual 
payments from Trinity National Bank. At the end of each year, she will 
pay interest due together with $60,000 of principal. The interest rate is 
reset annually to the one-year prime rate of Trinity National Bank plus 
175 basis points. The one-year prime rates for select dates are given in 
the table below. Calculate the amount of Aliza’s third payment. 


Date 1-year prime rate 
1/1/2005 3.52% 
1/1/2006 4.75% 
1/1/2007 3.94% 
1/1/2008 5.21% 
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(2) Cooper has a two-year agreement with Heritage Savings. Under this 


Ww 


agreement, Cooper will receive $8,000 on April 1, 2013, $6,000 on Octo- 
ber 1, 2013, $4,000 on April 1, 2014, and $2,000 on October 1, 2014, for 
a total of $20,000. He will make four semiannual payments to Heritage 
Savings for this loan, with the first payment due on September 30, 2013. 
Cooper will pay the interest due for each of the first three payments, 
then complete the repayment with the fourth. The interest rate applied 
will be the six-month spot rate at the beginning of each payment pe- 
riod. Given the spot rates experienced in the table below, list Cooper’s 
payments for this loan. 


Date 6-month spot rate 
4/1/2013 3.04% 
10/1/2013 3.84% 
4/1/2014 3.37% 
10/1/2014 4.61% 


MFB Industries borrowed $5,000,000 and agrees to make quarterly in- 
terest payments at the spot rate implied by the three-month zero-coupon 
bond price plus 30 bps. If the prices of the $100 zero-coupon bonds dur- 
ing the term of the loan were as in the table below, what is the amount 
of MFB Industry’s interest payment at the end of the first year? 


Time (in years) | 0 | 025 | 05 | 0.75 | 1 | 125 


Price (in dollars) | 99.32 | 99.58 | 99.45 | 99.20 | 99.79 | 99.84 


(8.5) Interest rate swaps: the basics 
(1) Padma has a ten-year loan of $250,000 from River City Bank on which 


New 


she makes annual interest payments based on one-year effective LIBOR 
plus 1.2%. Simultaneously, Padma has entered a ten-year swap agree- 
ment with notional principal of $250,000. For the swap, she makes annual 
payments at a fixed annual rate of 3.8%. In return, she receives annual 
payments at the one-year effective LIBOR plus 50 bps. The one-year 
effective LIBOR is 4.2% at the beginning of the fourth year. Calculate 
Padma’s net swap payment and net interest payment for the end of the 
fourth year. 

Pieter has a three-year agreement with Broadview Savings Bank to bor- 
row $4,000 in the first year, an additional $6,000 in the second year, and 
an additional $8,000 in the third year. He will pay the interest due at 
the end of the first and second years, then pay off the loan at the end of 
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the third year. The interest rate applied will be the one-year spot rate 
at the beginning of each year. At the beginning of the loan term, Pieter 
enters a three-year swap where he swaps his floating rate for a fixed rate 
and the notional amounts mirror his loan with Broadview Savings. The 
spot rates on the inception date of the swap are ry = 3.5%, ro = 4.2%, 
and r3 = 5.1%. Find the swap rate. 

Use the table of spot rates below to find the fixed rate for a one-year de- 
ferred swap where settlements occur annually for a period of two years. 
The notional amount for the first settlement is $300,000 while the no- 
tional amount for the second settlement is $500,000. 


t (years) 1 2 3 
ri 1.7% | 2.5% | 3.4% 


Ms. Wu and Mr. Kotov each borrowed $400,000 from separate lenders. 
Their loans are identical, except for the interest rates available to them. 
Ms. Wu can choose either LIBOR plus 1.7% or a fixed rate of 10.5%. Mr. 
Kotov, who has a better credit rating, can choose either LIBOR. plus 
0.8% or a fixed rate of 10.1%. Ms. Wu, who prefers a floating rate loan, 
chose to borrow at 10.5%, while Mr. Kotov, who prefers a fixed rate 
loan, chose LIBOR. plus 0.8%. Ms. Wu entered a swap agreement that 
mirrors her loan with Springfield National Bank. Under this agreement, 
Ms. Wu will pay Springfield National LIBOR plus 1.5% in exchange for 
the fixed rate of 10.5%. Mr. Kotov also entered a swap agreement with 
Springfield National Bank in which he pays the fixed rate of 10.6% in 
exchange for LIBOR plus 1.5%. Describe how Ms. Wu and Mr. Kotov, 
and Springfield National Bank all benefit from this arrangement. 

On April 1, 1994, Great Savings Bank had issued many fixed-rate CDs, 
and had loaned out much of the money it obtained from these at variable 
rates. The board of directors is concerned that the Bank faces too much 
interest-rate risk and decides to take the fixed-leg in a fixed-for-floating 
interest rate swap — that is, lock in a fixed interest rate. The notional 
balance is $35,000,000, the fixed rate is i® = 5.25%, and the floating 
rate is the three-month LIBOR. The swap is for one year and the LIBOR 
rates, given on an “Actual/360 basis,” turn out to be 4.250% for the 
period beginning 4/01/94, 4.875% for the period beginning 7/01/94, 
5.688% for the period beginning 10/01/94, and 6.328% for the period 
beginning 1/01/95. Determine the amount and time of all payments. 
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(8.6) Formulas for interest rate swaps 


(1) The annual yields of zero-coupon bonds are as given below. What is the 


New 
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swap rate for a four-year interest rate swap with level notional amount 
and annual settlement? 


Length of term in years 1 2 3 4 5 
Annual yield 1.5% | 2.5% | 3.3% | 4.2% | 4.9% 


A six-month deferred interest rate swap with level notional amount has 
three quarterly swap payments. If the spot interest rates are as given 
below, what is the swap rate convertible quarterly? 


Length of term 
in months 3 6 9 12 15 18 
Spot interest rate | 1.6% | 1.9% | 2.3% | 2.9% | 3.5% | 4.0% 


Echelon Horizon and Advantage Global enter a two-year swap agree- 
ment with a notional amount of $7,000,000 and semi-annual settlement 
payments. Echelon will pay Advantage the floating rate which is the 
six-month spot rate at the beginning of each settlement period. In ex- 
change, Advantage will pay the fixed rate. On the day that they enter 
the swap, the prices of zero-coupon bonds with face value of $100 were 
as in the table given. Determine the anticipated net swap payment at 
the end of the first year. 


Length of term in years 0.5 | 1.0 | 1.5 | 20 | 2.5 | 3.0 | 
Price per $100 face value 
in dollars 98.7 | 96.5 | 94.7 | 93.4 | 91.2 | 90.9 


Isaac entered into a two-year swap with semiannual settlements and level 
notional amount as a receiver. The swap rate is based on the zero-coupon 
bond prices as below: 


Bond term in years 0.5 1.0 1.5 2.0 2.5 
Zero-coupon bond price 
per 100 face value 98.50 | 96.80 | 95.40 | 93.70 | 91.50 


What net interest rate convertible semiannually does Isaac pay for the 
third settlement period if the six-month spot rate at the beginning of 
the second year is 2.4%? 


(8.7) Market value of an interest rate swap 
(1) Leif Corporation borrowed $3,000,000. The interest rate for this loan 


is reset each year to the one-year spot rate. At the end of each year 
for three years, Leif will pay the interest due, along with $1,000,000 in 
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principal. To avoid the risk of interest rate fluctuation, Leif Corporation 
entered a three-year amortizing swap that mirrors the terms of the loan 
with Perma Inc. Under the swap, Leif has agreed to pay at the fixed 
rate and receive payments based on the one-year spot rate. Assuming 
that the spot rates are as below, determine Perma’s market value at the 
beginning of the second year. 


Spot interest rates at initiation of the swap were: 


| t (years) 1 2 3 
| ri 1.28% | 2.03% | 2.84% 


Spot interest rates at the beginning of the second year were: 


| t (years) 1 2 3 
| ri 1.54% | 2.61% | 3.25% 


Meghan is a payer in a one-year deferred interest rate swap with four 
semiannual settlement payments. The notional amount is $500,000 and 
her fixed interest rate is 5.34% convertible semiannually. What is the 
market value of Meghan’s position right after the second settlement 
payment if the spot rates at that time are as shown below? 


t (years) | 0.5 1.0 1.5 2.0 
rt 2.0% | 2.6% | 3.4% | 4.3% 


(8.8) More swaps 


(1) 


Mrs. Eleanor Markov has owned stock in her brother’s business for thirty 
years and would have to pay taxes on a large capital gain if she sold it. 
Its current market price is $56,400. Eleanor’s brother has warned her 
that the company’s financial outlook for the next couple of years is dis- 
couraging, but that he sees a bright financial picture thereafter. Based 
on this information, Mrs. Markov decides to enter a two-year total re- 
turn equity swap, exchanging her position in the stock for fixed semi- 
annual payments at a nominal rate of 2.5%. At the end of the first six 
months, the stock pays dividends of $150 and the stock’s price has risen 
to $57,600. At the end of each of the next three six-month periods, there 
are no dividends paid out and the selling prices are $57,900, $55,500, 
and $54,000. Describe all payments that Mrs. Markov receives or must 
make. 

Kennedy Contemporary Design had outstanding par-value bonds with 
face values totaling 12,200,000 Danish kroner (DKK). They had two 
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years until maturity. The company took in dollars and its management 
was fearful that the dollar would become weaker against the krone. 
(Plural of krone is kroner.) However, the par-value bonds were issued 
at a lower rate than the company would have had to offer on newly 
issued bonds so, rather than issuing new bonds in dollars and calling in 
the krone bonds, Kennedy decided to enter a currency swap in which it 
would pay out dollars and take in kroner. At the time, the exchange rate 
for kroner is 6.1 DKK per dollar. Suppose that the company entered a 
two-year currency swap with a notional principal of 12,200,000 DKK 
or $2,000,000, the nominal dollar interest rate convertible semiannually 
was 8%, the nominal krone interest rate convertible semiannually was 
6.5%, and that payments were to be made each six months. Further 
suppose that the exchange rate in six months was 6.2DKK/$1, in one 
year was 6.3DKK/$1, in eighteen months was 6.45DKK/$1, and in two 
years was 3.68DKK/$1. 


(a) Based on a nominal interest rate of 5% convertible semiannually, 
what is the time 0 value K,, in kroner, of the payments received 
by Kennedy Contemporary Design from the currency swap? 

(b) Based on a nominal interest rate of 5% convertible semiannually 
and the actual currency exchange rates at each time of payment, 
what is the time 0 value Kp, in kroner, of the payments paid by 
Kennedy Contemporary Design from the currency swap? 

(c) Find K,„— Kp. In hindsight, and based on discounting by compound 
interest at a nominal interest rate of 5% convertible semiannually, 
this was the time 0 value, in kroner, of the cashflows from the swap. 


(8.9) Forward contracts 


(1) 


Nadia Sobolev has entered a forward contract for the purchase of 10,000 
ounces of high grade copper in six months at $16,800. The risk-free rate 
of interest is 3% convertible quarterly, and the present value of the cost 
of holding the copper for six months is $40. Find the cost per ounce of 
copper at the time the contract was entered, assuming that the forward 
price was determined on a no-arbitrage basis. 

Consider a forward contract for an asset that does not have any cashflows 
associated with holding it over the contract period [0,7]. Denote the 
asset’s price at time t by S;. The contract’s forward price was determined 
using no-arbitrage pricing, assuming a level risk-free effective interest 
rate i, so that the forward price is K = So(1 + i)”. Show that the no- 
arbitrage value of the contract to the buyer at time t, where 0 <t< T, 
is S- K +T. 
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(8.10) Commodity futures held until delivery 


(1) 


Boyd Harkey takes a long position on a futures contract and maintains 
the position until he takes delivery, at which time he sells the underlier 
at the spot price. We denote his profit (possibly negative) by B. At 
exactly the same time, his wife Linda takes a short position on the 
same contract, and at expiration she purchases the underlier for cash so 
that she may make the required delivery. We denote her profit (possibly 
negative) by L. Assume that there are no fees, delivery expenses, or 
costs associated with taking delivery and reselling. Find B + L. 

Travis Scott took a short position on a July 2005 NYBOT cotton futures 
contract. This contract calls for the delivery of 50,000 pounds net weight 
of cotton. He established his position when the futures price was $.4785 
per pound, and at expiration, the futures price was $.5225 per pound. 
How much has Travis earned or lost? 

Katrina takes a long position on a futures contract when the futures 
price is $6,150. She deposits $800 in a margin account. The next day’s 
settlement price for a contract with identical underlier, delivery instruc- 
tions, and delivery date is $6,225. How is her margin balance adjusted? 


On April 15, 2003, a futures contract had futures price $32,500 and 
stipulated delivery of underlier A on July 31. The contract had an ini- 
tial margin of $3,000 and a maintenance margin of $2,400. The futures 
price of contracts with underlier A and expiration date July 31 stayed 
at $32,500 until May 1, when it jumped to $35,000. It then remained 
at $35,000 until May 27, when it fell to $31,000. The next change in 
the futures price came on May 30, when the futures price was $34,000. 
There is one final change in the futures price prior to delivery: On June 
20, it was $36,000. Consider two futures traders for this contract named 
Serena and Barbara. Barbara and Serena each open positions on April 
15, Barbara as a buyer and Serena as a seller. Suppose that Serena and 
Barbara each only had outflows as required by the initial and mainte- 
nance margin requirements, and there was no interest on the margin 
account. They each held the futures through expiration and accepted or 
made delivery as required by the contract. Aside from Barbara’s pay- 
ment at delivery, the only outflows made were those mandated by the 
initial and maintenance margin requirements. Furthermore, there was 
no interest earned on the margin accounts. Describe Serena’s cashflows 
and Barbara’s cashflows. 


(8.11) Offsetting positions and liquidity of futures contracts 


(1) 


Trevor Osterman purchases a September 2005 palladium futures con- 
tract. At the time his buy order is filled, the price for the 100 troy 
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ounce palladium contract is $19,120. The initial margin is $2,700 and 
the maintenance margin is $2,000. Trevor holds the contract for two 
months, during which time he does not receive any margin calls, and 
sells the contract for $18,310. By what percent does the price fall, and 
what is Trevor’s annual effective yield rate, assuming he deposits only 
the initial margin required and that the margin account pays interest at 
a nominal rate of 2.7% convertible monthly? 

Sam Goodman bought a futures contract on August 14, 2005 for $72,850 
and sold it on August 23rd for $76,550. The contract had an initial 
margin requirement of $5,500 and a $3,000 maintenance requirement. 
Sam made margin deposits to his account only as required and he did not 
make any withdrawals prior to settlement. If the prices for the futures 
contract used for marking-to-market were $72,850 on 8/14, $72,200 on 
8/15, $71,700 on 8/16, $73,400 on 8/17, $75,200 on 8/18, $74,500 on 
8/19, $75,900 on 8/22, and $76,400 on 8/23, make a chart showing the 
marking-to-market values, Sam’s deposits, and Sam’s margin account 
balances. Assume that no interest is paid on the margin account. Repeat, 
assuming that Sam took a short position instead of a long position; the 
trading times and futures prices are assumed to be unchanged. 
Rhonda Stallings established a long position on a 5,000 bushel CBOT 
November 2005 soybean future, and twelve days later she closed the po- 
sition. The initial margin requirement was $1,485, and the maintenance 
margin was $1,100. At the time she established her position, the futures 
price was $30,500 (610 cents per bushel), and she closed her position 
when the futures price was $29,300. In addition to her initial deposit 
of $1,485, she made a deposit of $600 to her margin account six days 
after she established her position. Find Rhonda’s annual effective yield 
for the twelve-day period during which her long position was open. 
Jose took a short position on a CME random-length lumber futures 
contract whose price was $46,805. At the same time, his cousin Rodrigo 
took a long position on the contract. The initial margin requirement was 
$1,898, and the maintenance margin was $1,265. Ten days later, there 
have been no margin calls, and the futures price drops to $45,760. One 
day later, the futures price rebounds, soaring to $47,685. It stays level at 
this price for ten more days, then drops suddenly to $44,770. Just after 
this second drop, and before there are any further price changes, Jose 
and Rodrigo each close their positions. Suppose that Jose and Rodrigo 
each only had outflows as required by the initial and maintenance margin 
requirements, and there was no interest on the margin account. Describe 
Jose’s cashflows and Rodrigo’s cashflows, and then calculate the daily 
yield rate for each of the cousins. 
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(8.12) Price discovery and more kinds of futures 


(1) 


Tuscany Flores takes a long position on a Eurodollar futures contract 
when the price is quoted as 98.75. She holds the contract until delivery, 
at which time the relevant three-month Eurodollar interest rate is 1.55%. 
What is the value of Tuscany’s position at delivery? 

A CBOT five-year U.S. Treasury note futures has as underlier U.S. Trea- 
sury notes with face value at maturity of $100,000. These notes must 
have a maturity of not more than five years and three months and a 
remaining maturity of not less than four years and two months as of 
the first day of the delivery month. The invoice price equals the futures 
price times a conversion factor plus accrued interest. The conversion 
factor is the price of the delivered note ($1 par value) to yield 6 per- 
cent. Drake Chamberlain buys a five-year U.S. Treasury note futures 
with December 31 delivery when the futures price is $99,687.50, and he 
sells the contract one month later when the contract is $98,031.25. His 
initial margin deposit was $675 and the maintenance margin was $500. 
Assuming that there were no margin calls for the one month that Drake 
held the contract, find the ratio of Drake’s gain (possibly negative) to 
his investment. 


(8.13) Options 


(1) 


Joao Teixeira buys a call option to purchase 10,000 gallons of 82 octane 
gasoline at $2.35 per gallon in three months. The premium for the option 
is $1,000. Let f(a) give the amount that Joao’s option is worth in three 
months if x is the dollar price per gallon of 82 octane gasoline. Graph 
f(z). 

Rita Gipson owns 500 shares of Explore stock. The current price per 
share is $22.45. Rita is counting on having at least $10,000 from these 
shares six months from now to pay her college tuition, so she decided 
to purchase five European put options, each with 100 shares of Explore 
stock as underlier, expiration in six months, and a strike price of $2,000. 
The options each cost $30, and she withdraws the $150 to pay for them 
from her savings account that has a 4% annual effective interest rate. Six 
months from now, the price of a share of Explore stock is X, and Rita 
observes that buying the put option ended up increasing the total value 
of her holdings at time 6 months by $127.03. (a) Find X. (b) What is the 
largest amount by which buying the put options might have decreased 
the total value of her holdings at time 6 months? 

Sasha purchased a call option to buy 100 shares of Search Computer 
stock six months from the option purchase date at $54 per share. The 
cost of the option was $325.50. The per share price of the stock was 


wa 


Section 8.16 Problems, Chapter8 445 


$54.25 when Sasha bought the option, and the price six months later 
was $55.80. Find Sasha’s annual yield if he sold the option for its value 
right before its expiration. How does this compare with the annual yield 
he would have received if he had used his $325.50 to purchase six shares 
of the stock, which he sold at the end of the six months? 

Cherie Coleman wishes to purchase a European call option with expira- 
tion in one year and strike price $6,840. The underlier is 100 shares of 
Eureka Energy stock. The stock’s current price is $67.90 per share, and 
the annual effective interest rate is 4.2%. The price of a European put 
option, with expiration in one year and strike price $6,840, is $32.17. 
How much should Cherie expect to pay for the desired option, assuming 
that pricing is by a no-arbitrage model? 


(8.14) Using replicating portfolios to price options 


(1) Easylife stock currently sells for $23.80 per share. Three months from 


New 
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now, the price will either have gone up to $25.20 or have fallen to $22.20. 
A call option to purchase 100 shares of the stock in three months for 
$24 per share sells for $72. With what risk-free annual effective rate of 
interest is this consistent, if there is to be no arbitrage opportunity? 
The current price of a share of Excel Computers is $47.20. One month 
from now, the price of a share will be either $48 or $46.50. The nominal 
risk-free interest rate is 3% convertible monthly. In order that there not 
be an arbitrage opportunity, what should be the price of a European 
put option for 100 shares of this stock if it allows the holder to purchase 
the stock for $47 per share in one month? 
A European call option has strike price $20,000 and exercise in three 
years. The current price of the underlier is $18,400 and this will either 
go up by 10% or down by 8% each year, independent of what happens 
in the other years. Find the no-arbitrage price of the option, by using 
replicating portfolios, if the annual effective risk-free effective interest 
rate is 4%. 
Tan Yoon has agreed to sell 50 shares of a stock to his brother in two 
months for $2,500, if his brother so desires. The current price of the 
shares is $2,430, and each month that price will either go up by 8% 
or down by 5%, independent of what happens in the other month. If 
the price ends up going up each month, then Tan’s brother will accept 
the offer and Tan will receive only $2,500 for an asset worth $2,834.35. 
Otherwise, the stocks will have a market price of less then $2,500, so 
Tan’s brother will not accept the offer to buy the stock from Tan. 

(a) Suppose that Tan Yoon notes that he could purchase a call option 

having as underlier 100 shares of the same stock, expiration in two 
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months, and strike price $5,000, and that it has a no-arbitrage price 
X, based on a risk-free annual effective interest rate of 5%. Find 
X. Do not round your answer to the nearest cent. 

(b) The option in part (a) is for twice as many shares as Tan is obli- 
gated to offer to his brother, so Tan does not feel that it fits his 
needs. However, he would like to protect himself from a possible 
$334.35 loss in two months. Explain how he may do so, at a cost of 
X/2, using dynamic portfolio allocation. As in Example (8.14.8), 
suppose that any number of shares of the stock, including fractional 
numbers, may be traded at any time, and that there are no fees or 
commissions. Further suppose that Tan may borrow money at any 
time at an annual effective interest rate of 5% and that the loan 
amounts are not limited to whole numbers of cents. 


(8.15) Using weighted averages to price options: risk-neutral 
probabilities 


(1) 


Axle Automotive Stock currently sells for $64 a share. Each quarter, its 
price will either increase by 7% or fall by 13%. The risk-free interest 
rate is 6% convertible quarterly. Use risk-neutral probabilities to find 
the no-arbitrage price of a European call option to purchase 100 shares 
of the stock at its current $64 per share price if its expiration is in two 
quarters. 

A put option is to be sold for 100 shares of a security whose current 
price is $76.40 per share; it is for exercise in one year. The security’s 
price will change (up or down) by 10% during the year, and the risk-free 
annual effective interest rate is 5%. The no-arbitrage price of the option 
is $100. Use risk-neutral probabilities to find the exercise price for the 
option. 

Use risk-neutral probabilities to solve Problem (8.14.1). 

As in Example (8.15.7), consider a European call option with expiration 
in one month and strike price $37.75. The current price of the underlier 
is $36.50, one month from now it will be $34 or $39, and the risk-free 
nominal interest rate convertible monthly is 3%. Let p denote the real- 
world probability that the value of the underlier goes up to $39 and X 
the value of the underlier at the end of the month. 


(a) Let J be the nominal rate-of-return convertible monthly for a pur- 
. . ee aes ects $1. 

chaser of the call option assuming the option’s price is .51825( 23) 

= .646197, the price found in Example (8.15.7). Then J is a func- 

tion of X, say J = g(X), and (by a standard result in probability 

theory), the expected value of J with respect to the real-world prob- 


ability p is E(J) = plg(39)] + (1 — p)[g(34)]. Find p if the expected 
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value E(J) of the nominal rate of return convertible monthly is 
equal to 8.4%. 

Let J’ be the nominal rate-of-return convertible monthly for a pur- 
chaser of the underlier who sells it at the end of one month. Like J, 
J’ is a function of X, say J’ = h(x). Moreover, the expected value 
of J with respect to the real-world probability p is 


B(J") = p[h(39)] + (1 — p)[A(34)]. 


T 
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Find E(J’) assuming p has the numerical value found in (a). 
(c) Compare E(J) and E(J’). Can you justify their relative sizes? 


(5) A European call option has strike price $20,000 and exercise in three 


years. The current price of the underlier is $18,400 and this will either 
go up by 10% or down by 8% each year, independent of what happens 
in the other years. Find the no-arbitrage price of the option, by using 
risk-neutral probabilities, if the annual effective risk-free interest rate is 
4%. [If you did Problem (8.14.3), compare your answer to the one found 
using replicating portfolios. ] 


Chapter 8 review problems 


(1) Assuming the market is arbitrage-free, if a three-month zero-coupon 
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bond yields 2.25%, a six-month zero-coupon bond yields 2.45%, a nine- 
month zero-coupon bond yields 2.95%, and a one-year zero-coupon bond 
yields 3.35%, what should be the price of a one-year $1,000 5% par-value 
bond with quarterly coupons? 

The market includes two assets. Asset A has a current price of $85. 
One year from now, it will return $95 if the market is up and $70 if 
the market is down. Asset B sells for $21. One year from now it will 
return $24 if the market is up and $19 if the market is down. Develop 
an arbitrage strategy involving these two assets. 

No-arbitrage pricing, with an annual effective risk-free interest rate of 
5.8%, was used to price a European call option with expiration in six 
months and $4,200 strike price. The option price is $173.51. The under- 
lier has current price $4,238 and at expiration the price will either be 
$4,424 or X. Find X. Explain why you could not determine X if the 
option price were $154.75. 

On June 1, 1998, Confidence Life and Casualty (CLC) entered into an 
interest rate swap with Great Commercial Bank (GCB). The swap lasted 
five years, and had interest cashflows at the end of each year. The no- 
tional principal was $50,000,000. CLC was assured interest calculated 
using the one-year LIBOR and was obligated to pay interest at an annual 
effective rate of 6%. If the five consecutive June 1 LIBOR rates used, 
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given as annual effective rates, were 5.940%, 5.803%, 7.214%, 4.055%, 
and 2.251%, what was the June 1, 2003 total value, calculated using the 
compound interest accumulation function a(t) = (1.04)', of the netted 
payments that CLC received from the swap? 

A European option on 100 shares of Omega Industries stock has an ex- 
ercise price of $2,300 and expiration in six months. The risk-free annual 
effective interest rate for investing is 3.2%. The current price of the stock 
is $24 per share. Each three months, the price of the stock will either 
rise by 7% or fall by 5%. Find the price of the option if it is a call option 
and again if it is a put option. In each case, show how dynamic portfolio 
allocation may be used to replicate the option. 

Xu Chang notes that the yields on 6% par-value bonds with annual 
coupons are 2.825% for a one-year bond, 3.745% for a two-year bond, 
4.212% for a three-year bond, and 4.730% for a four-year bond. Deter- 
mine the forward rate fj2 4). 

Marjorie Majeski bought a futures contract on Monday, January 5, 2003 
when the futures price was $32,460. The contract had an initial margin 
requirement of $2,500 and a $2,000 maintenance requirement. Marjorie 
held the account for one week. She made margin deposits to her account 
only as required and did not make any withdrawals prior to settlement. 
The prices for the futures contract used for marking-to-market were 
$32,075 on 1/5, $31,200 on 1/6, $29,800 on 1/7, $30,600 on 1/8, $32,975 
on 1/9, and $31,400 on 1/12. Marjorie sold the contract for $31,800. 
Make a chart showing the marking-to-market values and any deposits 
required of Marjorie. Assume that no interest is paid on the margin 
account. 

Farmer Escobar purchases a March 2006 pork bellies futures contract. At 
the time his buy order is filled, the price of the 40,000 pound contract is 
83.2 cents per pound. The initial margin is $1,863 and the maintenance 
margin is $1,380. Farmer holds the contract for three months, during 
which time he does not receive any margin calls, and he sells the contract 
for 82 cents per pound. By what percent does the price fall, and what 
is Farmer’s three month effective yield rate, assuming he deposits only 
the initial margin required and that the margin account is credited with 
$10.40 of interest? 


CHAPTER 9 


Interest rate sensitivity 


9.1 OVERVIEW 

9.2 DURATION 

9.3 CONVEXITY 

9.4 USING DURATION TO APPROXIMATE PRICE 

9.5 USING DURATION AND CONVEXITY TO APPROXIMATE PRICE 
9.6 IMMUNIZATION 

9.7 OTHER TYPES OF DURATION 

9.8 PROBLEMS, CHAPTER 9 


9.1 OVERVIEW 


For our readers who know calculus and wish a more comprehensive treatment, 
this section serves as an introduction to the issues that we discuss in greater 
depth, using calculus, in Sections (9.2) through (9.7). For others, we hope to 
provide a brief survey of problems and possible solutions that face an investor 
who lives in a world where interest rates may change in an unpredictable 
fashion. 

To get started, imagine that you are obligated to pay $50,000 five years 
from now. To cover this liability, you decide to buy bonds now. You believe 
that the prices for five-year zero-coupon bonds are not as attractive as those 
for three-year zero-coupon bonds or seven-year zero-coupon bonds. However, 
you note that should you buy a five-year zero-coupon bond with maturity 
$50,000, you are certain to meet your obligation. On the other hand, the 
attractively priced three-year bond that sells for the same price as the five- 
year $50,000 par-value bond will mature for less than $50,000, so you only 
accumulate $50,000 at time five if you can reinvest at a sufficiently good rate. 
In other words, there is some reinvestment risk, because you are hoping to 
have high_interest rates three years from now but could possibly have very 
low rates|| Realizing this, you wonder whether you can avoid risk caused by 
uncertain rates in the future by purchasing the seven-year bond, then selling 


lSome of you may be wondering about whether you should speculate on the forward 
rate f[3,5]- That is an interesting possibility, but in this motivating example, it is not what 
we wish to consider, nor are other possible ways of purchasing a guaranteed rate at time 3. 
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it after five years so as to realize the needed $50,000. But of course you once 
again have a problem, since the price your seven-year bond commands at time 
5 is based on the rates of return that are available then. If interest rates have 
risen, you may again have a problem meeting your obligation. So, under this 
scenario, you are hoping to see low rates at time five. 

We note that if you invest for less than five years, you hope for high 
rates at reinvestment time, while if you start with an investment of more than 
five years, you hope to see low interest rates at time five. So, either low or 
high interest rates can cause problems. It is natural to wonder whether there 
might be some way that you could split your investment, buying three-year 
zero-coupon bonds and seven-year zero-coupon bonds, and put yourself in a 
good position no matter whether rates go up or down. This is the basic idea 
behind immunization strategies. Of course, you could forget this puzzle and 
just invest in a five-year $50,000 zero-coupon par bond. This would be an 
example of asset matching or producing a dedicated portfolio. However, 
sometimes it pays to immunize your position, even though it may require 
you to be vigilant with respect to interest rates over time. 

We now have established the idea that you may wish to follow how the 
price of a set of predetermined future cashflows changes as the interest rate 
fluctuates. Actually, as you know from Section (8.3), the term “the interest 
rate” may not be appropriate since you probably have a nonflat yield curve, 
but in Sections (9.2)—(9.6) we assume that the yield curve is flat and remains 
so. In Section (9.7), we will consider the problem when the cashflows are 
interest-sensitive (so not predetermined), and in that section we also briefly 
address how you might take into consideration the existence of a nonflat yield 
curve. 


EXAMPLE 9.1.1 Immunization 


Problem: As in the preceding paragraphs, suppose that you need to pay 
$50,000 in five years and that you can finance this with zero-coupon bonds 
with terms of three years and seven years. Imagine that you buy a three-year 
zero-coupon bond with a $22,675.74 redemption amount and a seven-year 
zero-coupon bond redeemable at maturity for $27,562.51, each priced to yield 
5% annually. Suppose also that, at the end of three years, no matter what 
the yield rate i (from a flat yield curve) may be, you sell the remaining bond 
at a purchase price to yield i, combine the proceeds with the $22,675.74 from 
the redeemed bond, and use the total to buy a two-year zero-coupon bond. 
Illustrate that this immunizes against interest rate risk by showing that it 
produces the needed $50,000 five years after your initial bond purchases if 
i = 20% (a high rate), i = 5% (the present moderate rate), or i = 1% (a low 
rate). 
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Solution Ifi = 20%, then the original seven-year $27,562.51 bond that 


has four years until maturity can be sold for aaa $13,292.11. Com- 


bining this with the $22,675.74 from the redeemed three-year bond, you have 
$13,292.11+$22,675.74 = $35,967.85 to invest for two years at 20%, producing 
$35,967.85(1.2)° ~ $51,793.70. You have $1,793.70 more than you needed. 

On the other hand, if i = 5%, then the original seven-year bond can 
be sold for aa = $22,675.75. Combining this with the $22,675.74 from 
redemption, you have $22,675.75 + $22,675.74 = $45,351.49 to invest for two 
years at i = 5%. So, five years after your initial bond purchases, you have 
$45,351.49(1.05)" = $50,000.02. You have only two cents more than you need 
for your $50,000 obligation. 

Finally, if i = 1%, then the original seven-year bond can be sold for 
Oa ~ $26,487.03. Putting this with the $22,675.74 from redemption, 
you have $26,487.03 + $22,675.74 = $49,162.77 to invest for two years at 
i = 1%. in this case, five years after your initial bond purchases, you have 
$49,162.77(1.01)” ~ $50,150.94. This is $150.94 more than you needed. 


Note: Section (9.6) uses calculus to develop the tools needed to determine 
this immunization strategy. a 


Another important concept we can introduce here is the sensitivity of the 
market value of a set of cashflows — that is, how changes in the interest rate 
change the value, or price, of the cashflows. Fix a set of cashflows, and let 
P(t) denote their total price (present value) using compound interest at an 
effective interest rate i. If all the cashflows are positive, P(i) is a decreasing 
function of i. The graph of P(i) is called the price curve. The price curve 
is discussed further in Section (9.2), and Figure (9.2.2) depicts a price curve 
corresponding to a set of positive cashflows. 

The duration of a set of cashflows is a measure of how sensitive the 
price of the portfolio is to a shift in the interest rate. If the portfolio has 
duration 5, then for small h it will lose about the fraction 5h of its value if the 
annual effective interest rate goes up from ig to (ig + h) and go up in value 
by approximately the fraction 5h of its value if the interest rate decreases 
to (io — h). This is only an approximation since the price curve is not a 
straight line, but the approximation should be good if h is small. Actually, 
we will define several types of duration and the above statement refers to the 
modified duration D(io, 1) defined by (9.2.14). The above description may 
be interesting, but it does not tell us how to precisely calculate duration; that 
requires calculus. 

Another form of duration is the Macaulay duration D(io, oo), which is 
given by D(io, co) = (1 + io)D(io, 1). Historically, the concept now known as 
Macaulay duration predates the modified duration, and it was introduced in 
a 1938 paper by Frederick Macaulay concerning the volatility of Unites States 
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bond yield rates and stock prices to changes in interest rates] The Macaulay 
duration is a weighted average of the times of the cashflows, the weights being 
the associated proportion of the total present value that is attributable to the 
cashflow at the corresponding time. You should view D(io, oo) as some sort of 
average length of the investment. The Macaulay duration of an n-year zero- 
coupon bond turns out to be n, but an n-year bond with coupons has a smaller 
Macaulay duration. 

Modified duration captures the rate of change of the price relative to the 
price. It does not, however, tell you anything beyond that about the way the 
price curve is shaped. More precisely, as we shall explain in Section (9.2), a 
duration D at io can be used to approximate the price curve P(i) near i = ig by 
a linear function as in P(t9 +h) ~ P(ig)(1 — Dh), but this does not indicate 
whether the price curve is decreasing more or less rapidly near i = ip as i 
increases. The concept of convexity is introduced in Section (9.3) to address 
this. If the convexity is positive, the curve bends upward and decreases less 
rapidly as 7 increases, and if it is negative it bends downward and decreases 
more rapidly as į increases. 

After establishing definitions, notations, and methods for calculating du- 
rations and convexities, we revisit the equations established in Section (9.2) 
using these new notations. As discussed in Section (9.2), we can use just the 
durations, but we can obtain better approximations by using both durations 
and convexities. We will study approximations that use durations in Section 
(9.4), then follow with approximations that use both durations and convexities 
in Section (9.5). 

Asset-liability management refers to techniques for maintaining a 
firm’s ability to meet its cashflow obligations in a world of changing inter- 
est rates. Tools used to counter interest rate risk include immunization proce- 
dures such as Redington immunization and full immunization. These are 
methods that involve the ideas of duration and convexity, and immunization 
is discussed in Section (9.6). Redington immunization and full immunization 
are based on a hypothetical flat yield curve, but they give a strategy for pro- 
tecting a portfolio of cashflows from interest rate changes: The strategy might 
be useful even if the yield curve is not flat. Redington immunization focuses on 
small interest rate shifts while full immunization addresses arbitrary parallel 
shifts of a flat yield curve. For Redington immunization, you structure your 
holdings so that the assets (promised incoming cashflows) and liabilities 
(promised outgoing cashflows) have equal present values and durations while 
the convexity of the assets is greater than the convexity of the liabilities. The 
immunization in Example (9.1.1) is an example of full immunization. 


?Macaulay, F. R. Some Theoretical Problems Suggested by Movements of Interest Rates, 
Bond Yields, and Stock Prices in the United States Since 1856 New York: National Bureau 
of Economic Research, 1938. 
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We end this section with a simple example of asset-liability match- 
ing} which requires that the outflows from liabilities are exactly offset by 
inflows from assets. These inflows may include bond coupons and redemption 
payments. 


EXAMPLE 9.1.2 Asset-liability matching 


Problem: Sandy is obligated to pay $10,000 in six months, $15,000 in twelve 
months, and $25,000 in eighteen months. He wishes to purchase bonds to 
exactly match these liabilities — that is, to provide inflows so that the net 
cashflow at the three payment times, as well as at all other times times, is 
zero. The bonds available for purchase by Sandy are of the following three 
types: 


(a) Six-month zero-coupon bonds, sold to yield the investor 6% nominal 
interest convertible semiannually; 

(b) Twelve-month 6% par-value bonds with semiannual coupons; 

(c) Eighteen-month 5% par-value bonds with semiannual coupons. 


How much of each of these should Sandy purchase? Assume that each may be 
purchased for any par value that Sandy would like. 


Solution Sandy should first figure out how much of the eighteen-month 
bonds to purchase to match his $25,000 obligation, since the other types of 
bonds will not help with this liability. If he purchases face amount Fe of 
the eighteen-month bond, then Sandy has the rights to coupon payments of 
(.025)F. every six months and also to the redemption payment of Fe. There- 
fore, at time eighteen months, he stands to receive (1.025) F., the total from 
the time-eighteen-months coupon payment and the redemption payment. Set- 
ting this equal to $25,000, we find F, ~ $24,390.2439. We round to the near- 
est penny, so F, = $24,390.24, and the coupon payments every six months 
are each (.025)($24,390.24) ~ $609.76. Sandy wishes to receive a total of 
$15,000 at time twelve months and since he is already scheduled to be paid 
a $609.76 coupon, he needs to purchase a one-year bond that will pay him 
$15,000 — $609.76 = $14,390.24 at the end of the year. So, he should purchase 
face amount Fp of the twelve-month 6% bond where (1.03) F, = $14,390.24. 
Rounding the face value to the nearest cent, we obtain Fy, = $13,971.11. At 
time six months, Sandy will receive a coupon payment of $609.76 from the 
eighteen-month bond as well as a coupon payment from the twelve-month 
bond. Since (.03)F, œ~ $419.13, he will receive $419.13 from the twelve- 
month bond. Now the six-month bond redeems for its face value Fa since 
it is a zero-coupon bond. Sandy should purchase a face amount Fa satisfying 
F, = $10,000 — $609.76 — $419.13. Therefore, Fa = $8,971.11. E 


3 Asset-liability matching is also called dedication. 
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9.2 DURATION 


(calculus needed here) 


We have many times looked at sequences of cashflows. The important 
concept of the net present value of a set of cashflows was introduced in Sec- 
tion (1.7). We recall that the net present value depends on the choice of a 
particular accumulation function and that usually we specify a compound in- 
terest accumulation function. We once again assume that accumulation is by 
compound interest. Moreover, we add two assumptions. Firstly, we assume a 
flat term structure of interest rates. That is, we assume that spot rates are 
all equal to some common value. Secondly, we assume that if one spot rate 
changes, all other spot rates change by an equal amount so that we again have 
a flat yield curve. This second assumption is often expressed by saying that 
“the term structure only experiences parallel shifts.” We wish to understand 
how the value of a series of cashflows shifts as the interest rate (the common 
value of the spot rates) changes. [In Section (9.7) we will address what might 
be done if we drop our two assumptions about the spot rates. We recognize 
that our spot rate assumptions rarely jibe with reality, but our analysis will 
still be helpful in real-life situations.| 


Fix a set of cashflows {C; : t > 0} with only finitely many of the C; being 
nonzero, and a reference time zero at which we will value the set Given an 
interest rate i, the price of the set that will provide the buyer with a yield 
rate equal to 7 is just the present value 


(9.2.1) Pi) =S OOH). 


We let ip denote the initial interest rate. If P(t9) > 0, then the continuous 
function P(i) remains positive for i close to iọ, and a typical price curve 
might look as in Figure (9.2.2). 


4We have fixed the cashflows. In particular, we do not allow them to be sensitive to the 
interest rate i. This would not, for instance, be true of the cashflows of a callable or putable 
bond. We will consider such interest rate-dependent cashflows in Section (9.7). 
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interest rate 


FIGURE (9.2.2) 


The function P(i) is an infinitely differentiable function, so it has a Taylor 
series 


Co 


(2) (4 
(9.2.3) yO) aio)" =P Cio) +P io) io) + 


P” (io) 


7 (i io)? +- 


n=0 


The first two terms of this series P (io) + P’ (io)(i— io) give us the tangent-line 
approximation to P(i) at interest rate i9, namely 


(9.2.4) P(i) ~ P(io) + P'(io)(i — io), 


which is of course only a good approximation for i very close to iọ. The first 
three terms give us the second Taylor polynomial approximation 
P" (io) 


(9.2.5) P(i) ~ P(io) + P'(io)(i — io) 4 5 (i io)’, 


and we can expect this to be a better approximation for 7 close to ig. We 
note that the derivatives involved in Approximations (9.2.4) and (9.2.5) are 
straightforward to compute; taking successive derivatives in Equation (9.2.1), 
we have 


(9.2.6) P(i)=-S) Ct +i)" 
t>0 

and 

(9.2.7) P'i) =X Ctt +0 +i). 


t>0 


456 Chapter 9 Interest rate sensitivity 


EXAMPLE 9.2.8 


Problem: Excel Finance holds loans that guarantee they receive repayments 
of $1,000,000 in one year, $2,000,000 in two years, and $2,000,000 in six years. 
They also have issued bonds that require them to make payments of $300,000 
at the end of each of the next three years and $3,000,000 in four years. Calcu- 
late Excel Finance’s price function at 2%, 4%, 4.9%, 5%, 5.1%, 6%, and 10%. 
Then use the tangent line approximation at i9 = 5% to estimate the prices 
at each of these rates, excluding 5%. Also use the second Taylor polynomial 
around io = 5% to estimate the prices at 2%, 4%, 6%, and 10%. Discuss your 
findings. 


Solution Denote the amount of any positive inflow at time t by A;, and 
let L; designate the amount of any liability you must pay at t. Then A, = 
$1,000,000, Az = Ag = $2,000,000, Lı = Lə = L3 = $300,000, and Ly = 
$3,000,000. Therefore, the price, when figured at interest rate 7, is 


P(i) = ($1,000,000 — $300,000) (1 + 2)! + ($2,000,000 — $300,000) (1 + i)~? 
— $300,000(1 + 2) — $3,000,000(1 + i)74 + $2,000,000(1 + 4)~°. 


Computing this net present value seven times, with 7 equal to .02, .04, .049, 
05, .051, .06, and .10, we obtain approximately $1,041,971.22, $994,340.06, 
$975,755.73, $973,788.87, $971,840.87, $955,125.61, and $895,835.37, respec- 
tively. [Equipped with a BA II Plus calculator, you can most easily check these 
values using the Cash Flow worksheet and | NPV |. The contribution registers 
should have nonzero entries CFo = 0, C01 = 700,000, C02 = 1,700,000, C03 = 
—300,000, C04 = —3,000,000, C05 = 0, C06 = 2,000,000, and the correspond- 
ing frequency registers should all contain the numeral 1. Remember to enter the 
interest rates as percents after keying | NPV | (Don’t forget to press | ENTER |), 


and then to press | || CPT |.] Note that 


P’ (i) = —$700,000(1 + i)? — $3,400,000(1 + 7) ~? + $900,000(1 + i)~4 
+ $12,000,000(1 + i) — $12,000,000(1 + i)”, 
and therefore P’(.05) ~ —$1,957,398.21. (Again, the BA II Plus calculator Cash 


Flow worksheet and | NPV | allow you to check this calculation efficiently.) 
Therefore, the tangent line at i = .05 gives 


P(i) © $973,788.87 — $1,957,398.21(i — .05). 


In particular, using this repeatedly, we obtain P(.02) ~ $1,032,510.82, P(.04) 
~ $993,362.85, P(.049) = $975,746.27, P(.051) ~ $971,831.47, P(.06) ~ 
$954,214.89, and P(.10) ~ $875,918.96. We note that these approximations 
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underestimate the exact values by $9,460.40 (= .91%), $977.21 (~ .098%), 
$9.46 (~ .00097%), $9.40 (~ .00097%), $910.72 (~ .095%), and $19,916.41 
(x 2.2%), respectively. So, they are all very good approximations! Of course, 
those for interest rates very close to 5% are spectacular. 

Now for the quadratic approximations. Note that 


P” (i) = $1,400,000(1 + i) ~? + $10,200,000(1 + 7) ~* 
— $3,600,000(1 + i) — $60,000,000(1 + 7)~° 
+ $84,000,000(1 + i)’, 


and P’’(.05) ~ $18,861, 826.29. Therefore, 
P(i) © $973,788.87 — $1,957,398.21(i — .05) + $9,430,913.15(é — .05)?. 


Using this approximation, we find P(.02) œ~ $1,040,998.64, P(.04) = 
$994,305.94, P(.06) ~ $955,125.98, and P(.10) ~ $899,496.24. The first two 
understate the values by $972.58(~ .09334%) and $34.12 (~ .00343%), and 
the last two overstate it by $32.37 (~ .00339%) and $3,660.87 (~ .40865%). 
These are improved estimates from our previous ones. B 


In Example (9.2.8) we worked first with the tangent approximation (9.2.4), 
and this approximation may be rewritten as 


(9.2.9) Z DS (io) Po) aes 


The approximation (9.2.9) allows us to estimate the fractional price change 
or relative price change — the price change divided by the original price 
— as the interest rate increases. 

It is best to avoid talking about a “one-percent increase of the interest 
rate” i, since the phrase is ambiguous. Instead, we use basis points. If the 
yield increases from i = q% = .Olg to i = (q + 1)% = .01(q + 1), we say that 
the yield has increased by one hundred basis points, and more generally 
an increase of 100b basis points means that the yield has increased from one 
value to another value that is numerically (.01)b more. That is, 100 basis 
points equals .01 = 1%. Substituting i — i9 = .01 = 100 basis points into the 
approximation (9.2.9) gives ae x a (.01). With this new language, 
the approximation (9.2.9) gives us the following statement. 


If the yield is initially equal to itọ and then it increases by one 
hundred basis points, the approximate relative price change is 
P' (io) 
P(io) 


percent. 
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Another way to write Approximation (9.2.9) is as 


(9.2.10) | e ig) © ae 


We may view the right-hand side of Approximation (9.2.10) as a normalized 
or relative rate of change of the price. This is reminiscent of the way we viewed 
ae /h when we discussed force of interest [see Section (1.12)]. By 


Approximation (9.2.9), multiplying the ratio PE by the numerical change 


in the interest rate gives an estimate of the relative change in the price P(i). 
You expect this to be a good estimate if i is close to io. 


EXAMPLE 9.2.11 


Problem: Use Approximation (9.2.9) to estimate the relative price change in 
Example (9.2.8) when i changes from .05 to .051. 


Solution In Example (9.2.8), we calculated P(.05) œ~ $973,788.87, and 
P(.051) ~ $971,840.87. Therefore, the true relative change is 


P(.051) — P(.05) _ $971,840.87 — $973,788.87 
x ~ —.002000434. 
P(.05) $973,788.87 


P'(.0 


Approximation (9.2.9) estimates this to be a (051 — .05), which from 


Example (9.2.8) equals 


a 398.21 


.001) + —.00201 
$973, 788.87 ) 001) meno TE? 
rather than the true —.002000434. E 


The factor a plays a key role in both Approximations (9.2.9) and 


(9.2.10) and leads to our first formal definition of a duration. For any number 
i > —1, we define the modified duration D(i, 1) by 


_ PY 


(9.2.12) D(i,1) = PO 


Approximation (9.2.9) indicates that the prices of investments with larger 
modified durations are more sensitive to interest rate changes. 
Recalling Equation (9.2.6), we see that 


(9.2.13) D(i,1) =Dawa+y tt /S C1 +4)7*. 


t>0 t>0 
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The “1” in the notation D(i,1) reminds us that we were considering the 
price as a function of the effective interest rate, which is a nominal interest 
rates convertible one time per year. More generally, we may define a modified 
duration for a nominal interest rate i”) convertible m times per year. To 
do this, we begin by observing that the price of a cashflow is a function of 
the nominal interest rate i”), since i is a function of i”, namely i”) = 


m|(1 + ijm — 1]. We define the modified duration D(i,m) by 


aP 
(9.2.14) D(i,m) = — PO where i™ = m| + i)m ii}; 


Since 7 = (1 + £x) — 1, the chain rule gives 


dP dP di im T] 
= = P()l t+ 
dim) di dim o( ers ) 


14 14 
Therefore, 
1+2 ; ; 
D(i,m) = T D(i,1) or equivalently 
+ a 
(9.2.15) K 


D(i,m) (1 + =) = D(i,1)(1 +i). 


It follows that 


j(m) 
D(i,m) (1 + —) is independent of m. 
m 
Define 
dP 
(9.2.16) D(i,oo) = —- where ô= ln (1 +i). 
P(i) 


Then, since i = ef — 1, 


dP dPdi dP 


Oo auo ae 


(9.2.17) 
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and 


(9.2.18) 


D(i,oo) = D(i, (1+ i). 


Combining (9.2.15) and (9.2.18), we have 


IMPORTANT FACT 9.2.19 
If m is a positive integer, then 


We call D(i, co) the Macaulay duration. Important Fact (9.2.19) shows 
that what we call modified duration D(z, 1) is obtained from Macaulay dura- 
tion by a simple modification. This is the origin of the term modified duration. 
Another name for modified duration is volatility, but the word “volatility” 


has other meanings too. 


It is instructive to write a formula for D(i,coo) that does not involve 
derivatives or other durations. Specifically, the price of the cashflows is given 
by >o Cre% and the derivative of this expression with respect to 6 is 


— so Cite. Therefore, 


(9.2.20) 


= > cte / 


5 Cree 


t>0 


We therefore have 
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IMPORTANT FACT 9.2.21 

The Macaulay duration D(i, co) of a set of cashflows is a weighted 
average of the payment times at which the cashflows occur. If 
the cashflow at time t is C4, the weight given to the time t is 
C,(1 +i) */P(), the proportion of the total price attributable to 
the time t cashflow. 


We note that if the interest rate i were zero, then the Macaulay Duration 
D(i, oo) would be the weighted average used in the method of equated time 
[see Section (2.3)]. Macaulay and modified duration each provide a measure 
of the average length of an investment. Consequently, they are important in 
considering risk arising from the uncertainty of future interest rates when 
money needs to be reinvested. This risk is often referred to as reinvestment 
risk. 


The simplest set of cashflows is a single payment — for instance, the 
redemption payment of a zero-coupon bond. 


EXAMPLE 9.2.22 Duration of a zero-coupon bond 


Problem: An N-year zero-coupon bond is purchased to provide an annual ef- 
fective yield i. Find the Macaulay duration D(i, co) and the modified duration 
D(i, 1). 


Solution The bond has a single cashflow at its redemption time, so the aver- 

age of its payment times is simply N. Therefore, Important Fact (9.2.21) gives 

D(i,oo) = N. Equation (9.2.18) tells us that D(i,1) = (1+i)~'D(i,oo) = 
N 


Ii’ a 


Calculating duration is more complicated for a bond with coupons, as we 
see in our next examples. 


EXAMPLE 9.2.23 Duration of a coupon bond 


Problem: Find the Macaulay duration D(((1.03)? — 1], o0) of a ten-year 8% 
$15,000 bond with semiannual coupons and redemption amount $16,500. 


Solution This bond has twenty semiannual (-£8) $15,000 = $600 coupon 
payments, occurring at times + 3. hele 2, and a redemption amount of $16,500 
at time 2. The given annual effective interest rate is i = (1.03)? — 1, so the 


T 
semiannual interest rate is (1 +i)? — 1 = .03. Therefore, the basic price for- 
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mula tell us that the price of the bond is P(.03) = $600azp)3%, +$16,500(1.03)~*° 
œ~ $18,062.13486. The Macaulay duration of the bond is, according to Impor- 
tant Fact (9.2.21), the weighted average of the payment times at which the 


cashflows occur: The weight given to time t € {3, 2, oe 2) is 
1+) 7 
$600( T i) E $600 (1.03) at 
P(i) $18,062.13486 


and the weight given to time 22 (the maturity time) is 
($600 + $16,500)(1+%) ° _ $600 + $16,500 


= 1.03)”. 
P(i) $18,062.13486 (BOR 


Thus, the Macaulay duration is 


D({(1.03)? — 1], co) 

| (So, 6000.03 (5)) + $16,500(1.03) 7° (>) /s18,062.13486 
20 Lk 

= [s300 (D 0o) r) + 891,356.49944| / $18,062.13486 

= [8300(Ta) am + $91,356.49944] / $18,062.13486. 


We can now use Equation (3.9.6) to compute $300(7a)z03%- We find 


äm% — 20(1.03) 7” 
03 


$300(Ia) soja, = $300 ( ~ $42,502.84023. 


Therefore, 


_, $42,502.84023 + $91,356.49944 


D({(1.03)? —1 N x 7.41104751 
([(2.03)? — 1], 00) $18,062.13486 erm 


for this ten-year coupon bond. | 


We next consider the Macaulay duration of a par-value bond with coupons, 
bought for its redemption amount. In this situation, the Macaulay duration, 
calculated at the bond’s yield rate, turns out to be given by a simple formula. 


EXAMPLE 9.2.24 Duration of a coupon bond purchased at par 


Problem: A noncallable par-value bond has m coupons per year and matures 
at the end of n years. As usual, the coupons are level. Find the Macaulay 
duration D(i,co) and the modified duration D(i,m) where i is the effective 
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annual yield realized by a buyer who purchases the bond for its redemption 
amount and then holds it to maturity. 


Solution Let N = nm be the total number of coupons. The coupons are 
paid at time 4, 2, aiun x. Since the bond was purchased at par, we have 
P = F, which implies that the coupon rate per coupon period r is equal to 
the yield per coupon period j; r = j. Also, since there are m coupons per 


year, we have 1 +i = (1 + )™. Using these equations, we have 


g Sk >—k Sn 
D(i, o) = 5 4 |X (Fr) +5) *| + nF +i) 
k=1 
a (de ee , = 
=F D E +nF(1 +i) 
k=1 
Yk 
=|J OCEN inati” 
k=1 
N 
= pS kI] +n ++i” 
k=1 
= 2 (Ia) qj +n. +i)" 
Ww) J (ast a) ETE 
m j 
= ~ tix, = Xa +N tnai” 
z Lüx F a +j) e + n(1+i)~” 
Län n(1 +i)” +n(1+i)-” 


In obtaining the above equality marked “@)”, we have used Equation (3.9.6). 
The last equality follows from the definition of the symbol ee given in Fig- 
ure (4.3.9). To obtain the modified duration D(i, m), we use Equation (9.2.19). 
We have, 
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The last equality follows from the definitions of a and ay given in Fig- 


ures (4.3.3) and (4.3.9). a 


The result of Example (9.2.24) is significant, and we record it here so that it 
is easy to reference, along with a helpful observation. 


IMPORTANT FACT 9.2.25 


The Macaulay duration of a par-value bond bought for its redemp- 
tion amount, with m coupons per year and a fixed n-year term, is 
ae where 7 is the yield rate to the purchaser. So, the duration 


increases with n and decreases if i or m increase. 


If a bond is bought at a discount, there is a larger redemption payment 
than the price would indicate. The redemption payment is made at the end of 
the term, so this larger redemption payment results in an increased duration 
compared to that in Important Fact (9.2.25). On the other hand, if a bond 
is bought at a premium, the price exceeds the redemption amount, and the 
duration is decreased. 


We next consider the duration for a mortgage that does not allow early 
repayment. How one should measure the length of time until reinvestment for 
a mortgage allowing repayment or for a callable or putable bond is discussed 
in Section (9.7). 


EXAMPLE 9.2.26 Duration of an amortized loan with no early 
repayment option 


Problem: On the first day of the year, Friendly Mortgage Company counts 
among its assets the rights to all future payments on a mortgage having N 
level payments of X remaining, the payments due at the end of each m-th of 
a year. Friendly wishes to determine the Macaulay duration D(i, o0) of this 
asset. Find the numerical value if N = 180, m = 12, and i = 6%. 


Solution Let j be the effective interest rate per payment period. Then, 
since there are m payments each year, we have 1+ j = (1 + i)!/™. If we let 
time zero be the beginning of the year referred to in the statement of the 
problem, then payments are to occur at times +,2,... x. and the present 


m? m? ? 
value of the payment at time E is X(1+ aE. So, the total present value is 
S xa +j) = Xaņ;, and this is the outstanding loan balance if the 
loan was made at the annual effective rate i. Let n = x. The Macaulay 
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duration is 


k=1 
N 
1 1 1 1 
= = ya + 9)*| = - (tay, 
any; m > any mM Nb 
_ 1 1ayy-NO4+5)-% 
an mM j 


You can use the result we have so far to compute D(i, oo) for i = 6%, N = 180, 
m = 12, j = (1.06)!/!2 — 1, but let’s see if we can simplify further. 


Deo =|— On|) Pe Sh. epg yom 
, Mj ayy; M an; j 
_ |1 G+s)em; þe j l ata] 
mj ayy; 1— (1+4) j 


am) FT 
We have used the fact that ea is the effective 4 —year discount rate that is 
equivalent to i. Now suppose N = 180, m = 12, and i = 6%. Then n = As = 
15, and d™ = d0? =12 [1 = (1.06) | So, 


1 n 1 15 


d™ (1+i"-1 12 [1 - (1.06)7* (1.06) — 1 


= 6.462820597. 


The mortgage lasts for 15 years, but the Macaulay duration is less than half 
the length of the mortgage. a 


We next consider the duration of a portfolio of assets, each with known 
Macaulay duration at interest rate i. We suppose that the portfolio consists 
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of s assets and that the k-th asset has present value Pl*l(i) and Macaulay 
duration DI] (i, 00) when figured using compound interest at effective interest 
rate i or the equivalent continuously compounded rate 6. Note that 


PKG) = oar”, 


where ou is the cashflow of the k-th asset at time t. In addition, 


kapp 
mian (MG) 


Then, with P(i) as in Equation (9.2.1), the Macaulay duration of the whole 
portfolio DP tfolio (i oo) is given by 


prorttolio(; oo) = £, Soe a it) /P(i) 
ap ca +a) “t) /P() 
(9.2.27) k=1 zt : 
s pik! (i) 
= DEI i 
Therefore, 
IMPORTANT FACT 9.2.28 


The Macaulay duration of a portfolio is a weighted average of the Macaulay 
durations of the individual assets, the weight given to the duration of an 
individual asset being the proportion of the total price attributable to that 
asset. Moreover, Important Fact (9.2.19) guarantees that you may replace 
“Macaulay” with “modified” in this statement. 


EXAMPLE 9.2.29 Duration of a portfolio of bonds 


Problem: Julian Bradley’s bond portfolio consists of two bonds. Specifically, 
there is a $10,000 five-year zero-coupon bond and a $2,000 6% par-value 
two-year bond with semiannual coupons. Compute the Macaulay duration 
Dpertfolio( 045, 00) for the portfolio. 


Solution Unfortunately, we can not just use Important Fact (9.2.25), be- 
cause the nominal coupon rate, namely 6%, is not equivalent to the interest 
rate i = 4.5% at which we want to calculate the Macaulay duration. How- 
ever, we can determine the individual Macaulay durations D‘W°(.045, 00) and 
D*ve(.045, 00) of the two-year and five-year bonds respectively, and then use 
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Important Fact (9.2.28) to find the Macaulay duration DP°®"tfolio( 045, 00) of 
the portfolio of bonds. 

The two-year bond has semiannual coupons that are each for an amount 
$2,000 (22) = $60 and an additional redemption payment of $2,000 at the 
end of the second year. So, calculated at 4.5%, its price is 


$60(1.045) °° + $60(1.045)~' + $60(1.045)~*? + $2,060(1.045)~? 
æ $2,058.680315, 


and by Important Fact (9.2.21), 


D*™? (.045, 00) 
= 1 so —Ž 
$2,058.680315 (1.045): 
= 1.915703104. 


ee ee 
5 (1.045) (1.045) 


2 
+ $2,060 ———_, 
18 aE) 


This is a bit less than 2, the Macaulay duration of a two-year zero-coupon 
bond. 

The price of the five-year zero-coupon bond to yield 4.5% is the present 
value of the redemption amount $10,000(1.045)~° ~ $8,024.510465. The bond 
has a single payment at the end of five years, and therefore DÊ: (.045, 00) = 5. 

The price of the portfolio, to yield 4.5%, is the sum of the prices of the 
individual bonds, namely $2,058.680315 + $8,024.510465 ~ $10,083.19078. So, 
using Important Fact (9.2.28) or Equation (9.2.27), we calculate 


$2,058.680315 $8,024.510465 
| (1.91 104) 4 - 
Sane ene) SSS 
= 4.370280555. 


Dpportfolio’ 045, o0) x ( 


We end this section by noting that (Macaulay or modified) duration is a 
measure of the length of an investment. However, the duration does not always 
decrease proportionally to the elapsed time. Rather, the way it decreases de- 
pends on the type of investment. To see this, consider Examples (9.2.24) and 
(9.2.26). This observation will be important in connection with immunization 
in Section (9.6), since it implies that immunized portfolios do not generally 
stay immunized without active management. 


9.3 CONVEXITY 


(calculus needed here) 
Modified duration D(i,1) was introduced when we discussed how the 
tangent line could be used to estimate the value of the price function P(i) 
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as interest rates change. As we witnessed in Example (9.2.8), such estimation 
tends to work extremely well for very small changes in the interest rate, but 
using the quadratic approximation (9.2.5) in place of the tangent-line approx- 
imation (9.2.4) may give you a significantly better estimate for larger interest 
rate changes. The quadratic approximation (9.2.5) may be rewritten as 


P(i) — P(io) z P’ (io) 
P(io) P(io) 


P” (io) 


(9.3.1) IPG) (i — io). 


Define the modified convexity by 


P" (i) 
P(i) 


(9.3.2) C(i,1) = 


(We recall that the sign of the second derivative of a function governs whether 
it is concave upward or concave downward. But a function being concave 
is equivalent to a certain associated region of the ry-plane being convex[| 
and this is why the term “convexity” is used.) Using Definitions (9.2.12) and 
(9.3.2), we may rewrite the approximation (9.3.1) as 


(9.3.3) = ao Gs, ET R 


(i — io)” 
2 


Approximation (9.3.3) indicates that if two investments have the same 
modified duration, then the one whose convexity C (io, 1) has the larger ab- 
solute value is apt to have the price that is more sensitive to interest rate 
changes. 

The sign of the modified convexity C (io, 1) is positive if P(io) and P” (io) 
are both positive. Recalling Equation (9.2.7), we see that this is the case 
for a set of nonnegative cashflows, at least one of which is positive — for 


5A subset S of the xy-plane is convex if whenever points P = (x1, yi) and Q = (22, y2) 
lie in S, the line segment joining them consists entirely of points from S. 

Let a < b and suppose f(x) is a function that is differentiable on (a,b) and continuous 
on [a,b]. Further suppose that Sla,b] is the subset of the xy-plane bounded by the graph 
{(x, f(x))|a < x < b} along with the line segment joining the points (a, f(a)) and (b, f(b)). 
The function f(x) is concave upward on the interval [a, b] if its graph { (x, f(ax))|a < x < b} 
curves in a counterclockwise direction and it is concave downward on the interval [a, b] 
if its graph {(æ, f(x))]a < x < b} curves in a clockwise direction. The function f(x) is 
concave, either upward or downward, on [a,b] if and only if the subset Sta,p] İS convex. 

It is a standard fact of calculus that f(x) is concave upward on [a,b] exactly when the 
derivative f'(x) is an increasing function on [a,b], and the condition for f(a) to be concave 
downward on [a,b] is that the derivative f'(x) be a decreasing function on [a,b]. Therefore, 
for a twice differentiable function on (a,b), the second derivative f’’(x) being positive on 
(a,b) is equivalent to the function being concave upward on [a,b], while f” (x) being negative 
on (a,b) is exactly what is needed for the function to be concave downward. 
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example, for the set of cashflows obtained by the holder of a bond. Comparing 
Approximations (9.2.9) and (9.3.3), if the convexity is positive, we would guess 
that the estimate of the relative price change given by Approximation (9.2.9) 
is too low. 


EXAMPLE 9.3.4 


Problem: A five-year zero-coupon bond redeemable at C is purchased to 
provide an annual effective yield of 6%. Find the modified convexity C (i, 1). 
Use this, along with the modified duration D(i,1), to estimate the relative 
price change if the interest rate goes up by 100 basis points. 


Solution The bond provides a single cashflow C at time 5, so has price func- 
tion P(i)=C(1+i) >. Therefore, P’(i)=—5C(1+i)~°, P” (i) =30C(1+ i)‘, 


D(i,1) 


WG ed 
[=sca |- 5 and C(4,1) = C+) _ _ 30 k 
Ca++) | 1+i Ca++) (+i) 


Approximation (9.3.3) thus gives us 


P(i) — P(.06) 
P(.06) 


2 


D(.06, 1)(é — .06) + C(.06, 1) 


5. _ 30 | (= .06)? 
= 06 .06) 4 <a 5 | 


(i — .06)” 
2 


Thus, if the interest rate goes up by 100 basis points, so that it is 7%, the 
relative price change is estimated by (9.3.3) to be 


0b) 
2 (.01) 4 2 5 cL Pe 047169811 + .001334995 ~ —.045834817. 
1.06 (1.06) 2 


Approximation (9.2.9) would yield the estimate —.047169811. In fact, the issue 
price of the bond to yield 6% is C/(1.06)”, and the issue price to yield 7% is 
C/(1.07)°. So, the exact relative price change is 


5 5 7 
C/(1.07) 27108) z GS) 1 ~ —.045863658. 
C/(1.06) 1.07 


Approximation (9.3.3) does indeed give a better approximation than (9.2.9). 
a 


So far, we have introduced the modified convexity C(i9, 1), which arose 
naturally as we considered the price as a function P(i) of the annual effective 
interest rate, and the second Taylor polynomial of P(i). Of course, for any 
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positive number m, the price of a fixed set of cashflows may also be thought 
of as a function of the nominal interest rate i”) or of the force of interest ô. 
For any positive number m, we define the modified convexity C(i,m) and 
Macaulay convexity C(i, co) by 


P 
. dir)? 
(9.3.5) C(i,m) = PO?’ 
and 
dP 
; — dô? 
(9.3.6) C(i,co) = PO 


Since P(t) = Wisp C +i) * = >o Cre7, the Macaulay convexity 
is given by g g 


9.3.7 = cae 
(9.3.7) sep Ye reir 


So, just as we can view the Macaulay duration as a weighted sum of the 
times of the cashflows [see Important Fact (9.2.21)], we see the Macaulay 
convexity as a weighted sum of the squares of the times of the cashflows. 
Specifically, we have 


IMPORTANT FACT (9.3.8) 

The Macaulay convexity C (i, co) of a set of cashflows is a weighted 
average of the squares of the times at which the cashflows oc- 
cur. If the cashflow at time t is C, the weight given to t? is 
C,(1+%) */P(é), the proportion of the total price attributable 
to the time t cashflow — the same weight as is used to compute 
the Macaulay duration. 


Section 9.3 Convexity 471 


We now know that the Macaulay convexity is easy to compute, as is the 
Macaulay duration. Moreover, you can quickly find the modified convexity 
C(i,m) if you know both the Macaulay convexity and the Macaulay duration. 
In fact, 


C(i, 00) + $ D(i, 00) 
ae 


The derivation of Equation (9.3.9) is a calculus exercise, and Problem (9.3.5) 
guides you through it. 


(9.3.9) C(i,m) = 


EXAMPLE 9.3.10 


Problem: As in Example (9.3.4), a five-year zero-coupon bond is purchased to 
provide an annual effective yield of 6%. Find the Macaulay convexity C (i, 00), 
and verify that in this case, Equation (9.3.9) with m = 1 is correct. 


Solution ‘There is a single cashflow made at t = 5. So, according to Im- 
portant Fact (9.3.8), we have Macaulay convexity C(.06,00) = 5? = 25. The 
Macaulay duration D(.06, 00) = 5, the time of the lone payment. Thus, equa- 
tion (9.3.9) gives 


the same value for the modified convexity as we found in Example (9.3.4). E 


It is worth noting conditions that guarantee that the Macaulay duration 
D(i, oo) is a decreasing function of i. The reason for our interest is that, if 
D(i, oo) is a decreasing function of i, when the interest rate increases, the 
average length of the investment decreases. This may be important if you are 
trying to match the duration of your assets to the duration of your liabilities, 
in an effort to protect yourself from interest rate risk. Remember, not all 
durations change with an interest rate shift: In particular, the duration of a 
zero-coupon bond is equal to the time until the single redemption payment, 
no matter what the interest rate may be. 


We note the following assertion that gives conditions for D(i, o0) being a 
decreasing function of i. 


472 Chapter 9 Interest rate sensitivity 


CLAIM 9.3.12 

If all the cashflows are positive and there is more than one time 
at which there is a nonzero cashflow, then the Macaulay duration 
D(i,oo) [and hence each of the modified durations D(i,m)]| is 
a decreasing function of the interest rate i. When one increases 
the interest rate, the present values of all of the cashflows are 
affected. However, there is a greater change in the later cashflows 
and consequently the duration decreases. 


Our proof of Claim (9.3.12) will use a measure of how spread out the 
payment times are around the Macaulay duration. Define the dispersion 


(9.3.11) Disp (i) = ao yk- D(i, 00)} Cre”. 
t>0 


Note that |t — D(i, 00) }” is always nonnegative, so there is no chance that 
values less than D(i, o0) compensate for values greater than D(i,0o), as there 
would be if we dropped the exponent 2. 


Proof of Claim (9.3.12): Let’s take a closer look at the dispersion. Note 
that expansion of the squared term in Equation (9.3.11), the definition of 
Disp(i), gives 


1 
Dispi) = Bay | Do PC — 2D(i,00)#Cre-™ + [DU 00)] Cre” 
t>0 
Z 1 2 ôt ` —ôt 
= Pw 2" Cre — 2D(i, co) Pl J2 tre 
t>0 t>0 


But Equations (9.3.7) and (9.2.19), respectively, tell us that PO Liso Cre 
= C(i,œ) and PO tzo tC,e~* = D(i,oo), and of course by Equation 
(9.2.1) phy Meso Cre” = phy iso Cell + 4)” = 1, so we have 


(9.3.13) Disp(i) = C(i, œ) — [D(i, 00)]’. 
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Now compute the derivative of D(i, o0) with respect to the force of interest ô. 
Using the product rule and chain rule, from Equation (9.2.16) we obtain 


ie d dP 
tie) = 3 (-PO)"F) 
= (oS) F- cor 


= [D(i,oo)]* — Cli, œ) = — Disp(i). 


(9.3.14) 


Equation (9.3.14) tells us that the derivative 4 D(i, oo) is negative when the 
dispersion Disp(i) is positive. By Definition (9.3.11) this happens when there 


are cashflows at more than one time and all the cashflows are positive. 


We end the section with an example of convexities of a bond with coupons, 
followed by a discussion of the Macaulay convexity of a portfolio of bonds. 


EXAMPLE 9.3.15 Convexity of a bond 


Problem: An N-year zero-coupon bond has the same duration as a two-year 
8% bond with annual coupons, when figured at the current yield rate of 5%. 
Calculate the Macaulay convexity of the two-year bond and of the N-year 
zero-coupon bond. Which is more sensitive if the interest rate increases from 
5% to 6%? 


Solution We begin by calculating the Macaulay duration and the Macaulay 
convexity of the two-year bond. To do so, we note that if the two-year bond has 
face value F, then it provides the holder of the bond with a payment of .08F at 
the end of one year and a payment of 1.08F (coupon and redemption amount) 
at the end of two years. Therefore, at the current interest rate of 5%, the two- 
year bond sells for .08F'(1.05)~' + 1.08F(1.05)~” ~ 1.055782313F. Therefore, 
applying Important Fact (9.2.21), we obtain the following Macaulay duration 
for the two-year bond at the current interest rate: 


S| See 


D(. zi| —— ——— | © 1.92 2. 
Co r Se | eh 
In addition, Important Fact (9.3.8) tells us that the Macaulay convexity of 


the two-year bond is 


O8F(1.05)~! : enn 


C(.05 py 1? | = SSeS 
(Teese) G 1.055782313F 


) & 3.783505155. 

Since the duration of a zero-coupon bond is its term until maturity, and we 
require that the N-year zero-coupon bond has the same duration as the two- 
year bond, we must have N ~ 1.927835052. But then, the zero-coupon bond 
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has Macaulay convexity C(.05,00) = N? ~ (1.927835052)" ~ 3.716547986 
which is slightly less than the Macaulay convexity of the two-year bond. The 
convexities are very close, so we would expect that the sensitivity to small 
interest rate shifts would also be close. 

We next wish to determine which bond’s price is more sensitive to an inter- 
est rate shift from 5% to 6%. If the interest rate goes up to 6%, then the price 
of the two-year bond is .08F (1.06) ~* + 1.08F (1.06)? z~ 1.036667853F, and 
the relative price change is about +236667853F—1.055782313F ~ _ 918104546. 


1.055782313F 
On the other hand, the relative price change of the zero-coupon bond is 


(1 Ono PAN (1 05) 192938052 


(1.05) 1227835052 ~ —.018107508. 


The values of the relative price changes are very close, as we might expect 
from the fact that the convexities are close. It is worth noting that convexity 
of the zero-coupon bond is slightly smaller, but the relative price change of 
the zero-coupon bond has absolute value that was slightly larger; this alerts 
us to the fact that the quadratic approximation does not tell the whole story, 
and that this would require the whole Taylor series! E 


We have previously noted that by stripping off the coupons of a bond 
with coupons, you may view a bond with coupons as a portfolio of zero- 
coupon bonds. Important Fact (9.2.21) explained how to find the duration of 
a portfolio of cashflows from the duration of the component cashflows, and 
there is a similar statement for how one might compute the convexity of a 
portfolio of cashflows from the individual convexities. 


IMPORTANT FACT 9.3.16 

The Macaulay convexity of a portfolio is a weighted average of the 
Macaulay convexities of the individual assets, the weight given to 
the convexity of an individual asset being the proportion of the 
total price attributable to that asset. 


The verification of Fact (9.3.16) is left as an exercise [Problem (9.3.6)]. 


EXAMPLE 9.3.17 Convexity of a portfolio of bonds 


Problem: As in Example (9.2.29), Julian Bradley’s bond portfolio consists of 
a $10,000 five-year zero-coupon bond and a $2,000 par-value two-year 6% bond 
with semiannual coupons. Compute the Macaulay convexity CP°*l (045, 00) 
for the portfolio. 


Solution We first find the individual Macaulay convexities C'°(.045, 00) 
and CÊY°(.045, 00) of the two-year and five-year bonds respectively, and then 
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use Important Fact (9.3.16) to find the Macaulay convexity CP°l9 (045, 00) 
of the portfolio of bonds. For our solution, it is useful to recall the prices, to 
yield 4.5%, that were found in the solution to Example (9.2.29): The two-year 
bond has price $2,058.680315, the five-year bond has price $8,024.510465, 
and the portfolio has as its price the sum of these individual prices, namely 
$10,083.19078. 

The two-year bond has semiannual $60 coupons and an additional $2,000 
redemption payment at the end of two years, so Important Fact (9.3.8) tells 
us that 


C**°(.045, 00) 


1 (.5)° 1? (1.5)? 32 ) 
= $60 $60 $60 + $2,060 
$2,058.680315 ( (1.045)°° j (1.045) i (1.045)"" (1.045)? 


~ 3.761671472, 


which is a little less than the convexity 2? = 4 of a two-year zero-coupon bond. 
The Macaulay convexity of the five-year zero-coupon bond is 25, the square 
of the term of the bond. Therefore, Important Fact (9.3.16) tells us that the 
Macaulay convexity of the portfolio is 


$2,058.680315 
$10,083.19078 


_ ($8,024.510465 
' \$10,083.19078 


Creel 045, oo) x ( ) (3.761671472) 


) (25) ~ 20.66378046. 


9.4 USING DURATION TO APPROXIMATE PRICE 


(calculus needed here) 

In Example we demonstrated that the Taylor polynomial approx- 
imations, given by Approximations (9.2.4) and (9.2.5), give good estimates of 
the present value, or price, of a set of cashflows P(i) for i close to tp. But 
why would one bother studying an approximation method when one can just 
calculate the price? To see one possible reason, imagine a corporation that 
manages a very large portfolio of various bonds that it will redeem, reinvest, 
or sell to pay its future liabilities. A change in interest rate can have different 
implications depending upon the direction and magnitude of the change, and 
you may need to calculate the value of the portfolio for a set of hypothetical 
interest rates. 

There are two approaches you can take to calculate the value of the portfo- 
lio at a given hypothetical interest rate. One is to use the hypothetical interest 
rate to calculate the price of each individual bond, then add them together to 
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find the value of the portfolio. Another approach is to first find the price and 
duration of the portfolio at the current interest rate, then use an approxima- 
tion method to estimate the price of the portfolio at the hypothetical interest 
rate. Ideally, the approximation method would be simple enough to carry out 
with a handheld calculator. With such an approximation method, the second 
approach would allow you to quickly calculate the value of the portfolio for 
multiple hypothetical interest rates. 

In this section, we will name two approximations of the price of a set of 
cashflows. Fix a set of cashflows {C; : t > 0} with only finitely many of the C} 
being nonzero and a reference time zero at which we value the set of cashflows. 
Let ig be the initial interest rate. We define a function P for i > 0 by 


(9.4.1) P= Q+). 


t>0 


This is the same setup used in Section (9.2) where we defined the modified 
duration D(i,1) and Macaulay duration D(i,oo). We continue to assume a 
flat term structure of interest rates and that the term structure experiences 
parallel shifts. We also continue to assume that a small change in interest rate 
will not change the amounts and timing of the cashflows. Depending on the 
given set of cashflows, this assumption may not hold. For example, a mortgage 
may allow for early repayment; the borrower may choose to refinance if the 
interest rate falls. Another example is a callable bond for which a decrease in 
interest rate may trigger a call. The methods we introduce in this section and 
the next will be inappropriate for those situations. 


Given a set of cashflows and initial interest rate iọ, we can calculate P(io), 
D(io,œ0), and D(io, 1) as we have done in section (9.2). Let i be an interest 
rate close to ig. We would like to find expressions for P(i) that are written in 
terms of ig and i — io. 


The first-order modified approximation of the price P(i) is 
given by 


(9.4.2) P(i) © P(ig) [L — D(in, 1)(i — io)] - 


The first-order Macaulay approximation of the price P(i) is 
given by 


1+ %o ) Ago es) 


(9.4.3) P(i) & Pio) ( EE 
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Approximation (9.4.2) is Approximation (9.2.4) rewritten using Definition 
(9.2.12) for io rather than i. We will derive Approximation (9.4.3), but first 
we look at an example showing its use. 


EXAMPLE 9.4.4 Using Approximations and for a coupon 
bond 


Problem: A $5,000 twenty-year 8% bond with annual coupons has 
D(5.2%, 00) = 11.857 and P(5.2%) = $6,715.50. Find the first-order modified 
approximation and and the first-order Macaulay approximation of P(5.4%). 
Repeat for P(5.1%). 


Solution We will need the modified duration, D(5.2%,1) = PU 27,00) | 
With it, the first-order modified approximations are 


11.857 
1.052 


P(5.4%) ~ ($6,715.50) h (0.054 0.052) ~ $6,564.12 


and 


11.857 
1.052 


P(5.1%) =~ ($6,715.50) i (0.051 0.052) ~ $6,791.19. 


The first-order Macaulay approximations are 


1.052 


P(5.4%) ~ ($6,715.50) (= 


11.857 
) ~ $6,565.95 


and 


1.052 11.857 
P(5.1%) ~ ($6,715.50) (se) ~ $6,791.65. 


The first-order modified approximation was derived by looking at a tan- 
gent line approximation to the price function P(i). We will derive the first- 
order Macaulay approximation by looking at a tangent line approximation to 
another function. 

The Macaulay duration is a measure of the length of time of an invest- 
ment. Let V (i) be the value of the set of cashflows at time D(io, 00), calculated 
using the interest rate i. Since P(i) is the value of the set of cashflows at time 
0, we have 


(9.4.5) V(i) = P(a)(1 + i) P69., 


Observe that V is differentiable with respect to i. For i close to io, the tangent 
line approximation of V (i) is 


(9.4.6) V(t) ~ V(to) + V’ (io) (é — io). 
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By taking the derivative of V with respect to 2, 
Via) = P(A) + i) P C000) + P(i)D(io, œ0)(1 + i) P (o0) -1 
(i) _ Dio, 00) 
Po” 1+i 
D(io, 00) 
a 1+i 
—D(i, 00) oon) 
eS : 
1+7 1+2 
= P(i)(1+ i)P%)-! [D(ig, 00) — D(i, 00)). 


= P(i)(1 + Po) É 


(9.4.7) = P(i)(1 + i)P o) |- 


= P(i)(1 + i) P o9) | 


In particular, for i = io, 9.47) gives us 
(9.4.8) V' (io) = P(io)(1 + io)? ©- [D(io, 00) — D(io, 00)] = 0. 
It thus follows from Equation (9.4.6) that 
V (i) ~ V (io). 
So Equation (9.4.5) implies 
P(i)(1 HPE = P(ig)(1 + io) P, 
Solving for P(i), we now have the first-order Macaulay approximation 


1 fe io D(io,co) 
1+i ` 


P(i) ~ P(io) ( 


Under a fairly general condition, the first-order Macaulay approximation 
provides a better approximation than the first-order modified approximation. 
More specifically, we have the following fact: 


IMPORTANT FACT 9.4.9 
If all non-zero cashflow amounts are positive, then the first-order 
Macaulay approximation is more accurate than the first-order 
modified approximation. 


We establish this fact by proving Claim (9.4.10), and then Claim (9.4.16). 


CLAIM 9.4.10 

If all non-zero cashflow amounts are positive, then the first-order 
Macaulay approximation is greater than or equal to the first-order 
modified approximation. 
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Proof of Claim (9.4.10): Define F; (i) and F,,(i) by 


(9.4.11) F,(i) = P(io) [1 — D(io, 1) (i — io)] 
and 

i D(io,co) i —D(io,o) 
(9.4.12)  Fyo(i) = P(io) (= 2) =P (==) , 


By taking the derivative of F',,(i) with respect to i, we have 


P(io)D(io, oo) ( 1+i pen 


Al PGs 
eld) oo (#) TF io Fio 


and 


(9.4.14) FY (i) = 


P(io)D(io, 00) [D (io, 00) + 1] ( 1+i ak 
(1 + tg)? Er . 


For each value of i, Taylor’s Theorem with Remainder tells us that there is a 
number j between i and io such that 


F% (j) 
2 


(9.4.15) Fæ(i) = Fæ (io) + F$ (io)(i — io) + (i — io)’. 


Note that since all the non-zero cashflows are positive, P(iọ) > 0. Then, 
Equation (9.4.14) tells us that F” (j) > 0. Hence, Equation (9.4.15) becomes 


Foo(t) > Foo(to) + FS, (io) (i — io) 


= P(io) A ie i io) 
= P(io) — P(io)D(io, 1)(i — io) 
= F; (i) 
which proves Claim (9.4.10). a 


CLAIM 9.4.16 
If all non-zero cashflow amounts are positive, then P(i) is greater 
than or equal to the first-order Macaulay approximation. 


Proof of Claim (9.4.16): The case where there is exactly one positive cash- 
flow is left as an exercise [see Problem (9.4.4)]. Suppose there are at least two 
positive cashflows. Let V be the value of the set of cashflows at time D(ig, 00). 
This is the same function used in the derivation of the first-order Macaulay 
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approximation (Equation (9.4.5)). By Taylor’s Theorem with Remainder to- 
gether with Equation (9.4.7), there is a positive number j between i and ig 
such that 


V(i) = V (io) + V4) (4 — io) 
(9.4.17) e j 9) P(éo.09) 


P(J)(1 + fy?) [D (ig, 00) — DCJ, 00)] (4 — to). 


Now, D(i, co) is a decreasing function of i from Claim (9.3.12). If i < io, then 
we have i < j < io. This implies D(j,0o) > D(io, 00) and 


(9.4.18) P(j)(1 + j)? [D(in, 00) — D(j, 00)] (i — io) > 0. 


If i > io, then we have i > j > io. This implies D(j,co) < D(io,oo) and 
Inequality (9.4.18) still holds. Together with (9.4.17), we have 


V(t) 2 P(io)(1 + ig) P09), 


Using Equation (9.4.5) and solving for P(i), we conclude that 


1+ io D(io,00) 
1+i 


which completes the proof of Claim (9.4.16). a 

One can show that when the non-zero cashflows are not all positive, then 
the first-order Macaulay approximation of P(i) is not necessarily better than 
the first-order modified approximation. 


9.5 USING DURATION AND CONVEXITY TO APPROXIMATE PRICE 


(calculus needed here) 

The first-order modified approximation and the first-order Macaulay ap- 
proximation of P(i) were derived from the tangent line approximations of 
the functions P(t) and V (i), respectively. By using the second Taylor polyno- 
mial approximations of the same, we can derive the second-order modified 
approximation and the second-order Macaulay approximation. 


The second-order modified approximation of P(i) is given 
by 


(i — io)? 


(9.5.1) P(i) = P(io) |1 — D(io, 1)(é — io) + Cio, 1) 
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The second-order Macaulay approximation of P(i) is given 
by 


. D(io,co) 
; ; 1+ to 
P(i) ~ P(io) ( iti ) 


; [i+ a (= Pest) | 


(9.5.2) 


The second-order modified approximation is Equation (9.2.5), rewritten 
using Definitions (9.2.12) and (9.3.2) with io replaced by i: 


P” (io) 
2 


P(i) = P(io) + P’ (in) (i — io) + (6 — io)? 
~ P(in) — D(io, 1)P(io)(i — io) + C (io, DP E 


~ P(io) |1 — D(io, 1)(i — io) + C (io, peen 


To derive the second-order Macaulay approximation, we start with the same 
function that we used to derive the first-order Macaulay approximation in 
Section (9.4), 


(9.5.3) V (i) = P(i)(1 + i)P ©), 


To simplify the notation, let us write T = D(io, co). Note that T is a constant 
with respect to i. Because of this, we have 


V'i) = POTA +T! + P(A ++ i)T 
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and 
V") = PG) -T(T -1) +07? +2P'(@)-TA+07" 
+ P(Q +4)" 
= P(i) (1 +i)? 
x [TT -1) +25 TL +4) + an (1 +3) 
(9.5.4) = P(i)(1 +i)? 


x [T(T —1)- 2D(i,1)(1 +i): T + C(i,1)- (1 +i)°] 
= P) (1 + i)? 
T — 1) —2D(i,co)-T + C(i,1)- (1 +1)°] 
= P(i)\(1 +i? 
x [T(T — 1) — 2D(i, 00) - T + C(i, oo) + D(i, œ0)] . 


The last two lines of (9.5.4) follow from Important Fact (9.2.19) and Equation 
(9.3.9). In particular, for i = io, we have 


x 
= 


V” (io) = P(io)(1 + io)? 
pee x [F(T — a lee T + C (io, cc) + D(io, c0)| 
( o ) = P(io)(1 kg io)? =? [T(T - mne 2T? + C (io, co ) + T] 
= P(io)(1 -T io)? = [C (io, oo) rls 
The second Taylor polynomial of V (i) centered at io is 
(9.5.6) V(i) & V(io) + V’ (io)(i — io) + 2 (i —ig)?. 


Recall that V’ (io) = 0 by (9.4.8). Together with Equations (9.5.5) and (9.5.3), 
Equation (9.5.6) can be rewritten as 


P(i)(1 +i)? ~ P(io)(1 + i9)? +0- (i — io) 


+ P(io)(1 + io)" ~? [C (io, œ) — T?] an 
ns P(in)(1-+ to)? h + path (Clio 00) — T]- J 


We finish by solving for P(i) and writing D(io, co) instead of T to obtain the 
second-order Macaulay approximation of P(i), 


= ie ea (Cue) -peaty 


1+2 


P(i) © P(io) ( 
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EXAMPLE 9.5.7 


Problem: A $5,000 twenty-year 8% bond with annual coupons sells for 
$6,715.50 to yield 5.2%. The Macaulay duration D(5.2%, 00) of this bond is 
11.857 and its Macaulay convexity C(5.2%, oo) is 188.191. Find the second- 
order modified approximation and the second-order Macaulay approximation 
of P(5.4%). 


Solution We will need the modified duration, D(5.2%,1) = 262%), 
and modified convexity, C(5.2%, 1) = C@2% a) + DG. 2%,00) = EE = 
oae . The second-order modified approximation is 
P(5.4%) 
11.857 200.048 (0.054 — 0.052)? 
~ ($6,715.50) |1 .054 .052) 4 : 
(86, ) | 1.052 (0-054 — 0.052) + F 2 


zæ $6,566.548163 ~ $6,566.55. 
The second-order Macaulay approximation of is 


P(5.4%) 
~ ($6,715.50) (Te) ne i : (ou = n a = usin) 


1.054 1.052 2 
= $6,566.519166 ~ $6,566.52. 


9.6 IMMUNIZATION 


(calculus needed here) 

A set of cashflows may be broken up into inflows and outflows. The 
promised inflows are assets and the required outflows are liabilities. The total 
inflow at time t will be denoted by A; and the total outflow at time t will be 
called Ly; so Ay > 0 and L; > OP] Throughout this section we assume that 
the cashflows do not depend on the interest rate i. There may be offsetting 
inflows and outflows, and the net cashflow inward at time t is the difference 
A; — Lı. We denote the surplus valued at interest rate i by S(t). That is, 


(9.6.1) S(i)=S°(A,-L)d+i)*=S 0A (1 +i '- SOL (+a). 


t>0 t>0 t>0 


Note that S(i) is just the price function P(i) of the portfolio that consists of 
the assets and the liabilities. 


6You have already seen this notation used in Example (9.2.8). 


484 Chapter 9 Interest rate sensitivity 


A nonnegative surplus means that the time 0 value of the assets 
is greater than the time 0 value of the liabilities; you are ahead 
by an amount S(i). If you have a negative surplus, you are behind 
and this may have significant consequences. 


We will next show that if a portfolio of cashflows is such that S(io) = 
0, S' (io) = 0, and S” (io) > O where ip is the current interest rate, then for 
sufficiently small changes in the interest rate, the surplus is positive; that is, if 
io is your current yield rate, making S(i9) = 0, and you also have S” (io) = 0, 
and S” (io) > 0, then nearby interest rates would make you no worse o, 


Note that the surplus is zero when the value of the set of assets is equal 
to the value of the set of liabilities. Moreover, by Definition (9.2.12), the 
condition that the derivative S’(i) must be zero is equivalent to the duration 
of the assets equaling the duration of the liabilities. (Here it doesn’t matter 
whether we use modified duration or Macaulay duration, but we do need 
to use the same kind of duration for the assets as we do for the liabilities.) 
Further note that by Equation (9.3.2), the second derivative 9” (i) is positive 
precisely when the convexity of the assets is greater than the convexity of the 
liabilities. 


Assume that we have the following conditions: 


(9.6.2) S(to) = 0, S" (io) = 0, and S” (ig) > 0. 


Then, if h is very small, the first three terms of the Taylor series expansion 
for S(i) around ig give us the approximation 


S(io +h) © S(io) + S'(io)h 4 Sn 


2 _ S” (io) 
E 2 


which is just Equation (9.2.5) with i = io + h. Thus, 


TWe remind you that we continue to assume that there is a flat yield curve and that any 
shift in the yield curve results in a new parallel yield curve. You may encounter the term 
“C3 risk” or “C-3 risk.” This refers to risk that is due to change in the shape of the yield 
curve as well as to the risk due to parallel shifts that we allow. In addition, “C3 risk” must 
deal with the fact that many cashflows are interest rate sensitive, a serious complication 
that we are not permitting. 
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IMPORTANT FACT 9.6.3 (Redington immunization) 

e If Condition (9.6.2) holds, if the yield curve is flat, and if all 
shifts in the yield curve are parallel, then S(i9 + h) > 0 for h 
sufficiently small. 

e Condition (9.6.2) is equivalent to the assets and liabilities hav- 
ing equal present values and equal Macaulay durations, and the 
Macaulay convexity of the assets being larger than the Macaulay 
convexity of the liabilities. 


While Redington immunization (9.6.3) does not tell you how small h needs 
to be for you to be certain to have a surplus, it is still quite useful. 


EXAMPLE 9.6.4 Redington immunization 


Problem: Alan and Peabody Insurance is obligated to make a payment of 
$120,000 in exactly four years. In order to provide for this obligation, their 
financial officer decides to purchase a combination of two-year zero-coupon 
bonds and five-year zero-coupon bonds. Each of these is sold to yield an annual 
effective yield of 4.5%. How much of each type of bond should be purchased so 
that, together with the $120,000 outflow in four years, the zero-coupon bonds 
constitute a portfolio satisfying Redington immunization Condition (9.6.2) at 
an annual effective interest rate of 4.5%? How does this immunization help? 


Solution Let a denote the amount spent on two-year bonds and b the 
amount spent on five-year bonds. Then, the present value of the assets, when 
figured using the annual effective interest rate 4.5% is a + b, and Important 
Fact (9.6.3) says that for Redington immunization this must equal the present 
value of the $120,000 liability to be paid in four years, again figured at 4.5%. 


Therefore, 
_ $120,000 


7 © $100,627.3612. 
(1.045) 
We will settle for a + b = $100,627.36 because, as usual, there is no way to 
pay fractional numbers of cents. 

Next, according to Important Fact (9.6.3) again, we need the Macaulay 
durations of the set of two assets to equal 4, the Macaulay duration of the 
single liability at time 4. Recalling Important Fact (9.2.21), the portfolio of 


assets has Macaulay duration 2 (=) +5 (=). and therefore the duration 


a+b a+b 
condition for Redington immunization is 
2a 5b 
+ =4. 
a+b a+b 


Multiplying this condition by a + b we have 2a + 5b = 4a + 4b. Thus, we 
must have b = 2a as well as a + b = $100,627.36. Therefore, we want 3a = 
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$100,627.36. So a ~ $33,542.4533 and b = $67,084.90667. Since these purchase 
amounts must have whole numbers of cents, we take a = $33,542.45 and 
b = $67,084.91. 

Now, let us compute the Macaulay convexity of the portfolio of assets and 
see whether it exceeds 4? = 16, which is the Macaulay convexity of the single 
liability to be paid at time 4. Using Important Fact (9.3.8), we see that the 
set of assets has Macaulay convexity 


$33,542.45 2 $67,084.91 2 
2° 4 5° x 18. 
$100,627.36. $100,627.36. 


This is greater than 16, so the portfolio satisfies the Redington immunization 
Condition (9.6.2) at interest rate 4.5%. 

Let us now consider how paying $33,542.45 for two-year bonds and 
$67,084.91 for five-year bonds might help you if these bonds were purchased to 
yield 4.5%. The two-year bonds will provide $33,542.45(1.045)” ~ $36,629.19 
in two years, and the five-year bonds produce a redemption payment of 
$67,084.91(1.045)° ~ $83,600.00 in five years. If interest rates rise 50 basis 
points to 5%, at time two years, then the five-year bond, with three years 
before it may be redeemed for $83,600, may be sold for $83,600(1.05)~° ~ 
$72,216.82. Combine this with the $36,629.19 redemption from the two-year 
bond to obtain $36,629.19 + $72,216.82 = $108,846.01. You may invest this 
total for two years at 5%, giving you $108, 846.01(1.05)? ~ $120,002.73, $2.73 
above the amount you need to cover your liability. On the other hand, if in- 
terest rates go down by 50 basis points to 4%, you should sell the five-year 
bonds at the end of two years for $83,600.00(1.04)~° ~ $74,320.10. Once 
again, combine the money obtained from the sale of the five-year bond with 
the redemption amount $36,629.19, this time realizing a total of $36,629.19 + 
$74,320.10 = $110,949.29, and invest this for two years. This will result in 
$110,949.29(1.04)” ~ $120,002.75. Once again, you have a little money left 
after you take care of the $120,000 obligation: This time you are left with 
$2.75. You immunized yourself against small interest rate changes, either up 
or down. E 


We now modify the above example so that the two-year bond has coupons. 


EXAMPLE 9.6.5 Redington immunization 


Problem: Alan and Peabody Insurance is still obligated to make a payment 
of $120,000 in exactly four years. In order to provide for this obligation, their 
financial officer now decides it is better to purchase a combination of two- 
year par-value 6% bonds with semiannual coupons and five-year zero-coupon 
bonds. Each of these is sold to yield an annual effective yield of 4.5%. How 
much of each type of bond should be purchased so that, together with the 
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$120,000 outflow in four years, the zero-coupon bonds constitute a portfolio 
satisfying Redington immunization condition (9.6.2) at interest rate 4.5%? 


Solution We begin, just as we did in Example (9.6.4), by letting a denote 
the amount spent on two-year bonds and b the amount spent on five-year 
bonds. Once again, the fact that the present value of the assets must equal 
the present value of the liabilities implies that a + b = $100,627.36. 

Observe that we have seen such two-year and five-year bonds in Exam- 
ples (9.2.29) and (9.3.17), and that we calculated that the two-year bond 
has Macaulay duration equal to 1.915703104 and its Macaulay convexity is 
3.761671472. The zero-coupon bond has Macaualy duration equal to 5 and 
Macaulay convexity 25. 

Using Important Fact (9.2.21), we find that the Macaulay duration of the 


assets is 
1.915703104) (—2_) +5 ( 
i a+b a+b)` 


But this must equal the Macaulay duration of the liability, namely 4. There- 


fore, 
a b 
1.91 104 | =4 
( 915703104) (5) 5(5) : 


and so 1.915703104a + 5b = 4a + 4b, and b = 2.084296896a. 

The two-year coupon bond has slightly lower duration than the zero- 
coupon bond of Example (9.6.4). To accommodate this in our Redington 
immunization duration condition, we need to devote a little less of our total 
spending to the two-year bond. Then a+b = $100,627.36 gives us 3.084296896a 
= $100,627.36. So, a ~ $32,625.70479 and b ~ $68,001.65521. The purchase 
amounts a and b must each be a whole number of cents, so a = $32,625.70 and 
b = $68,001.66. Finally, we need to check the convexity condition. The liability 
once again has Macaulay convexity 16. To determine the Macaulay convexity 
C(4.5%, 00) of the portfolio of assets, we use Important Fact (9.3.16), along 
with the convexities taken from Example (9.3.17). Then, the portfolio of assets 
has Macaulay convexity that is approximately 


$32,625.70 $68,001.66 
$100,627.36. $100,627.36. 


) (3.761671472) + ( ) 5? ~ 18.114. 

Again this is greater than 16, so we have an immunized portfolio. We note 
that the calculation with coupon bonds is significantly longer. Sometimes, it 
may be a good idea to first use zero-coupon bonds to get a basic feel for your 
situation. a 


Let us now consider how you might try to structure a portfolio of cashflows 
so that you are protected from large interest rate changes as well as small ones. 
Not surprisingly, this is not generally easy to implement. 
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To begin with, suppose that you have a set of three cashflows consisting 
of a single outflow of amount L to be paid at time T and inflows U due at 
times T —u and W due at time T+w. This was the situation in our Redington 
immunized portfolio of Example (9.6.4). 


CASHFLOW: U —L W 
TIME: 0 T-—u T T+w 


S(6) a5 Ue oF -4) _ Leo! 4 We (Ftv) E e OF (Ue™ 3 L + We *) ; 


the net present value (or surplus) of the set of cashflows. By dp we indicate 
the current force of interest, and we stipulate that S(ôo) = 0 and $’(d9) = 0. 
It may be established by an argument given in the optional technical note at 
the end of this section that these two assumptions are enough to force S(6) to 
be positive for any ô Æ do. So, the pair of conditions S(d9) = 0 and $’(d9) = 0 
are enough to guarantee that a change in the interest rate from the current 
rate S(ôo) will increase the value of the surplus. 


IMPORTANT FACT 9.6.6 (Full immunization) 

Let 69 denote the current force of interest. Suppose a portfolio 
consists of a single liability L, to be paid at time T, along with a 
pair of assets U and and W, to be paid at times T — u and T +w, 
respectively, where 0 < u < T and w > 0. Further suppose that 
the net present value S(d9) of the portfolio is 0, as is the derivative 
S’(d9). Then, if 6 4 ôo, the net present value S$(0) is positive. 


We now know that the portfolio we found in Example (9.6.4) is fully immu- 
nized since Important Fact (9.6.6) applies! 


EXAMPLE 9.6.7 Full immunization 


Problem: Consider again the situation of Example (9.6.4). As previously 
considered, Alan and Peabody Insurance is obligated to make a payment 
of $120,000 in exactly four years and purchase $33,542.45 of two-year zero- 
coupon bonds and $67,084.91 of five-year zero-coupon bonds, priced to yield 
an annual effective yield of 4.5%. Suppose that we have a rather large change 
in the interest rate, say up to 10% or down to 1%. Illustrate that Alan and 
Peabody still can cover the $120,000 liability, as is guaranteed by full immu- 
nization. 


Solution If interest rates are now 10% at the end of two years, the amount 
Alan and Peabody get by selling the five-year bond at time two years is 
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only $83,600.00(1.10)~* ~ $62,809.92. So, at time two years, they only have 
$36,629.19 + $62,809.92 = $99,439.11 to invest. But, thanks to the relatively 
high 10% interest rate, the money will still accumulate to more than the 
$120,000 needed at time four, specifically to $99,439.11(1.10)” ~ $120,321.32. 

Should the interest rate at time two years be a modest 1%, then at 
time two years the five-year bond, with redemption in three years, will fetch 
$83,600.00(1.01)~* ~ $81,141.34 so Alan and Peabody would have a com- 
bined $36,629.19 + $81,141.34 = $117,770.53 to invest for two years at 1%. 
This would give them $117,770.53(1.01)" æ $120,137.72 so, again, Alan and 
Peabody can take care of the $120,000 liability. | 


Having a fully immunized portfolio seems to be rather fantastic, so we wish 
to further analyze the pair of constraint equations S(ôo) = 0 and S’(d9) = 0. 
Since e~%T Æ 0, the condition S(p) = 0 is equivalent to 


(9.6.8) Ue — + We = 0, 
Moreover, using Equation (9.6.8), we find 
0 = $"(69) = —(T — u)UeF—) + The? — (T + w)We- oF +”) 
= (uUe -T -0 — wWeTëo To) =f C -L+ iaa) 


(eee = we oek) peek (Uee™ -L+ We %) 
= uUe’ (T=) — wWe (T+) — e~SoT (ule — wWe-%) . 
Therefore, since e~°? Æ 0, we have 


(9.6.9) ue” — wWe-%” = 0. 


FACT 9.6.10 

A portfolio consisting of a single outflow of amount L at time 
T and inflows U at time T — u and W at time T + w is fully 
immunized. If the system of equations 


Ueto" + We-% = L 
uU ce" — wWe-%” =0 


is satisfied, the portfolio will never force default. 


Of course you may wish to fully immunize a portfolio with multiple liabil- 
ities rather than a single one. You may adopt the strategy of selecting a pair 
of assets to immunize each of the liabilities. Just as was true for Redington 
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immunization, you will need to frequently rebalance your portfolio to main- 
tain an immunized status, because the derivative condition S” (i) = 0 will not 
continue to hold with the passing of time. 

The assumption that you have a flat yield curve that remains flat is not 
a realistic one. In fact, a consequence of Redington immunization is that if 
assets and liabilities can be structured so as to make condition (9.6.2) hold, 
then there is an arbitrage opportunity. You could short-sell the liabilities and 
use the profits to purchase the assets. When the interest rate had a slight shift, 
you could sell your assets, cover the short sale, and make a profit. Similarly, 
full immunization is contrary to the market being essentially arbitrage-free. 
These arbitrage opportunities result from our unrealistic hypothesis that the 
yield rate curve is flat. We explained in Section (8.3) that the term structure of 
interest rates should be considered on the premise that there is no arbitrage. 
This points toward more advanced immunization strategies in which many 
different spot rates are used. Asset management remains an active area of 
research. 


Optional technical note: 

We end this section with the promised somewhat technical argument es- 
tablishing Important Fact (9.6.6) that the net present value $(d) will be pos- 
itive if 6 A ðo. [S(d) > 0 is the important condition that you can cover your 
liability.] We begin by noting that Equation (9.6.9) may be rewritten as 


(9.6.11) We-ow = Z yYedu, 
w 


Equations (9.6.8) and (9.6.11), derived from the conditions S(ôoọ) = 0 and 
S' (ôo) = 0 respectively, together give us 


(9.6.12) Vet — L+ “pee = 0. 
w 


Now, if ô is any force of interest, we wish to show that S (ô) is positive. With 
this goal in mind, we note that 


(5) =e? (Ue™ — L + We-™) 
(Ue —L+We) — (vee -L+ “ver)] by (9.6.12) 
w 


— e-’T (ue 4 Wer — Ueu — Lyer) 
w 


ee: (ues Pe A reai -Ue _ Zye’) by (9.6.11) 
w 


= eoou—OT TT fem + © (60-5) w en (pom z) 7 
WwW w 
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u 


So, our objective is to prove that e(—%%)™ + u e(do—8)w —1— 4 is positive. To 


accomplish this, we introduce the function 

ag te ] : 
w w 
What we must show is that f(d — ôo) > 0 for ô 4 ôo, and because f(0) = 0, 
this is equivalent to the function f(x) having a minimum at 0. It is therefore 


enough to show that the derivative f'(x) has the same sign as x, that is 
f'(x) > O0ifa>Oand f’(x) < 0 if a < 0, a fact which is immediate from 


f(z) =e"" 4 


since the constants u and w are positive. 


9.7 OTHER TYPES OF DURATION 


(calculus needed here) 

In Section (9.2) we introduced Macaulay duration and modified duration 
for a set of cashflows. To do so, we postulated that the cashflows were not 
interest rate sensitive, and we also supposed that we had a flat yield curve 
at all times. Of course, we know that these assumptions are not necessarily 
appropriate in real life applications. We conclude our discussion with a brief 
look at what might be done if these assumptions are dropped. This is still an 
active area of work with competing suggestions: You may even find “duration 
derbies” where competing types of durations face off, using actual real life 
examples, to see how well the models predict the price response of a bond or 
other financial instrument to changes in interest rates| 

Consider investments with interest-sensitive cashflows. Examples of such 
cashflows include the payments to be received by the holder of a callable bond 
or a mortgage-backed security. If interest rates fall sufficiently, then a callable 
bond is likely to be called early and, thanks to refinancing options, a mortgage 
is more apt to be repaid early. 

A set of interest-sensitive cashflows may not have an everywhere differen- 
tiable price function, and since the definitions of durations use the derivative 
of P, the durations we have considered so far may not be defined. To illustrate 
why we might have interest rates ig at which the price function P(ig) is not 
differentiable, let us consider a par-value bond, with an American call option 
and no lockout period, that is purchased at a discount. Recall that such a 
bond gives the buyer a yield rate that exceeds the coupon rate, assuming that 
the bond is held to maturity. If, immediately after the bond is purchased, the 
interest rate drops below the coupon rate, the bond’s current price would be 


8If you want an example, see Allen, D. E., Thomas, L. C., and Zheng, H. “The Duration 
Derby: A Comparison of Duration Strategies in Asset Liability Management,” J. Bond 
Trading and Management 1, 371-380, 2003. 
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above the redemption amount. So, from the issuer’s viewpoint, it is advanta- 
geous to call in the bond and reissue it: The new purchase price, yielding the 
new buyer a lower interest rate, allows the issuer to recoup the price paid out 
to the holder of the old bond and also to keep the premium. But, the bond 
being called results in a new cashflow (the redemption payment) and cancels 
the old ones. This sudden change makes the price function have an interest 
rate at which it fails to be differentiable, namely the interest rate numerically 
equal to the coupon rate. Here we have considered an interest rate shift imme- 
diately after purchase; however, subsequent changes can also lead to the bond 
being called, and the price function failing to be differentiable at particular 
interest rates. 


Now, recall that the modified duration was used to estimate the price 
change that would result from a small shift in the interest rate, and we had 
the basic definition 


How might we approximate this if P’(i9) were not necessarily defined? Well, 
it is standard to use the slope of a secant line in place of the slope of a tangent 
line. Specifically, we define 


Pig +h) — P(io — h) 
2h i 


(9.7.1) mn (io) = 


which is the slope of the line containing the points (#9 — h, P(io — h)) and 
(io +h, Plio + h)) 9 and we set 


(9.7.2) Ey (io, 1) = — 


Note that if D(io,1) is defined, if h is small, and if the cashflows are fixed, 
then, since the slope of the secant line mp (io) approximates P’ (io), the effec- 
tive duration F),(io, 1) approximates D(io, 1). 


9 Quite likely you have considered secant lines through (io, P(io)) and (io +h, P(io +h)), 
having slope PGoth)—PCo) but then you are focusing on what happens to the right of 
ig. We are concerned with shifts in the interest rate in either direction, hence adopt this 


two-sided approach. 
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The effective duration 


i mnp (io) 
P(io) 


En(io, 1) = 


may be used in place of the modified duration. Do this when 
you have interest-sensitive cashflows, using a natural choice of 
h suggested by the problem. Unlike modified duration, effective 
duration takes into account the fact that the interest rate may 
influence cashflows. If the yield increases by 100 basis points and 
cashflows are sensitive to interest rate changes, the approximate 
relative price change is — Ep (io, 1) percent. 


EXAMPLE 9.7.3 Using effective duration to estimate prices 


Problem: The price of a callable bond, purchased when interest rates are 
7%, is $970.00. The bond has effective duration Fo1(.07, 1) that turns out to 
equal 4.4. Estimate the price if interest rates drop to 6%. Also, estimate the 
price if there is a more modest drop to 6.5%. 


Solution If the interest rate decreases from 7% to 6%, we have a 100 basis 
point decrease. The price then increases by about 4.4%. This is an increase of 
about .044x $970 = $42.68, so we estimate a price of $970+$42.68 = $1,012.68. 
Should we have a rate increase of 50 basis points (to 6.5%), the price increase 
is estimated to be half as large, hence $21.34. So, the estimated price if the 
interest rate falls to 6.5% is $970 + $21.34 = $991.34. E 


Let’s now look at an example where we calculate the effective duration. 


EXAMPLE 9.7.4 Modified duration and effective duration, bond 
purchased at a discount 


Problem: Consider a three-year $1,000 5% par-value bond with annual coupons 
whose current price is $986.51. You are given that the bond has an American 
call option with no lockout period, so it may be called at any time. Calculate 
the investor’s yield j if the bond is held to maturity, and then find Eo1(j, 1). 
Also, for comparison, calculate the modified duration D(j,1) and effective 
duration E o1(j, 1) of a three-year $1,000 5% par-value noncallable bond with 
annual coupons whose price at issue is $986.51. 


Solution The bonds have annual $50 coupons and a $1,000 redemption 
amount. You may check that the basic price formula $986.51 = $50a3, + 
$1,000(1 + j)? forces j ~ 5.500012463%. If interest rates go up 100 basis 
points to 6.5%, since the coupon rate is only 5%, it is unlikely the bond will 
be called. We therefore figure the price as if the bond were noncallable. The 
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basic price formula gives 


P(.065) = $50a3), 4.91 + $1,000(1 + (j + .01))° 
= $50a76 500012463% + $1,000(1.06500012463)° 
= $960.2725464. 


On the other hand, should the interest rate fall by 1%, the bond would most 
likely be called for $1,000. The reason for this is that the interest rate is then 
less than the coupon rate, so the bond should be priced at a premium. So, 
calling in the bond at its coupon rate gives the issuer a bargain. Therefore, 
with the bond able to be called in at $1,000, we figure P(j — .01) = $1,000. 
(Knowing that the bond is apt to be called in, a buyer would not want to pay 
more than the redemption amount!) Recalling Equations (9.7.1) and (9.7.2), 
we calculate that 


mo1(j) = ($960.2725464 — $1,000) /2(.01) =~ —1,986.372682 


and 
1, 986.372682 


986.51 


If we have a noncallable three-year $1,000 5% par-value bond with an- 
nual coupons, then Example (9.2.24) tells us that the modified duration 
D(j,1) is D(j,1) = ag, ~ 2.697932752. The noncallable bond, having mod- 
est coupons, has a modified duration that is reasonably close to its term. 
As for the calculation of the effective duration E o1(j,1), once again P(j + 
01) = $960.2725464. However, if the interest rate drops to j — .01, with 
no call option the price rises to $1,013.744476. The effective duration is then 
($1,013.744476 — $960.2725464) /[2(.01)($986.51)] ~ 2.71015649. We note that 
this is quite close to the value 2.697932752 just calculated for D(j, 1). 

The values of the durations are higher for the noncallable bond than the 
effective duration was for the callable bond. This will always be true! a 


The idea behind the definition of effective duration was to replace the 
first derivative, which gives the slope of the tangent line to the price curve at 
io, by the slope of a secant line. We replaced 


dP 


Pio +h) — P(io — h) 
T . 


h2 


i=io 


Similarly, you may define effective convexity by replacing the second deriva- 
tive 
d? P 
di? 


P(io +h) + P(io — h) — 2P(io) 


b 
y Oh 


i=io 
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[see Problem (9.7.4)]. Like effective duration, effective convexity may be useful 
when the cashflows are interest-sensitive. 

As we remarked in Section (9.2), there are problems with the durations 
we have defined so far even if we have fixed cashflows because it is unrealistic 
to think that the yield curve will be flat. Keyrate duration or partial 
duration is defined using several different spot rates. In fact, it is common 
to use eleven different spot rates for Treasury securities, although any finite 
set of spot rates does not determine the yield curve. Partial derivatives with 
respect to the spot rates take the place of the derivatives we have discussed. 

Recall that the motivation for considering duration is to manage your 
portfoilo so as to be reasonably protected from interest rate volatility. As you 
might now guess, no one type of duration has been found that clearly does 
this best for all classes of portfolios. 


9.8 PROBLEMS, CHAPTER 9 
(9.0) Chapter 9 writing problems 


(1) [following Section (9.1)] C. L. Trowbridge classified risks as Cl, C2, 
C3, and C4 risks when he was president of the Society of Actuaries. 
C3 risks are addressed by asset-liability management. Describe Trow- 
bridge’s classification. Include several examples of each type of risk. 


(2) Write a short essay on the history of cash-flow management and im- 
munization. Names you might look for in your research include Tjalling 
C. Koopmans and Frank M. Redington. 


(9.1) Overview 


(1) Leland Price must pay $5,000 six months from now and $10,000 one year 
from now. He wishes to purchase bonds so that together they form a 
portfolio of assets that exactly match his liabilities. Available bonds are 
a six-month zero-coupon $1,000 bond that has a 3.0225% annual yield, 
and a one-year $1,000 par-value 6% bond with semiannual coupons and 
a 4% nominal yield (convertible semiannually). How much must Leland 
pay to purchase the bonds? Assume that he may buy any quantity he 
wishes of each bond. 


(2) Suppose that you need to pay $35,000 in three years and that you can 
finance this with zero-coupon bonds yielding 5.5% with terms of two 
years and six years. Imagine that you spend $22,354.86 purchasing a 
two-year bond and $7,451.62 for a six-year bond, and these are each 
priced to yield 5.5%. Suppose also that, at the end of two years, no 
matter what the yield rate 7 may then be, you sell the remaining bond 
at a purchase price to yield i, combine the proceeds with the $24,881.52 
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from the redeemed bond, and use the total to buy a one-year zero- 
coupon bond. Illustrate that this immunizes against interest rate risk 
by showing that it produces the needed $35,000 three years after your 
initial bond purchases if i = 18% (a high rate) or i = 1% (a low rate). 


(9.2) Macaulay and modified duration 


(1) Compute the Macaulay duration of a ten-year 6% $1,000 bond having 


(2 


) 


nN 


we 


annual coupons and a redemption of $1,200 if the yield to maturity is 


8%. 


The current price of a bond having annual coupons is $1,312. The deriva- 
tive of the price function of the bond with respect to the yield to ma- 
turity is —$7,443.81 when evaluated at the current annual yield, which 
is 7%. Calculate the Macaulay duration D(.07,00) and the modified 
duration D(.07,1) of the bond. 


A zero-coupon bond matures in eight years. It is sold to yield 5% annu- 
ally. Find the modified duration D(.05, 1). 

Compute the Macaulay duration of a three-year 8% $2,000 bond with 
semiannual coupons if the yield to maturity is 7% convertible semian- 
nually. 
Calculate the Macaulay duration D(.05,00) and the modified duration 
D(.05, 2) of a preferred stock that pays dividends forever of $50 each six 
months, with the next dividend in exactly six months. 

Calculate the Macaulay duration D(.06,00) and the modified duration 
D(.06,1) of a stock that pays annual dividends forever, assuming that 
the first dividend, payable in exactly one year, is $100 and then, each 
subsequent dividend is 2% more than the previous one. 

On January 1, 1978, Jonathan Linden is obligated to pay annual level 
payments for sixteen years, beginning with a payment on January 1, 
1979. His financial advisor tells him that this liability has Macaulay du- 
ration 7.39. Determine the annual effective interest rate that the advisor 
used to figure the duration. 

Santosh inherits a perpetuity with annual payments. The first payment 
is $1,400 and payments increase by 3% each year. Obtain a formula for 
the Macaulay duration D(.05, 00) of the remaining payments an instant 
after the k-th payment. 

Mustafa’s portfolio consists of an annuity with monthly payments of 
$1,000 each month for five years and a $20,000 8% eight-year par-value 
bond bearing semiannual coupons. Calculate the Macaulay duration of 
the portfolio at 9%. 


(10) A thirty-year mortgage with no early repayment option is repaid with 
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level monthly payments. The interest rate on the mortgage is 6.8% nom- 
inal convertible monthly. Calculate the Macaulay duration on the mort- 
gage at the equivalent annual effective interest rate. 


(9.3) Convexity 


(1) 


(5) 


Calculate the Macaulay convexity of a ten-year 6% $1,000 bond having 
annual coupons and a redemption of $1,200 if the yield to maturity is 
8%. [This is the same bond considered in Problem (9.2.1).] 

A $2,000 7% three-year bond has semiannual coupons and redemption 
amount $2,225. It is purchased to provide the investor with a 5% annual 
effective yield. Find the Macaulay convexities C(4%, 00), C'(5%, oo), and 
C(6%, oo). Also compute the modified convexity C(5%, 2). 

A bond has Macaulay duration D(i,oo) = 5.8 and Macaulay convexity 
C(t, co) = 1.2. Determine C (i, 4) as a function of i. 

A perpetuity has a level payment at the end of each year. The annual 
effective interest rate is 5.2%. Calculate the Macaulay duration and the 
Macaulay convexity. Use these to estimate the percentage decline in 
the market value of the perpetuity if the annual effective interest rate 
increases by 50 basis points. 

This problem guides you through a derivation of Equation (9.3.9). 


(a) Show that 
dé im \ 
; =(14 . 
di™) ( m ) 


S — ı (1 =) 
di)? m om 


(c) Use the chain rule and the product rule to establish 
P d dP dé A: dP då 
d(i0))2? — dil™ \ dé dii™ dô di)? l 


(b) Show that 


—2 


(d) Show that 


dP dP i™\"" dP 1 i) 
—,=— > (1+ . 14 


(e) Use the result of (d) to demonstrate the following; 


2 


Cte (cao) + E Dtiso0)) J(+ =) , 


(6) Verify Fact (9.3.16). 
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(1) Calculate the first-order modified approximation and first-order Macaul- 
ay approximation of P(3.9%) centered at io = 3.8%, for the set of cash- 
flows Cı = $50, 000, C2 = $80, 000, and C5 = —$25, 000. Which approx- 
imation is more accurate? Why does the result not contradict Important 
Fact 9.4.9? 

A noncallable bond with annual coupons is priced to provides an annual 
yield of 4.25%. The modified duration, D(0.0425, 2), is 3.58. Use a first- 
order Macaulay approximation to estimate the change in price of the 
bond as a percentage and the direction of the change (increase /decrease) 
if the yield increases to 4.4%. 


— 
N 
Ww 


(3) Brady’s portfolio consists of three bonds: a $20,000 5-year zero-coupon 
bond, a 10-year coupon bond with Macaulay duration of 7.9965 and 
price of $12,679.30, and a 15-year coupon bond with Macaulay duration 
of 10.2203 and price of $38,857.04 where the prices and durations were 
calculated assuming annual yield of 6.3%. The Macaulay approximation 
of the price of this portfolio when the interest rate fell to 7 is $72,499.26. 
Find the value of 7 as a percentage. 

(4) Prove Claim (9.4.16) for the case where there is exactly one time at 
which there is a nonzero cashflow: show that If P(t) = C;(1+7)~* and 
Cı > 0, then P(i) is equal to its Macaulay approximation. 

(5) The price of Ada’s bond is $1416.89 when calculated using an annual 
yield of 4.8%. Using a first-order modified approximation, Ada calcu- 
lated that the change in price of her bond would be $32.01 if the annual 
yield increased from 4.80% to 4.95%. Calculate the first-order Macaulay 
approximation of the price of this bond for an interest rate of 4.95%. 


(9.5) Using duration and convexity to approximate price 


(1) A bond without a call provision has Macaulay duration of 4.5381, Macaul- 
ay convexity of X, and price of $35,328.70 when calculated using an 
annual interest rate of 5.7%. Using a second-order Macaulay approxi- 
mation, Leta estimated that the change in price of this bond would be 
$305.03 if the interest rate were to decrease to 5.5%. Find the value of 
X. 

(2) A non-callable bond has Macaulay duration of 2.8832, Macaulay convex- 
ity of 8.4952, and price of $12,458.32 when calculated using an annual 
interest rate of 5.7%. Estimate the price of this bond if the interest rate 
suddenly increased to 6.0%, using a second-order modified approxima- 
tion. 
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(9.6) Immunization 


(1) Providence Health Care is obligated to make a payment of $300,000 in 


New 


Wm 


exactly three years. In order to provide for this obligation, their finan- 
cial officer decides to purchase a combination of one-year zero-coupon 
bonds and four-year zero-coupon bonds. Each of these is sold to yield an 
annual effective yield of 4%. How much of each type of bond should be 
purchased so that the present value and duration conditions of Reding- 
ton immunization are satisfied? Is the convexity condition also satisfied 
at i = 4%? 

A court has ordered Security Enterprises to pay $200,000 in two years 
and $500,000 in five years. In order to meet this important liability, they 
wish to invest in a combination of two-year 10% par-value bonds with 
annual coupons and five-year zero-coupon bonds. Each of these is sold 
to yield an annual effective yield of 4%. How much of each type of bond 
should be purchased so that the present value and duration conditions 
of Redington immunization are satisfied at the current 4% rate? Is the 
convexity condition also satisfied? 

Tomorrow Financial Associates is required to make a $500,000 pay- 
ment in exactly four years. To cover this liability, they have purchased 
a two-year zero-coupon bond with redemption amount $343,398.73 and 
a ten-year zero-coupon bond with redemption amount $162,782.52. We 
assume that there is a flat yield curve and that the current interest rate 
is 4.5%. Is this portfolio fully immunized? In one year, will it be fully 
immunized? What will the surplus be if interest rates rise immediately 
to 8%? What will the surplus be in one year if interest rates are 8%? 


(9.7) Other types of duration 


(1) A four-year callable bond’s current market value is $95.40. If the interest 


New 


WN 


rate increases by 100 basis points, the market value is anticipated to be 
$92.50 and if the interest rate decreases by 100 basis points, the price is 
expected to be $96.60. Compute the effective duration. 


A 4% $2,000 six-year par-value bond with annual coupons is purchased 
for $1,895.26. It may be called at any time. If interest rates fall by 1%, 
the bond should be called, while if they rise, it will not be called. Calcu- 
late the original yield i that an investor would receive if the bond were 
held to maturity, and then calculate the effective durations E 9; (, 1) 
and E o2(å, 1). 


Simeon Burnitz holds a callable bond with cashflows of $2,500 in one 
year and again in two years and $54,200 in three years. If the annual 
yield is 5%, then the price is expected to be $49,200 (because of the call 
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feature). The current yield is 6%, and the bond’s price is $48,392.75. 
Should the interest rate rise to 7%, the price will be $47,181.90. Calcu- 
late the effective duration E o1(.06, 1) of the bond and use it to approx- 
imate the price if the interest rate falls to 5.4%. What if it falls to 4%? 
Compare your answers to the actual prices, and also to the estimated 
price obtained using the modified duration D(.06,1), of a noncallable 
bond with cashflows of $2,500 in one year and $54,200 in three years. 


Let P(z) denote the market value of a set of cashflows if it is purchased 
to yield i. Define the effective convexity Fp (io, 1) by 


P(io +h) + P(io — h) — 2P(io) 
h2 P(ig) 


Fr (io, 1) = 


Discuss how F),(io, 1) and C(io, 1) are related. In particular, show that 
Fi, (io, 1) ~ C(t, 1) if the cashflows are not interest rate sensitive and h 
is sufficiently small. 


An eight-year 7% bond pays annual coupons. Its current price is $102.43, 
and its current yield is 6.6%. If interest rates rise to an effective rate 
of 6.8%, then its price will fall to $101.20. If interest rates fall to an 
effective rate of 6.4%, then its price will rise to $103.21. Find the bond’s 
effective duration and effective convexity, and use the calculated values 
to estimate the price if interest rates rise to an effective rate of 7.2%. 


Chapter 9 review problems 


(1) A fifteen-year 7.5% par-value bond has annual coupons. Compute the 


modified durations D(9%, 1) and D(7.5%, 1). 


(2) The current price of a noncallable bond with semiannual coupons is 


nN 


YN 


$1,020.60, and the current annual yield is 5.35%. The Macaulay dura- 
tion D(5.35%, oo) = 6.26. Estimate the price of the bond if the annual 
effective interest rate increases to 5.6% by calculating the first-order 
modified approximation. Similarly, use a first-order modified approxi- 
mation to approximate the bond’s price if the annual effective interest 
rate decreases to 4%. How should these estimates be refined if you know 
that the Macaulay convexity C(5.35%, oo) is equal to 1.64? 

A portfolio consists of three $1,000 par-value bonds. The first is a two- 
year zero-coupon bond, the second is a three-year zero-coupon bond, 
and the last is a five-year 6% bond with annual coupons. At interest 
rate i = 5%, calculate the Macaulay duration of each bond and of the 
portfolio. Also calculate the Macaulay convexities. 

Calculate the Macaulay duration D(.06,00) on January 1 of a preferred 
stock that pays dividends forever of $40 each June 30th and $60 each 


KH 


Ww 


Ww 
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December 31st . What is the modified duration D(.06, 2)? — Use the 
30/360 method of counting time. 

National Reliance Insurance (NRI) is obligated to make a payment of 
$250,000 in exactly five years. Its managers wish to fund this liability 
with a combination of two-year zero-coupon bonds and seven-year zero- 
coupon bonds, purchased today. The current yield rate for bonds is 5%. 
How much should the insurance company invest in each type of bond in 
order to immunize its portfolio? Assuming NRI allocates its resources so 
as to immunize its position, what is the time zero value of the portfolio 
of asset and liabilities if yield rates fall from 5% to 4%? 

A 5% $10,000 five-year par-value bond with annual coupons is purchased 
for $9,736.11. It may be called at any time. If interest rates fall by 1%, 
the bond should be called, while if the interest rate rises, it will not be 
called. Calculate the original yield 7 that an investor would receive if the 
bond were held to maturity, and then calculate the effective duration 
E01 (i, 1). 

A portfolio consists of three noncallable bonds. Bond A has Macaulay 
duration D(4.8%,0o) = 2.91 and Macaulay convexity C(4.8%, 00) = 
8.62. Bond B has Macaulay duration D(4.8%, oo) = 4.61 and Macaulay 
convexity C(4.8%,00) = 22.28. Bond C has Macaulay duration 
D(4.8%, 00) = 7.72 and Macaulay convexity C'(4.8%, 00) = 69.40. The 
prices of bonds A, B, and C, at the current annual yield of 4.8%, are 
$38,000, $28,000, and $58,000, respectively. Calculate the Macaulay du- 
ration D and Macaulay convexity C of the portfolio at i = 4.8%. Then, 
approximate the price of the portfolio if the interest rate increases to 
5.1%, using D for the first-order Macaulay approximation. Repeat, this 
time using D and C, for the second-order Macaulay approximation. 


CHAPTER 10 


Determinants of interest 
rates 


10.1 INTRODUCTION 

10.2 SUPPLY AND DEMAND OF LOANS 

10.3 DEFAULT RISK 

10.4 INFLATION RISK 

10.5 BANKS AND OTHER FINANCIAL INTERMEDIARIES IN THE RETAIL SEC- 
TOR 

10.6 SAVINGS AND LENDING INTEREST RATES IN THE RETAIL SECTOR 

10.7 BONDS ISSUED BY GOVERNMENTS AND CORPORATIONS 

10.8 THE ROLE OF CENTRAL BANKS 

10.9 PROBLEMS, CHAPTER 10 


10.1 INTRODUCTION 


In Section (1.2), we defined interest as the charge a borrower pays to a lender 
to gain access to money. So far, we either performed calculations from given 
interest rates or were given enough facts about a transaction to calculate the 
interest rates, but we have not discussed how the level of the interest rates are 
determined. The term of the loan is a factor as we have seen in Section (8.3). 
However, we will see that there are other factors such as the effect of supply 
and demand, the likelihood that a loan will not be completely repaid, and the 
fluctuation of the purchase power of money. Furthermore, the wide variety of 
what we refer to as loans from personal consumer loans to corporate bonds 
gives rise to factors that are particular to that loan product. We will examine 
some broad categories of loans, then conclude the chapter with a brief expo- 
sition concerning the roles a central bank plays in determining interest rates. 


10.2 SUPPLY AND DEMAND OF LOANS 


Money can be used to purchase goods and services. A person who has money 
can choose to spend it now or to save it for later use. Spending now may 
provide instant gratification, but offered enough compensation, one may be 
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persuaded to lend (invest) the money instead. When the loan is repaid, the 
lender should have more to spend than what he started with. Interest is the 
compensation for deferring consumption. On the other hand, a person who 
wishes to buy a particular good or service now but does not have the required 
fund on hand can either borrow the money for it or wait until he has the 
money. If he chooses to borrow the money, then he would expect to pay a 
charge to compensate the lender. The interest rate of a loan indicates the price 
the borrower pays to use the lender’s money. A high interest rate corresponds 
to a high price while a low interest rate corresponds to a low price. 

Suppose there are one thousand people, each willing to lend $10,000 for 
one year. Many of these potential lenders would agree to lend for a large 
amount of interest, but the number would be smaller for a low amount of 
interest. That is, more lenders would be willing to sell the use of their money 
for a high price while fewer lenders would be willing to sell for a low price. 
A visual representation of this can be made with a graph where the vertical 
axis represents the price (amount of interest in dollars) of the loan, and the 
horizontal axis represents the number (quantity) of people that are willing to 
lend. The resulting graph (Figure (10.2.1)) is known as a supply curve since 
the number of willing lenders represents the supply of loans. 


Price of 
loan 


Quantity 
of loans 


FIGURE (10.2.1) Supply curve for loans 


Now suppose there are one thousand people, each wishing to borrow 
$10,000 for one year. Only a small proportion of them would borrow if the 
amount of interest required is large, but a higher proportion would borrow 
if the amount of interest required is small. Representing this relation as a 
graph (Figure (10.2.2)) as we had done for the lenders, we have a graph that 
is known as a demand curve. The number of willing borrowers represents 
the demand for loans. 

The supply curve and demand curve can be drawn on the same set of 
axes (Figure (10.2.3)). The combined diagram shows that for a large amount 
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Price of 
loan 


Quantity 
of loans 


FIGURE (10.2.2) Demand curve for loans 


of interest (a high price), there are more willing lenders than there are willing 
borrowers. For a smaller amount of interest (a low price), there are more 
willing borrowers than there are willing lenders. The intersection of the supply 
curve and demand curve corresponds to the amount of interest for which there 
are an equal number of willing lenders and borrowers. The market interest rate 
is the interest rate which corresponds to the equilibrium price of the supply 
and demand of loans. 


Demand curve Supply curve 


Price of 
loan 


Equilibrium 
price of loan 


Quantity 
of loans 


FIGURE (10.2.3) Equilibrium of supply and demand for loans 


Over time, the supply and demand of loans fluctuate for various reasons 
and thus the curves shift |] These shifts will cause the interest rate to fluctuate. 
For example, suppose the number of willing borrowers does not change, but 
that the number of willing lenders suddenly increases due to reasons other 


lĪn economics terminology, supply and demand curves do not “move;” instead, they 
“shift.” On the other hand, one “moves along” a supply or demand curve. 
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than the interest rate (for example, a change in government regulations). 
Then the demand curve stays where it is, but the supply curve will shift to 
the right as seen in Figure (10.2.4). The new intersection point is to the right 
and lower than the old intersection point. Since the new intersection point has 
a smaller vertical coordinate than the old intersection point, the new equilib- 
rium price is lower than it was before the increase in supply. This shows that 
all else being equal, an increase in the supply of loans results in a decrease in 
the amount of the interest charged, which corresponds to a lower interest rate. 


Demand curve Supply curve 


Price of before shift 


loan 


Equilibrium 
price 
before shift 


x Supply curve 
after shift 


Equilibrium 

price 

after shift Quantity 
of loans 


FIGURE (10.2.4) Shift of supply curve to the right 


10.3 DEFAULT RISK 


We have studied many examples of loans and performed calculations, assum- 
ing that the borrower will pay all amounts due at the designated times as 
specified in the loan agreement. In the real world, a borrower may fail to pay 
the amount due. In this situation, we say that the loan is in default. The 
borrower may have paid none or part of the amount owed, but in either case 
the lender has not received the amount that was due. The interest rate quoted 
for the loan only tells the lender what the yield would be, given that the bor- 
rower pays all amounts due at the agreed upon times. If the loan is in default, 
then the yield experienced will not be equal to the interest rate quoted. 


EXAMPLE 10.3.1 Default with no recovery 


Problem: A lender will make loans to two thousand people at a continuously 
compounded rate of 7% . Each will borrow $1,000 and have a single payment 
due at the end of three years. The lender expects that 5% of the borrowers 
will not repay at all and the remaining 95% will repay the full amount on 
time. Assuming that there is no chance of even a partial recovery for those 
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that default, find the lender’s expected yield for the three-year period, written 
as a continuously compounded rate. 


Solution At the beginning of the three years, the lender has a cash outflow 
of (2,000)($1,000) = $2,000,000. At the end of the three years, each borrower 
is supposed to pay 

($1,000)e0°7@), 


Since 95% of the 2,000 borrowers are expected to repay, the total amount the 
lender expects to receive at the end of three years is 


(2,000) (0.95)($1,000)e0”®), 
Let y be the expected yield, written as a continuously compounded rate. Then, 
(2,000) ($1,000)e?4 = (2,000) (0.95)($1,000)e°°9)), 


Solving for y, we obtain 


y = = [(In 0.95) + 0.21] ~ 5.29022%. 


w| = 


Thus the yield, written as a continuously compounded rate, is 5.29022%. W 


When a borrower defaults on a loan, the lender may be able to recover 
part of the amount due. For example, if a mortgage holder defaults, the lender 
may sell the mortgage property as collateral. Similarly, if the holder of an auto 
loan defaults, then the lender may repossess the car. 


EXAMPLE 10.3.2 Default with partial recovery 


Problem: Consider a five-year loan to be repaid with a single payment at 
the end of the term. The lender believes that the default rate is 8%, but he 
can recover 70% of the amount due in the event of default. What is the force 
of interest he must charge to earn a continuously compounded yield of 4.7%? 


Solution Let Y be the continuously compounded rate charged. Let N be 
the number of loans initially issued and let L be the loan amount. Then, the 
amount due at the end of the term is Le°’ , the number of borrowers that pay 
the full amount due on time is 0.92N, and the number that default is 0.08N. 
The sum of the amount repaid and the amount recovered is 


(0.92N)Le®’ + (0.08N)(0.7)Le°™. 
Therefore, 


N(Le3(-947)) — (0.92N)Le®* + (0.08N)(0.7)Le*™ , 
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which simplifies to 
e®™?35 — (0.976)e°* . 


It follows that 
1 
Y= 5 [0.235 — In 0.976] ~ 5.18585%. 


The force of interest charged should be 5.18585%. E 


If there was no chance of default, then the interest rate charged would 
be equal to the yield. But when default is expected, then the interest rate 
charged must be greater to compensate for default risk. Let Y be the con- 
tinuously compounded rate charged when default risk is present and let y be 
the continuous compounded rate that would be charged if there is no chance 
of default. Then, y represents compensation for deferred consumption. Note 
that Y > y, and we can write 


(10.3.3) Y=y+s 


where s > 0 and s represents the compensation for default risk, written as a 
continuously compounded rate. The quantity s is called the spread of credit 
risk or credit spread. 

If Y’, y’, and s’ were the equivalent annual effective rates, then eY = 
14+ Y’, e” =1+y’, and ef = 1 + s’. Together with Equation (10.3.3), we 
would have 

14+Y’=(1+y')(1+s’). 


Solving for Y gives us 
y’ =y +s +y. 


This is somewhat messier than Equation (10.3.3). By writing with continu- 
ously compounded rates we can write a cleaner expression to relate the com- 
pensation for deferred consumption, compensation for default risk, and the 
total compensation for both risks. 


EXAMPLE 10.3.4 Finding the compensation for default risk 


Problem: Consider the loan in Example (10.3.2). Find the compensation for 
default risk s, written as a continuously compounded rate. 


Solution The continuous interest rate charged is Y = 5.18585%. The com- 
pensation the lender requires for deferred consumption is y = 4.7%. The 
difference s = Y — y ~ 0.48585% is the compensation for default risk, written 
as a continuously compounded rate. a 
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Unfortunately, default rate and recovery rate can be difficult to predict. 
Loan applicants can be screened for creditworthiness, but their future behavior 
is uncertain. Depending on the complexity, the screening itself can require 
significant outlay to perform. Collecting for recovery in the event of default 
can be a lengthy and costly process. To make a profit, the lender must charge 
an interest rate high enough to recover these expenses. 


10.4 INFLATION RISK 


Inflation is the tendency for the prices of goods and services to increase over 
a period of time. While inflation does not imply that the price of any partic- 
ular good or service will increase at the rate of inflation, it is an important 
consideration for an investor. 


EXAMPLE 10.4.1 Effect of inflation for lender 


Nykeer has $10,000 which she can either use now to purchase an item that 
costs $10,000 or she can delay the purchase for a year and lend it instead at 
6% interest. At the end of the year, Nykeer would receive $10,600. If the price 
of the item remained the same as it was a year ago, then Nykeer can buy 
the item and still have $600 left to spend; the $600 is her compensation for 
deferred consumption. If the price of the item rose to $10,600, then Nykeer 
can still buy the item, but she would receive no compensation for the deferred 
consumption. Now, suppose that the one-year effective inflation rate was 5%. 
Then, Nykeer needs ($10, 600)(1.05) = $11,130 to have the same purchasing 
power as the $10,600 would have had without inflation. | 


Inflation erodes the purchasing power of each dollar. Because of this, a 
lender in a time of inflation would generally demand a higher interest rate to 
compensate for that loss. On the other hand, an individual may be motivated 
to borrow since the amount that the borrower receives for the loan has more 
purchasing power dollar for dollar than the money that he will use to repay 
the loan. Moreover, wages tend to increase at times of inflation (although not 
necessarily at the same pace) which might give the borrower the ability to pay 
more at the time of loan repayment. For these reasons, the interest rate during 
periods of expected inflation would tend to be higher than during times when 
no inflation is anticipated. 

First, let us consider how the lender and borrower may deal with a known 
rate of inflation and wage increase. We continue to write Y for the continuously 
compounded rate that reflects compensation for deferred consumption and 
compensation for default risk (Section 10.3). 

Suppose that the rate of inflation and the rate of wage increase are both 
a constant r, written as a continuously compounded rate. Consider an n-year 
loan of $L that will be repaid with a single lump sum. If the interest rate 
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charged is Y, then at the end of the n years, the lender expects to receive 
$Le”Y from each borrower. But to maintain the same purchasing power per 
dollar as it was without inflation, the lender needs to receive ($Le"” )(e"”) = 
$Le”(Y +"), That is, the lender needs to charge an interest rate Y +r to 
compensate for inflation, deferred consumption, and default risk. 

Now, let’s look at the same situation from a borrower’s point of view. If 
the interest rate charged was Y, then he would owe $Le”Y at the end of the n 
years. His wages rose at the rate of r, so theoretically, he can afford to pay up 
to $(Le”” )(e"") = $Le"" +"), This matches exactly what the lender needed 
to receive. We summarize the result, denoting the interest rate that reflects 
compensation for deferred consumption, default risk, and inflation with Y*. 


SUMMARY 10.4.2 

For known rate of inflation r and known rate of wage increase 
r, the interest rate Y* that reflects compensation for deferred 
consumption, default risk, and inflation is given by 


Y*=Y+r=y+s4r 


where the rates are all written as continuously compounded rates. 
If the rates were written as annual effective interest rates, then 


Y*=(1+y)(1+s)(14+r)—-1. 


EXAMPLE 10.4.3 Compensation for known default risk and known 
inflation risk 


Problem: Consider a five-year $20,000 loan to be repaid with a single pay- 
ment at the end of the term. The expected probability of default is 10%, the 
expected recovery rate in the event of default is 55%, and the expected in- 
flation rate, written as a continuously compounded rate, is 3%. What is the 
continuously compounded rate the lender must charge to earn an inflation- 
adjusted continuously compounded yield of 6%, assuming that actual inflation 
will be as anticipated? 


Solution Let N be the number of loans made, and let Y* be the interest rate 
to charge, compounded continuously. Then, the total amount that is expected 
to be repaid from all N loans is 


(10.4.4) (0.9N) [s20,000¢°" + (0.1N) [(0.55)$20,000°"" 


The total amount that needs to be paid from all N loans to realize the 
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inflation-adjusted continuously compounded yield of 6% is 
(10.4.5) N [820, 0000-096) (0-085) 
Setting (10.4.4) equal to (10.4.5), we have 
(0.9N) [520,000] + (0.1N) [(0.55)$20,000e%"” 
= N [$20,000e00 © ¢(0.08)(5)| , 


By dividing both side by N ($20,000), we have 
0.9556" = 28, 


Solving for Y* gives us 
1 
Y*= 5 [0.45 — ln 0.955] ~ 0.099208788 ~ 9.92088%. 


Alternatively, we can first find Y = y+ s = 0.06 + s and then find Y* = Y +r. 
Ignoring inflation, we have 


[(0.9N)Le5Y + (0.1N)(0.55)Le®Y] = N Le®-?66), 


which simplifies to 
0.9556” =e", 


Now we solve for Y to obtain 
1 
Y= 510.3 — ln 0.955] ~ 0.069208788. 
Finally, Y* = Y +r = Y + 0.03 ~ 0.099208788 ~ 9.92088%. E 


In reality, inflation rates remain unknown until after they are experienced. 
This fact leads to two main methods for structuring the interest rate to deal 
with the uncertainty of inflation, depending on whether the lender or borrower 
assumes the risks that such uncertainty could bring. 

An inflation-protected loan is structured in a way that the borrower 
assumes the inflation risk. Since this type of loan protects the lender from 
inflation risk, the lender pays for the cost of protection. 


EXAMPLE 10.4.6 Inflation-protected loan 


Problem: Consider a three-year loan of $10,000 with inflation protection. 
The annual interest rate compounded continuously is 3% plus the rate of 
inflation. The actual inflation rate compounded continuously was 2.5% for the 
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first year, 3.4% for the second year, and 3.1% for the third year. Assuming 
that there is no risk of default, calculate the amount owed at the end of the 
three years. 


Solution Since we are told that there is no risk of default, the 3% is the 
interest rate charged minus the adjustment for inflation. Without adjustment 
for inflation, the amount owed is 


$10,000e°-°9)(3) = $10, 000e°°? ~ $10,941.74. 
To compensate for inflation, the lender will require 


($10,000e0-09)e(0-025+0.034+0.031) x $11,972.17. 


The amount owed is $11,972.17. E 


The loan in Example (10.4.6) has a quoted rate of 3%, compounded con- 
tinuously; the actual rate that the borrower is charged depends on the actual 
inflation rate. 

Let Yı denote the quoted rate on a loan with inflation protection and 
no default risk, written as a continuously compounded rate. Recall that y is 
the interest rate compounded continuously that represents compensation for 
deferred consumption. Then Yı should be smaller than y since the lender is 
the one benefiting from the inflation protection. Thus we can write 


(10.4.7) Yi=y-c 


where c represents the cost to the lender for inflation protection. The actual in- 
terest rate paid by the borrower, yi (written as a continuously compounded 
rate), is 


(10.4.8) YO =y—ct+ra 


where ra is the inflation rate experienced, written as a continuously com- 
pounded rate. In practice, one can observe the value of y — c but not the 
individual values of y and c. This is partly because it can be difficult to deter- 
mine the default free interest rate from the market. It should be noted that 
y — c can be negative, especially for short term loans. In this situation, the 
cost of inflation protection, c, is greater than the compensation for deferred 
consumption, r. When Y; is negative and ra = 0, the amount owed would 
be less than the original loan amount. This may seem absurd; why would the 
lender even consider entering such an agreement? But if the lender believes 
that ra can be large, then the smaller risk that ra = 0 may be worth it. We 
summarize the results, writing all rates as continuously compounded rates. 
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The equations in Summary (10.4.9) would need to be adjusted if the rates 
were given as annual effective interest rates. 


SUMMARY 10.4.9 
The quoted rate for an inflation-protected loan without default 
risk is given by 

Yi=y-c 
where y is the compensation for deferred consumption and c is the 
cost to the lender for the inflation protection. The actual interest 
rate charged is given by 


YO =Y tra =y—-c+ra 


where ra is the actual inflation rate. 


We now give the analogous rates for an inflation-protected loan with de- 
fault risk: 


SUMMARY 10.4.10 
The quoted rate for an inflation-protected loan with default 
risk is given by 
yY Fece 

where y is the compensation for deferred consumption, s is the 
compensation for default risk, and c is the cost to the lender for 
the inflation protection. The actual interest rate charged is given 
by 

y+s—cC+rTa 


where rą is the actual inflation rate. 


With an inflation-protected loan, the borrower will not know the amount 
owed until the actual inflation rate is known. Some may be willing to take that 
risk if the quoted rate and the anticipated inflation rates are small enough, 
but others may prefer a loan where the payment amounts are known upon 
inception of the agreement. 

Let us now consider loans without inflation protection. The actual in- 
terest rate charged for a loan without inflation protection will be fixed, so 
the interest rate that is quoted to the borrower is the interest rate charged. 
Let re be the expected inflation rate, written as a continuously compounded 
rate. If there is no default risk and the interest rate charged is y + re, then 
the experienced inflation might be greater than re, resulting in a compromise 
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of the lender’s purchasing power. To prepare for this possibility, the lender 
can charge additional compensation for unexpected inflation. With this, we 
can give an expression for the quoted interest rate for a loan with no infla- 
tion protection and without default risk, denoted by Y>. As with Summaries 
(10.4.9) and (10.4.10), all rates are given as continuously compounded rates. 


SUMMARY 10.4.11 
The quoted rate for a loan with no inflation protection and with- 
out default risk is given by 


Yo=ytre+Tu 


where y is the compensation for deferred consumption, fre is the 
expected inflation rate, and ru is the compensation for unexpected 
inflation. 


If inflation rates have been stable, then r,, may be very close to zero. The 
analogous results for a loan with default risk is: 


SUMMARY 10.4.12 
The quoted rate for a loan without inflation protection and with 
default risk is given by 


Y* =yt+st+retru 


where y is the compensation for deferred consumption, s is com- 
pensation for default risk, re is the expected inflation rate, and ru 
is the compensation for unexpected inflation. 


The quoted interest rate for an inflation-protected loan is called the real 
interest ratel The real interest rate should not be confused with the actual 
interest rate charged for an inflation-protected loan. The quoted rate for a 
loan that is not inflation-protected is called the nominal interest rate] 

The quoted rate of a loan (the real interest rate for an inflation-protected 
loan, and the nominal interest rate for a loan without inflation) is observable, 
but in practice, the individual values of y, c, re, and ru are not. Consider 
a loan with inflation protection but without default risk, with real interest 
rate Yı = y — c. Consider a second loan that is not inflation-protected, but 
otherwise identical to the first loan, including the compensation for deferred 


2This is the same definition as was given in Section (1.15). 
3This is the same as the “nominal” interest rate given in Section (1.15); it is not the 
“nominal” interest rate that was introduced in Section (1.10). 
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consumption that is required by the lender. Then the nominal interest rate 
for the second loan is Y2 = y + re + ru, with the same value of y as the 
inflation-protected loan. Taking the difference of Y; and Y2, we have 


(10.4.13) Yo — Yı =ret+tryute. 


Equation (10.4.13) shows that a remark often made by financial commenta- 
tors, that the difference between the nominal interest rate and the real interest 
rate is an indication of the inflation rate expected by the financial market, is 
generally false. However, if r, and c are small relative to re, then Y> — Y; gives 
a very good estimate of the expected inflation. 

Earlier, we mentioned that the real interest rate Yı can be negative. Let us 
see how the nominal interest rate Y2 may be negative. Since Yo = y+retru, 
Yə would be negative if re is negative enough. When re is negative, one is 
expecting deflation which is the tendency for prices of goods to decrease and 
the purchasing power per dollar to increase. The loan is repaid with fewer 
dollars, but each dollar is more valuable than it was at the beginning of the 
loan term. The overall effect is that the lender paid the borrower a fee to 
safely store his money during the term of the loan. This may seem strange, 
but negative nominal interest rates have been used by central banks of Europe 
and Japan to stimulate their economy. 

Now let us see how credit spread, the compensation for default risk is 
observed in practice. Consider two loans without inflation protection that are 
identical except that one loan has a default risk and the other does not. Then, 
Summaries (10.4.11) and (10.4.12) give 


(10.4.14) s=Y*—Yp. 


Thus, we can observe the credit spread s by comparing the interest rate offered 
to a particular borrower for a loan and the interest rate for a similar loan with 
no credit risk (or perceived as very close to no credit risk, such as for a U.S. 
Treasury security). The creditworthiness of the borrower is reflected in the 
credit spread; s would be greater for less creditworthy customers. 

Credit spread is a measure of default risk, and the creditworthiness of the 
customer is not the only factor that determines the level of default risk. It is 
influenced by additional factors such as the term of the loan and anticipated 
inflation. 

The collection of credit spreads organized by loan terms is called the 
spread curve. The spread curve can have a variety of shapes, but generally 
it slopes upward, reflecting the tendency for the credit spread to be larger for 
loans with longer terms. 

Wages tend to grow during time of inflation, which could make repayment 
of debt easier for borrowers. Therefore, s decreases during times of inflation. 
This also shows that although we have been discussing various components of 
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Symbol Compensation for: 


y Deferred consumption 

S Default risk 

r Known inflation 

Ta Actual (experienced) inflation 
Te Expected (anticipated) inflation 
Tu Unexpected inflation 


TABLE (10.4.15) Components of interest rates 


No default risk With default risk 


Known inflation ytr Y*=y+s+r 
Inflation-protected 
(Real interest rate) Yi=y-c y+s—c 
(Actual rate paid) y® == eF Ta y+ts—c+ra 


Not inflation-protected 
(Nominal interest rate) | Yo=ytretru | Y* =yt+tstretru 


TABLE (10.4.16) Formulas for components of interest rates 
where rates are given as continuously compounded rates 


compensation such as term of loan, inflation risk, and default risk separately, 
their levels are interrelated. 

We have introduced many variables and formulas in this section to de- 
scribe the components of interest rates. Tables (10.4.15) and (10.4.16) are 
given as summaries. The formulas in Table (10.4.16) assume that the rates 
are quoted as continuously compounded rates. The formulas must be adjusted 
if the rates are given as effective interest rates. 


10.5 BANKS AND OTHER FINANCIAL INTERMEDIARIES IN THE 
RETAIL SECTOR 


In sections (10.3) and (10.4), we discussed components of interest rates as ab- 
stract concepts. We now turn to other practical factors that influence interest 
rates. 

We often say “borrow from the bank” but that is not an entirely accurate 
description. The money loaned out by the bank is money accepted as deposits 
from its customers. A financial intermediary is a third party that connects 
potential investors with potential borrowers. Banks and savings and loans 
institutions are examples of financial intermediaries in the retail sector. They 
accept deposits from the general public and issue loans to individuals, small 
businesses, and corporations. They charge higher interest rates to borrowers 
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and credit lower interest rates to depositors. The difference must be great 
enough for the financial intermediary to pay for overhead expenses, loss from 
defaulted loans, and profit for the owners. 

Credit unions share many similarities with banks in the financial services 
they provide, but one major difference is that a bank is for-profit and profit is 
paid to its shareholders while a credit union is not-for-profit(4] and earnings are 
shared with its members. Hence, the customers of credit unions are “members” 
and when they deposit, they “buy shares” and acquire ownership of the credit 
union. In contrast, when a customer makes a deposit at a bank, he “invests” 
but he does not acquire ownership of the bank. By definition, interest is paid 
to an investor. Therefore, the money earned by a credit union member is not 
interest, but is called a dividend. However, for many consumers, banks and 
credit unions satisfy the same needs, making the distinction between interest 
and dividend irrelevant for our discussion here. 

Credit unions use the same business model as banks in that they loan 
out the money deposited, but as a not-for-profit, they do not need to generate 
profit for their owners. Also, overhead expenses can be significantly lower since 
most credit unions have fewer branches than do national banks. Hence, the 
difference between the savings rate and the loan rate tends to be smaller for 
credit unions than for banks. This tendency may change as banks can reduce 
the number and size of their branches as have been the case between 2009 
and 2018[] On the other hand, an increasing number of credit unions share 
their branches, allowing their members to conduct most transactions at other 
credit unions’ branches as they would at their own. 

Financial intermediaries that accept deposits from the general public are 
regulated by state and federal jurisdiction. Intermediaries provide payment 
services such as processing payments made by check, credit cards, and debit 
cards. Since the vast majority of the processes involve multiple banks, the 
failure of even one bank can have a serious impact on the economy. Also, to 
sustain the business model of lending money that customers have deposited, 
depository institutions need to be trusted by their customers as a safe and 
reliable place for customers to place their money. At the very least, customers’ 
ability to access their funds and ultimately to have the balance returned to 
them must be protected. 

Among financial intermediaries that serve the retail sector, there are 
those that do not accept deposits from the general public and instead, receive 
their funding directly from investors. These lenders are known as “alternative 
lenders” and the services they provide are sometimes referred to as “shadow 
banking” because they provide services similar to those that banks do, but 
they are not subject to the same regulations. As such, they can often provide 


4The Internal Revenue Service considers a not-for-profit to be distinct from a non-profit. 
5Historical numbers of bank branches for the United States is available through the 
website of the Federal Reserve of St. Louis. 
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loans more quickly, possibly at higher interest rates, and can take more risks 
than traditional lenders. Alternative lenders have become an important part 
of the economy, but when they fail, they do not receive the protection that 
being part of a regulated system would provide. This has proven to be prob- 
lematic when a number of alternative lenders failed during the financial crisis 
of 2008, giving rise to calls for regulation. 

There are a growing number of alternative payment providers such as Pay- 
Pal, Android Pay, and Apple Pay, that process payments by utilizing smart- 
phones and the internet, together with encryption technology to hopefully 
protect sensitive financial information. They are part of a growing class of 
companies known as financial technology companies. Financial tech- 
nology, or fintech, is broadly defined as any technological innovation in 
financial services. A few examples of fintech are cryptocurrency such as Bit- 
coin, distributed ledger technology (DLT) such as blockchain, crowdfunding, 
peer-to-peer (P2P) lending, and automated investment advice using financial 
algorithms. How new technologies will change or replace traditional banking 
services remains unclear. 


10.6 SAVINGS AND LENDING INTEREST RATES IN THE RETAIL 
SECTOR 


Banks, savings and loans institutions, and credit unions offer three types of 
savings products: savings accounts, money market accounts, and certificates 
of deposits (CDs) [9 A fourth type of account, checking accounts, usually bear 
little to no interest, so it will not be discussed here. 

The holder of a savings account can withdraw any amount at any time, up 
to the full account balance without penalty. Similarly, the holder of a money 
market account can withdraw any amount at any time, but must maintain a 
minimum balance that is specified by the financial institution! The interest 
rate for a savings account or a money market account can change at any time. 
In contrast, the holder of a CD must keep the full amount on deposit for a 
defined period of time; early withdrawal incurs a penalty, typically in the form 
of reduced interest. The interest rate for a CD is predetermined and does not 
change during its term, but longer terms usually pay higher rates] Savings 


6A brokered CD is offered through a brokerage firm. While it shares some features 
with a CD offered through a bank or credit union, there are significant differences between 
them as well. 

T There is a limit to the number of withdrawals allowed each month from a money market 
account or a savings account. However, there are exceptions as to what counts toward that 
limit. 

8Most CDs have a fixed term, a fixed interest rate, and a penalty for early withdrawal, 
but financial institutions may offer CDs that do not share these traits. Examples include 
liquid CDs, bump-up CD’s, step-up CDs, and Jumbo CDs. 
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accounts usually pay lower interest rates than money market accounts and 
CDs, since they offer more flexibility for the account holder. 

As discussed in Section (10.4), the interest rates offered for savings can be 
higher during times of inflation, but there are other factors that influence the 
rate. A bank or credit union with low overhead expenses can offer higher rates 
than one with a high overhead. Banks that restrict their operations to online 
transactions would have much lower overhead expenses than a bank with many 
brick-and-mortar branches. Higher rates may be offered to attract additional 
deposits when the demand for loans is high and the supply of deposits is low. 
A bank trying to expand its business to a region where it previously did not 
have a presence may wish to attract new customers by offering higher savings 
interest rates. 

Consumers are more likely to place their money where they believe it will 
be safe. Most banks operating in the U.S. are insured by the Federal Deposit 
Insurance Corporation (FDIC), which guarantees that each depositor of a 
failed bank will be refunded the full amount in a qualifying account, up to the 
insured limit. Similar protection is provided for deposits at federally insured 
credit unions by the National Credit Union Share Insurance Fund (NCUSIF) 
which is administered by the National Credit Union Administration (NCUA). 
Both insurance programs are backed by the United States government. If a 
bank or credit union fails and if the appropriate program functions as de- 
signed, then either the depositor would receive a check, or another bank or 
credit union would be assigned to take over the failed institution’s operations. 
However, the interest rates for accounts and CDs after the acquisition may 
be lower than it was before the failure and this is a significant risk for depos- 
itors))| Thus, banks and credit unions are rated for their financial conditions 
and profitability. Those that have low ratings or are perceived to be risky may 
have to offer higher rates on deposits, especially for CDs. 

Banks and savings and loans institutions offer various loan products such 
as credit cards, mortgages, auto loans, personal loans, and small business 
loans. There are generally three categories of loans: secured loans, unse- 
cured loans, and guaranteed loans. 

A secured loan is a loan that has a collateral, an asset that is to be 
forfeited in the event of a default. For example, a home equity loan is secured 
with a house, and an auto loan is secured with a car. The asset can be seized 
and sold by the lender for partial recovery. 

An unsecured loan is a loan that is not secured by property. Credit card 
debt is usually an unsecured loan. 

A guaranteed loan or a loan with guaranteed repayment is a loan that 
is guaranteed by a third party, which means that the third party has agreed 


9While saving account and CD interest rates can be lowered after the operations of a 
failed bank is transferred to another bank, the interest rates for loans are not lowered. 
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to pay the lender the amount lost in the event of a default. For example, 
some student loans are guaranteed by the federal government. A high-ratio 
mortgage (a mortgage where the loan amount is almost 100% of the prop- 
erty value) is usually required by the lender to be guaranteed by a mortgage 
guarantee insurance company. 


In Section (10.3), we discussed compensation for default risk as a compo- 
nent of interest rates and saw that not only does it depend upon the likelihood 
that a borrower will default but also the likelihood of partial recovery in the 
event of a default. Because of this, if two loans are otherwise identical, a 
secured loan should have a lower interest rate than an unsecured one and a 
guaranteed loan should have a lower interest rate than a non-guaranteed loan. 

The creditworthiness of the particular borrower matters as well. A history of 
full payments made consistently on time, together with a documented steady 
income, would indicate that default is unlikely, resulting in a lower interest 
rate than for a borrower with a spotty payment history or irregular income. 
Thus, different borrowers might reasonably be charged different interest rates 
for otherwise identical loans. 


Banks post savings rates and loan rates, but while savings rates are ap- 
plied uniformly to all customers with the same type of account, the loan rates 
are usually merely an indication of what might be the actual rate. The actual 
rate is determined after a loan application process. In comparison, regulations 
require that all customers for a given credit card be charged the same interest 
rate unless a customer misses a required payment for that specific card. Then, 
the interest rate for that card can be raised for the customer that missed the 
payment [9] To apply specific interest rates to specific groups of customers, 
credit card companies issue different credit cards with characteristics meant 
to attract a particular segment of the population. For example, a secured 
credit card can be obtained by a borrower with either limited or damaged 
credit, while a card with a low interest rate would attract those who often 
carry a balance. In addition, by offering a variety of credit cards with a variety 
of appeals, a credit card company is more likely to convince a consumer to 
acquire a credit card or even multiple cards. 


The prime rate of a bank is the interest rate it charges to its most fa- 
vored, most creditworthy borrowers. Very few customers actually qualify for 
the prime rate, but it serves as a benchmark to determine the interest rate 
for its other customers. Prime rates vary from bank to bank. 


10 Before the Credit Card Accountability, Responsibility, and Disclosure Act (CARD Act) 
of 2009, it was common practice for credit card issuers to raise a cardholder’s interest rate 
if the cardholder is late on any debt payment that is reported to a credit bureau such as 
utility, mortgage, car payments, and credit card payments. 
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10.7 BONDS ISSUED BY GOVERNMENTS AND CORPORATIONS 


When governments and large corporations need to borrow money, they often 
need a much larger amount than what a bank can or would want to lend to 
a single borrower. Default at such a scale could be catastrophic to a bank 
and even the most creditworthy borrower may fail due to unforeseen circum- 
stances. To raise a large amount of funds in a relatively short period of time, 
governments and corporations turn to the public financial market and issue 
bonds. In Chapter 6, you have seen that the buyer of a bond is a lender to the 
issuer, and the yield (determined by the price paid) of a bond is the interest 
rate of the loan. 

A bond is similar to a CD in that it has a stated term and rate (“coupon 
rate” for a bond, “interest rate” for a CD). However once issued, a bond can 
be bought and sold in the secondary market through a broker, while a CD 
can only be redeemed by the original purchaser|!] Also, a bond is subject to 
default risk, but a CD issued by an FDIC insured institution is insured up to 
a defined limit, thus limiting the risk. 

Once a bond is issued, it may be traded in the secondary market until it 
matures. The price of a bond (and hence, its yield) can change at any time, 
depending on factors such as creditworthiness of the issuing government or 
corporation, the liquidity of the bond market, the currency in which the 
bond is denominated, the time until its maturity, the aging of the bond, 
the anticipated rate of inflation, the tax treatment of the bond’s coupons, 
and in the case of corporate bonds, the seniority of the bond issued in a 
corporation’s capital structure. 

Liquidity is the ability to quickly and easily convert to cash. A bond that 
is widely traded is easier to sell than a bond that is sparsely traded. Aging of 
a bond refers to the shortening of its term as the maturity date approaches. 
A newly issued ten-year bond has a ten-year term and its coupon rate would 
reflect its term, but seven years later, the same bond would only have three 
years remaining in its term. If the original purchaser decides to sell this bond 
in the secondary market, it would be sold as a three-year bond in a different 
market environment from what it was seven years ago. 

In this section, we will focus on how these factors determine the yield of 
bonds issued by the U.S. Treasury, state and local governments, the Govern- 
ment of Canada, and large corporations. 


U.S. Treasury securities 


Bonds issued by the Treasury Department of the U.S. government are 
collectively known as U.S. Treasury securities. They are considered to be 


11The exception is a negotiable CD, which is redeemable by its bearer and can be 
traded in the secondary market. A brokered CD is negotiable. 
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virtually free of default risk and are also the most widely held and traded of 
all bonds. Since they are perceived as having low risk, the yields are generally 
lower than for the higher risk corporate and municipal bonds. 

There are three types of bonds issued by the U.S. Treasury: bills, notes, 
and bonds. Treasury bills, or T-bills, are zero-coupon bonds with terms of one 
year or less. Notes and bonds have semi-annual coupons and their terms are 
between two and thirty years. More specifically, Treasury notes have terms of 
at most ten years, while Treasury bonds have terms that are greater than ten 
years. The Treasury Department uses a two-part auction process to sell these 
securities. For each auction, they accept two types of bids, competitive bids 
and non-competitive tenders. The competitive bids, submitted by institutional 
investors and foreign countries, determine the price and yield of the bonds 
offered. The smaller investors and individual investors that submitted the non- 
competitive tenders are guaranteed the right to buy the securities at the prices 
determined by the competitive part of the auction. This process is designed 
to ensure that the rates offered are indicative of the current market conditions 
as well as to give an indication of the strength of the U.S. economy. A lack 
of interest in the bonds would signal the possibility that the U.S. economy is 
slowing. Individuals can buy bonds through banks and brokers, or purchases 
may be made directly from the Treasury without the fees associated with going 
through a middleman. The auctions are held regularly, but not all maturities 
are issued on any given auction date. For example, the shorter term T-bills 
could be issued weekly, while the Treasury bonds could be issued once every 
three months. 

There are two types of Treasury notes/bonds; those that are inflation- 
protected and those that are not. The ones that are not inflation-protected, 
nominal return bonds, are more common and have a longer history. The 
inflation-protected, real return bonds (also known as inflation-indexed 
bonds or Treasury Inflation-Protected Securities (TIPS)) are less com- 
mon and have been offered since 1997. The principal of a TIPS increases and 
decreases with the Consumer Price Index. Since the coupon rate of a TIPS 
is fixed and is applied to the inflation-adjusted principal, the coupon amount 
increases in times of inflation and decreases in times of deflation. The redemp- 
tion amount paid will be the greater of the original principal (face value) or 
the final inflation-adjusted principal, so the face value is guaranteed. These 
features give the holder of a TIPS an income stream that maintains its pur- 
chasing power. 

TIPS are often used by pension plan managers as a financial tool. A 
pension plan manager makes investment decisions for a very large pool of 
money over an extended period of time to ensure that pension benefits can 
be paid to the plan participants in a timely manner. The benefit amounts 
are linked to inflation rates to allow for cost-of-living increases which can be 
substantial; even a modest inflation rate of 2% can lead to an increase of 
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almost 50% over a period of twenty years. For the same reason, TIPS may 
be useful for individuals to include as part of their retirement portfolio. The 
Treasury is in a better position to accept inflation risk since taxpayers are 
taxed on increases in income as well as an increase in prices. 

Another consideration is how income from bonds is taxed. For exam- 
ple, if an income of $100 is taxed at 20%, then the after-tax income is $80. 
From the investor’s point of view, “$100 income taxed at 20%” is equiva- 
lent to “tax-exempt income of $80.” This suggests that the yield for a bond 
that is tax-exempt should be lower than for a comparable bond that is not 
tax-exempt. In general, income may be taxed by the federal, state, and local 
government. Interest income from Treasury securities is taxable by the federal 
government, but is exempt from state and local taxes. 


Municipal bonds 


Bonds issued by states, cities, counties, and other local government en- 
tities are collectively referred to as municipal bonds. Unlike the federal 
government, local governments are often restricted by law in their ability to 
issue debt obligations and may require legislative or voter approval to do 
so. Municipal bonds are usually used to finance projects for the public good 
such as the building or maintenance of schools, highways, hospitals, public 
transportation systems, and utility systems. 

There are two types of municipal bonds, revenue bonds and general 
obligation bonds. Revenue bonds are backed by a specific revenue gener- 
ated by the issuer. For example, if bonds were issued to build a hospital, the 
bondholders may be paid from the fees the hospital collects from providing 
medical services. If bonds were issued to build a light-rail system, then the 
revenue from the fares collected would pay the bondholders. General obli- 
gation bonds are backed by the taxation authority of the local government 
entity issuing the bond; that is, the issuer is obligated to levy taxes in any 
way possible to make the bond payments. 

Unlike Treasury securities, municipal bonds are considered to have at least 
some degree of default risk, albeit usually a low one. Some municipalities 
have declared bankruptcy and defaulted on their bonds. Bonds issued by 
municipalities in poor fiscal health should offer a higher yield to compensate 
for the default risk. 

No Treasury security has been called since 2009, but many municipal 
bonds are callable. (Callable bonds were discussed in Section (6.9).) By calling 
the bond when interest rates are falling, the issuer can replace the old debt 
with a new issue of bonds at a lower interest rate. This is a loss for the 
bondholder who not only loses future coupon payments but can now only 
reinvest at lower rates. The yield quoted at issue should be higher for a callable 
bond than for a comparable non-callable bond to compensate for the call risk. 
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Interest income from municipal bonds is exempt from federal taxes and 
is often exempt from state and local taxes as well if the buyer resides in the 
area where the bond was issued. These tax advantages make municipal bonds 
particularly popular with those in higher tax brackets. The yield for a bond 
with tax exemptions should be lower than the yield of a comparable bond 
without exemptions. 


Government of Canada bonds 


Most financial transactions that occur within a country are made in its 
local currency. For example, U.S. dollars are used in the United States while 
Mexican pesos are used in Mexico. When a national government issues a bond, 
the currency in which all financial transactions related to that bond will be 
made is specified in its indenture. The specified currency is often the local 
one, but bonds may be issued in other currencies as well. 

Suppose an individual has the option to purchase a bond issued by a 
national government, possibly outside of his or her country of residence. The 
quoted yield for the investment should be high if the country is perceived 
as politically or economically unstable. The new government after a political 
upheaval might not honor debt by its predecessor. If payments are missed 
because of a weak economy, the debt is likely to be restructured with lower 
interest rates and extended terms. Other factors that may be reflected in the 
yield offered include the risk of unfavorable currency exchange rates, taxes on 
foreign investment, and inflation in the issuing country. 

The Canadian government has a solid repayment record and its bonds, 
issued in various terms from 91 days to 30 years, are widely considered to be 
among the safest investments one can make. Most of the bonds are issued in 
Canadian dollars, but some are denominated in U.S. dollars for international 
investors, especially U.S. investors who would like to invest in the Canadian 
government while avoiding possible exchange rate fluctuations that involve 
the Canadian dollar. The yields of its bonds issued in U.S. dollars tend to 
be similar to the yields of U.S. Treasury securities with a slightly lower rate, 
reflecting the smaller volume and lower frequency of Canadian bonds traded. 
In contrast, the yields of Government of Canada bonds issued in Canadian 
dollars do not mirror the fluctuations of the U.S. Treasury yields, and reflect 
the supply and demand of Canadian dollars instead. 

In the United States, the U.S. Treasury yields are commonly considered 
to be the risk-free rates and as such, act as the benchmark for risk-free lend- 
ing in the United States. Similarly, the Government of Canada’s bonds are 
perceived to be very safe as investments made in Canada and their rates act 
as the benchmark for risk-free lending in Canada. 
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Corporate bonds 


Corporate bonds are bonds issued by companies to raise funding for 
various expenditures such as ongoing operations, restructuring of debt, and 
acquisitions. The bonds are backed by money earned from future operations 
of the firm, although some are secured with company assets. Corporate bond 
yields are higher than yields for Treasury securities because of the higher risks 
involved; while there is potential for great growth, there is also significant 
potential for loss. 

Once issued, corporate bonds can be traded in the secondary market, 
but they are generally not nearly as widely traded as government bonds. 
Investment brokers act as intermediaries for investors to buy and sell bonds. 
The broker buys the bond from an investor with the intent to sell the same 
bond to another investor for a higher price; his income is earned from the 
difference. The bid price is the price that the broker buys the bond from 
the investor. The ask price or offer price is the price for which the broker 
sells the bond to another investor. The difference of the two prices is called 
the bid-ask spread. Bonds that are in high demand will be sold quickly 
and converted to cash, while bonds that are traded infrequently may have 
to be held by the broker for an extended period of time before they sell. In 
addition, if the price of a less-liquid bond should suddenly fall while the broker 
is holding it, he may have to sell it for less than his purchase price. To protect 
himself against such risks, the broker would want a larger compensation for 
the inconvenience of trading a less-liquid bond; this would result in a wider 
bid-ask spread for that bond. 

Private independent credit-rating services (such as Standard & Poor’s 
(S&P), Moody’s, and Fitch) rate each bond in circulation for the likelihood 
that the issuer will repay in a timely manner. Another factor is the poten- 
tial for recovery in the event of a default. The rating services look at the 
issuing company’s financial strength, amount of current debt, and potential 
for growth. Higher ratings are given to bonds issued by companies that have 
low default risk and favorable recovery potential for the borrower. Since these 
qualities indicate a safer investment, the yield of the bond should be lower 
than for a comparable bond with a lower rating. The higher ranked bonds are 
referred to as “investment-grade,” while the lower grade bonds are referred to 
as “non-investment-grade,” “high-yield,” or more succinctly, “junk.” 

It is important to understand that the difference in yields of a corpo- 
rate bond and a comparable Treasury bond not only represents the difference 
in creditworthiness of the issuer, but also other factors such as the bond’s 
embedded options and seniority. 

As with the municipal bonds that were discussed earlier, corporate bonds 
often have a call option that gives the issuer the option to repay the debt 
early. If interest rates fall enough to justify the cost and trouble of issuing 
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new bonds, then the issuer will issue new bonds with lower coupon rates and 
use the proceeds to pay for the redemption and any call premiums of the 
called bonds. The resulting new debt will have lower future repayments. The 
option will not be exercised if the interest rates rise. When a bond is called, 
the bondholder loses future coupon payments and, furthermore, is left in an 
economic environment of less desirable rates for reinvesting. The bondholder 
was presumably compensated for assuming this risk with a lower purchase 
price and higher yield than for a comparable bond without a call option. 


On the other hand, a put option gives the buyer of the bond the right 
to force the issuer to pay the redemption amount at certain times specified 
in the bond indenture. In effect, it gives the buyer the right to sell back the 
bond to the issuer for the redemption amount. The buyer must pay for this 
privilege by accepting a lower yield and higher price than for a comparable 
bond that does not have a put provision. 


Another important consideration is the seniority of the bond. Senior- 
ity refers to the order of repayment in the event of a sale or bankruptcy of 
the issuer. “Senior” debt must be repaid before “junior” or “subordinated” 
debt. Some debt may be secured with company assets, and in the event of 
a default, the collateral would be surrendered to the lender. Nevertheless, a 
lower seniority bond has poorer recovery potential than one that has a higher 
seniority. All else being equal, the holder of a less senior bond should have a 
higher yield and lower price to compensate for that risk. 


The issuer can make other decisions to influence the yield of a bond. 
When a corporation that conducts business in multiple countries issues bonds, 
it needs to choose the country where they would be issued. The corporation 
would evaluate the economic environment and currency for each country in 
which it operates. For example, by choosing a country with lower inflation, it 
can set the coupon rates to be lower than for issuing in a country with higher 
inflation. 


10.8 THE ROLE OF CENTRAL BANKS 


The exchange of money can take on many forms. Groceries at the grocery store 
can be paid for in cash, but they can also be paid for by using a personal check, 
credit card, or debit card. An employer can pay its employees by check or by 
direct deposit. Mortgage payments and utility payments can be made with 
automatic drafts. Purchases can be made in person at brick-and-mortar stores, 
but it is just as likely to take place online or on a mobile device. The payment 
system of a country is a vast network of related and unrelated entities, each 
counting upon the timely and reliable performance of others in the network. 
A smoothly running payment system is a necessity for a stable economy. 
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Policies that are implemented to keep an economy stable including those 
that control interest rates and currency supplies, are collectively called mon- 
etary policy. A central bank is a special institution that determines a 
country’s monetary policy and provides financial and banking services for its 
country’s government and commercial banking system. The extent of a cen- 
tral bank’s activities and authority vary widely from country to country, but 
two important roles of the central bank are to facilitate the operations of a 
country’s payment system and to act as a “lender of last resort” for the banks 
that have authority to do business in that country. 

The central bank of the United States is the Federal Reserve. Each 
commercial bank that operates in the U.S. is required to maintain a specified 
amount of money on deposit with the central bank. The amount, known as 
the reserve requirement, is set by the Federal Reserve and is determined 
by factors such as the volume of deposits held at the bank, the numbers of 
transactions that the bank typically handles in a day, and the overall im- 
portance of that bank in the system. The actual amount of money on hand, 
called the reserve, must be at least as great as the reserve requirement and is 
often greater since the Federal Reserve pays interest on the reserve. Sufficient 
reserves allow the Federal Reserve to act as the “lender of last resort” to all 
commercial banks. 

Commercial banks lend money out using the deposits accepted from their 
customers. The banks prefer to lend as much money as possible to maxi- 
mize their profit. If customers demanded to withdraw a larger portion of their 
money than expected on a particular day, a bank may not have enough in its 
vault to fulfill all of the requests. Using the funds held in reserve, the central 
bank can step in and simply lend the necessary amount to the bank. How- 
ever, commercial banks would often choose to borrow from peer institutions 
on an overnight basis by transferring funds between their accounts with the 
Federal Reserve. Borrowing from peer institutions is preferred over borrow- 
ing from the Federal Reserve because doing so demonstrates that the bank 
is considered creditworthy by its peers. The Federal Reserve is the “lender of 
last resort” because it will loan the money needed when other options are not 
available. The rate charged by the Federal Reserve for banks to directly bor- 
row from the Federal Reserve is called the discount ratel} If a large number 
of banks are experiencing higher than normal withdrawal volume, then the 
central bank will provide limited support to all that require assistance. In this 
situation, bank customers may only be allowed to make limited withdrawals 
for a specified time period. 

The Federal Reserve is also known as the Federal Reserve System 
because it consists of several parts: the Board of Governors, the twelve Re- 
gional Reserve Banks, and the Federal Open Market Committee 


12Note that this is different from the discount rate discussed in Chapter 1. 
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(FOMC). The Board of Governors is also known as the Federal Reserve 
Board (FRB). 

The seven members of the Board of Governors are appointed by the Pres- 
ident of the United States and confirmed by the U.S. Senate for a term of 
fourteen years. The terms are staggered, with one appointed every two years. 
The staggering is meant to limit the number of Governors that a single U.S. 
President can nominate, insulating the Board from the day-to-day political 
pressures from the administration. The Board of Governors supervises the 
work of the Federal Reserve and issues banking and consumer-credit regula- 
tions. 

The Federal Open Market Committee has twelve voting members: the 
seven members of the Board of Governors, the president of the Federal Reserve 
Bank of New York, and four other presidents of the regional Federal Reserve 
Banks that serve one-year terms on a rotating basis. Note that the Board of 
Governors has more than half of the twelve votes. 

The federal funds rate is the interest rate that banks charge each other 
for overnight loans, using the excess from the reserves they keep with the 
Federal Reserve. The FOMC sets targets for the federal funds rate, then it 
pressures member banks to set the federal funds rate to the target rate by 
either buying securities, mainly Treasury bills, that the the banks own or by 
selling securities to the banks. Such activities by the FOMC are known as 
open market operations. For example, when the FOMC buys securities 
from member banks, then the balance in the banks’ reserves increases. This 
makes more money available for interbank loans, which lowers the federal 
funds rate. When the federal funds rate decreases, the supply of money for 
lending to customers increases since the banks can readily replenish their 
reserves by borrowing from other banks. This shifts the supply curve of loans 
for consumers to the right, and assuming that the demand curve stays put, 
the equilibrium price decreases, which corresponds to a decrease in interest 
rates. On the other hand, when the FOMC sells securities to member banks, 
it replaces cash in the banks’ reserves with Treasury bills. This results in less 
money available for interbank loans, which raises the federal funds rate. When 
the federal funds rate increases, the supply of money for lending to customers 
is reduced. This shifts the supply curve of loans to the left and, barring a shift 
of the demand curve, the equilibrium price increases, which corresponds to an 
increase in interest rates. 

The goals of the FOMC, given by a mandate from Congress in 1977, 
are to conduct monetary policy in a way that maximizes employment, keep 
prices stable (that is, control inflation), and maintain moderate long-term 
interest rates. The first two are known as the dual mandate. However, these 
goals may be difficult to meet as some policies that lower unemployment 
may also bring on higher inflation. Through its activities such as setting the 
target for the federal funds rate, managing the reserve requirement, setting the 
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discount rate, and implementing open market operations, the FOMC attempts 
to influence the money supply and in turn, the interest rates. 


10.9 


PROBLEMS, CHAPTER 10 


(10.0) Chapter 10 writing problems 


(1) 


(10) 


[following Section (10.2)] Look up the difference between “shifting a 
supply/demand curve” and “moving along a supply/demand curve.” 
Give an example of each. 


[following Section (10.3)] Choose a banking institution and look up the 
interest rates for an auto loan for various levels of default risk. Include a 
description of how the default risks may be determined by the banking 
institution you chose. 


following Section (10.5)] Find several examples of secured loans. For 
each example, describe the process that would follow in the event of a 
default. 


following Section (10.5)] Find several examples of guaranteed loans. 
For each example, describe the purpose of the loan and the entity that 
guarantees it. 

following Section (10.6)] Describe several needs that alternative lenders 


satisfy that traditional lenders do not. Discuss the pros and cons of 
borrowing from an alternative lender. 


following Section (10.7)] The issuer of a callable bond is likely to exercise 
the call option when interest rates fall sufficiently; the issuer can issue 
new bonds with lower coupon rates and use the proceeds to repay the old 
debt, lowering future repayment amounts. Describe what the purchaser 
of a bond with a put option might do when interest rates rise and explain 
how those actions would benefit him. 


following Section (10.7)] Write a few paragraphs describing what Trea- 
sury Inflation-Protected Securities (TIPS) are, their history, and how 
the coupon amounts and redemption amount are calculated. 

following Section (10.8)] Identify the central bank of several countries. 
Determine their roles and authorities. What do they have in common? 
How are they different? 


following Section (10.8)] Each bank operating in the United States must 
satisfy reserve requirements set by the Federal Reserve. Look up what 
past reserve requirements were and the corresponding economic back- 
grounds. What do you think the Federal Reserve may have been trying 
to accomplish? 


[following Section (10.8)] The Federal Reserve buys and sells government 
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securities from its member banks to raise or lower interest rates. These 
activities are referred to as open market operations. Are open market 
operations effective in influencing the interest rates? Give reasons to 
support your answer. 


[following Section (10.8)] The reserves held with the Federal Reserve did 
not always earn interest. Look up the history of this practice and de- 
scribe how the Federal Reserve can influence the behavior of its member 
banks by changing the rate of interest earned on reserves. 


(10.2) Supply and demand of loans 


(1) 


Suppose the demand for six-month loans increased. In which direction 
does the demand curve of six-month loans shift? How does this effect 
the equilibrium price and the interest rate of a six-month loan? 


(10.3) Default risk 


(1) 


What is the minimum continuously compounded rate a lender should 
charge for a two-year $7,000 loan if the lender’s required continuously 
compounded rate of return is 7.5% and risk of default with no recovery 
is 3%? Assume that there is no inflation. 


A lender will charge 10.5% annual effective interest for a five-year $5,000 
loan. If the lender expects 13% of his borrowers to default, what is the 
minimum rate of recovery needed in the event of default for him to earn 
a 9.3% annual rate of return? 


Voyage National Bank (VNB) plans to offer a four-year $10,000 loan, to 
be repaid with a single payment at the end of the loan term. As a lender, 
it requires 6.3% compounded continuously as compensation for deferred 
consumption. If VNB charges a credit spread of 2.1% compounded con- 
tinuously, what is the effective annual interest rate quoted for this loan, 
and what is the expected default rate? Assume no recovery in the event 
of default. 


(10.4) Inflation risk 


(1) 


(2) 


Describe the shifts of the supply curve and demand curve of loans when 
the anticipated inflation rate is positive. Comment on the resulting equi- 
librium price and the interest rate. 


Oliver lends $2,500 for two years to the United States government, which 
is considered to have no default risk. The loan is inflation-protected, with 
a quoted annual effective interest rate of 2.43%. All interest will be paid 
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at the end of the loan term. Find the amount of interest Oliver would 
earn during the two-year period if inflation rates were 1.98% for the first 
year and 2.39% for the second. 


(10.7) Bonds 
(1) Magella bought a newly issued ten-year $10,000 6.8% bond with semi- 


Ne 


Ww 


annual coupons, priced to receive an annual yield of 7.3%. With two 
years remaining in its term, she sold it at a price that would give her an 
annual yield of 4.3%. What is Magella’s annual yield for the eight-year 
period that she owned this bond? 


Guy bought a newly issued twenty-year $15,000 7.2% bond with annual 
coupons, priced to yield 6.8%. With five years remaining, he sold it to 
yield k%. Find all values of k for which Guy’s yield for the fifteen-year 
period is greater than his original 6.8% annual yield. 


Two months ago, a newly issued five-year $1,000 bond with 8% semi- 
annual coupons was bought for par. Interest rates are rising and it is 
expected that a five-year $1,000 bond with 8.2% semiannual coupons 
will be issued soon, to be sold at par. Is the current price of the first 
bond in the secondary market likely to be greater than or less than its 
face value? Explain. 


APPENDIX A 


Some useful formulas 


SPECIAL ACCUMULATION FUNCTIONS 


Simple interest at rate r: a(t) =1+ rt 


1 


Simple discount at rate q: a(t) = g 


Compound interest at effective interest rate i: a(t) = (1 +i) 


RATES 


to) —alt 
Effective interest rate: ift, 4.) = alta) — a(t) 
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Inflation rate: rig, to] = pt2) = p(t) 
p(ti) 
r é Ue, to] <2 Tt, ,t2] 
Real interest rate = 
aoe 1+ [ti ,t2] 


Under compound interest, i, d, i”), and d“™ are equivalent if 


(m) (m) 
(+=) =14i= (1-0 = (1-5) . 
m m 


Rate i is equivalent to constant force of interest 6 if 6 = In (1 + i). 


Under a general accumulation function a(t), 


gp et ea 


a(t) dt a(t) = eft tra 


? 
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FORMULAS NOT SPECIFIC TO INTEREST THEORY 


Sum of Geometric Series 


2 4 l-r” 
cer +er? +. -terrl =e i for rÆl1. 
-r 
eter tor? tere +... = l for Ir] <1. 
-r 


Newton’s Method 
F(z) 
f' (zx) 


A root is sought using the recursion formula 7,41 = £k — 


Quadratic Formula 


—b + Vb? — 4ac 


ax? + bz +c=0 has solutions x = i 
a 


ANNUITIES AND PERPETUITIES WITH LEVEL PAYMENTS 
Present values: payment period = conversion period 
am = v(1) + (2) +- +o(n); as = rak) 


l-v", 4 1—v" 1 
ami =V +U teu? = $ az = liMn—> o = =F 


äm =1+v(1)+0(2)4+---+u(n—D; Go, = HR Gv(A) 


n 


oe os .. . 1 1 
ämi =l +u +u +v =) Ge = lM =] 


Present values: payment period # conversion period 


a =v ($) +0(R) + to (2); aS) = Daw (E) 


(m) T 2 nm=1 jy” (m) __ co & _ 1 
üm Slvr +um-ṣ4 ru = “qr Üs = ko" = gA 
— _ pm . vu” 1—ef” 

an = Jor) dt; ani = Fj = Fj 


Basic relations between az and äm, as and äs 


äm = 1 +a; üs = 1+ as 
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Basic relations between an and sm 


sq = a(n)am. In particular, sm; = (1 + i)” ami. 


L =L +i. 


amli Sr]i 


Accumulated values (Obtain these, and other formulas, by multiplying 
expressions for the present values by a(n).) 


™ a) @@) a(n) 
sm = (1 ay sete a 


Basic relations between sy and 5m 
Snot = Sm + 1 
ANNUITIES WITH SPECIAL PAYMENT PATTERNS 


Present values: payment period = conversion period 


(Ip,ga)mi = Pu + (P+ Q)v? + (P+ 2Q)v? +--+ [P + (n-1)Q]v" 


= Pami + 2 (ami S nv") 


(Ia)m = (11,14) m = 1v + 20? +---+nu™ = ue 


(Da)mi = (In,—19) mi = nv + (n — Lv? +-+- + 1u” = ami 
(7 


Present values: payment period # conversion period 


ami — nu” 
(1a)? = Sa (payments increase 4 each interest period) 
as; — nv 
(Ia) = So (payments increase 4 each payment period) 
i 


naa A 
= 


a)m = fotot) dt (pays continuously at rate t at time t) 


= Gai nv” 
ami = 


ns, 
= 
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Note: If you have compound interest, formulas for the symbol giving the 
present value of an annuity-due may be obtained by multiplying the ex- 
pressions for the corresponding annuity-immediate symbol by (1 + ayes where 
T is the time between annuity payments. Alternatively, you may view the an- 
nuity as the sum of the first cashflow and an annuity-immediate with one 
fewer payment. For example, 


(Ip.ga)m = P+ (Ip+@,Q%) math: 


Note: For an annuity, formulas for the symbol giving the accumulated val- 
ues at time n may be obtained from those giving the present value by mul- 
tiplying by a(n). When you have compound interest, you multiply by a(n) = 
(1 +i)”. For example, 


(Ipos)mi = Psa + 2 (smi n); 


(Is)ax = (4,18) a4 = m = eal ; . 


Note: If you want the present value of a perpetuity, look at a limit as 
n — co of the present value of the first n payments. The following limit is 
useful to note: iMn nv” = 0. Formulas obtained in this manner include 


P Q 
(Ip Qoa)sți = 7 + z 


1 
LOANS WITH LEVEL PAYMENTS 


Amortized loan: n payments, payment amount Q, payment period = 
conversion period 


Bk = Qark Ik = Br_ yt, Q = Ik + Px, P; = Qu Ft 


Loan by the sinking-fund method: n payments, loan amount L, 
i = rate on loan, j = rate on sinking-fund account 


L 


total payment = iL + =i 
T]j 
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BONDS 


Quoted rates of Treasury bills issued by U.S. Treasury 


aa 7 360 
F Days to maturity 


F 
Quoted Rate = 


Quoted rates of Treasury bills issued by Government of Canada 


=P X 365 
P Days to maturity 


F 
Quoted Rate = 


Basic notation: 


Rates: r = &; j = 4; i= (1+ 4)” —1 

Coupon amount: Fr = Cg = Gj 
Basic Price formula: P = (Fr)amj + Cuj” 
Premium-discount formula: P = C (g — j)amj + C 


Bond amortization: 


B, = C(g - j)ag=ay + C; Bi — Bri = P; 
Cg = I+ Pa l = jBe1; P, = C(g — jjuj tt 
Valuing at yield rate j: [see Table (6.6.9)] 
Dr = (1+ j) Bir 


af 
1+ -1 
Cr = Dr Cg (| 2 ) — Dr = C ISF 
Dr = (1+ fi) Bir; 
Ca = De _ Cgf 
Pricing at rate 7: [see Table (6.7.8)] 


DL = DI,(1 +9)! 


ch, = DÌ, — Cosy; 
c} semiprac = DÌ, = Cof 
; 1+ j)f-1 


An = Cgf 
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SHORT SALE OF STOCKS 


(Po == Pr) + tio,r]r Po —D 
rPo 


Ushort sale = 


where D is the time-T accumulated value of any dividends paid. 


INTEREST RATE SWAPS 


n 


NO Qrif] Pa XO On(Pua Pid 


k=1 


Swap rate: R = == = 7 
So QP So Pr, 
k=1 k=1 


where R is given as an effective rate per settlement period. 


Pi, — Pr, 


dP 
k=1 


where R is given as an effective rate per settlement period. 


Swap rate for when notional amounts are level: R = 


NO-ARBITRAGE PRICING OF OPTIONS 
Put-Call parity: P, + Sı = K(1 + ieee + er 
One-period binomial pricing model: [see (8.14.3)] 

Replicating portfolio: 


co = f + ASo where f = aaa the amount in the portfolio 


u—d)(1+i)7?’ 
placed in a risk-free investment 
Vu Eo Va : x r : 
A= qd” the number of copies of the underlier in the portfolio 
Risk-neutral method: [see (8.15.5)] 
So(1+i)? -d PE ne 
p= PUID CE, apy tay? + (dp val tay 


DURATION AND CONVEXITY 
Price function: P(i) = X> t(l + a? 


vt 
Macaulay duration: D(i,oo) = — Z P(i) = Seo (a) t 


P 
Modified duration: D(i, m) = — am PÀ 
1 m 
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Relationships between D(i,m) and D(i, 00): 
im) 
Da = Dia 1+ — 
(o) = Dim) (14) 


D(i, co) = limn+0oD(i,m) 


2 at 
Macaulay convexity: C (i, œ0) = T Po = oe (so) t? 
> i 


2p 
Modified convexity: C(i,m) = a / P(i) 
1 m 


Relationship between C(i,m) and C(i, o0): 
C(i,o0) + + D(i, 0) 


. 2 
= 


First-order modified approximation: 


C(i,m) = 


P(i) © P(io) [1 — D(io, 1)(4 — io)] 


First-order Macaulay approximation: 


ae io ) D(io,co) 


PCa) x Plio) (TE 


Second-order modified approximation: 
s ; , Sia n (i — io)? 
P(i) ~ P(io) |1 — D(io, 1) (i — io) + C (io, 1) =— 


Second-order Macaulay approximation: 


P(i) = P(io) (H ) D(io,o0) 
P Goenga 


Effective duration: Ep (io, 1) = (= ra A Woe ») J P) 
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COMPONENTS OF INTEREST RATES 
Notation: [see Table (10.4.15)| 

y = (compensation for deferred consumption) 
s = (compensation for default risk) 
r = (compensation for known inflation) 
Ta = (compensation for actual inflation) 
c = (cost to lender for inflation-protected loan) 
re = (compensation for expected inflation) 
Tu = (compensation for unexpected inflation) 
Y = (compensation for deferred consumption and default risk) 


y*= compensation for deferred consumption, default risk, and 
7 inflation for a loan without inflation protection 


Yı = (real interest rate for loan with no default risk) 
y® = (actual rate paid for inflation-protected loan with no default risk) 


Y2 = (nominal interest rate for loan with no default risk) 


Formulas for components of interest rates where 


rates are given as continuously compounded rates [see Table (10.4.16)] 
Y=y+s 


Y*=Y+r=y+s+r (for loan with known inflation) 


Y*=Y+retru=yrstretru 


(nominal interest rate for a loan with default risk) 
Y=y-c 
yi =y-—c4+7reg 


Yo =y +Te+Tu 


APPENDIX B 


Answers to end of chapter 
problems 


Solutions are only given for those problems for which there is a short answer. 
Monetary amounts are given to the nearest cent. Rates are expressed as per- 
cents. We give five significant places after the decimal point, or after leading 
zeros, unless the problem specifies otherwise or the number may be expressed 
exactly with fewer digits displayed. 


PROBLEMS, CHAPTER 0 


(1) 


(3) 


(4) 


9-formatting and rounding to nearest hundredth gives 8.51; 2-formatting 
gives 8.51; 2-formatting with rounding each product gives 3.53 + 4.97 = 
8.50. 


730.5825591, in register 7. 
(b) The sequence clears the memories, enters 1 in memory 0, 2 in mem- 
ory 1, and 3 in memory 2. Note that 4 is keyed, but it is not entered in 
a register. 
(c) The calculator computes (625 x 52) + 4,089 = 36,589. 
(d) The calculator computes 2 x 1.04 = 2.08, 3 x 1.04 = 3.12, and 58 x 
1.04 = 60.32. It first stores 60.32 in register 4, then multiples it by 1.04 
and adds 54 to it , storing the displayed result, 116.7328, in register 
3. The final | 2 || = | does not accomplish anything. 
The calculator first adds 10% of 5 to 5, displaying 5.5, then adds 10% 
of 100 to 100, displaying 110, and finally starts with 200, increases 
it by 10%, multiplies it by .01, and again by .01; the final display is 
0.022. 
Here you are making a sequence of errors. All you end up accomplish- 
ing is having the display show “RST”. ( If you now push | ENTER |, 


© 


~ 
— 
= 


541 
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the calculator will be reset to factory default settings.) 


PROBLEMS, CHAPTER 1 

(1.3) Accumulation and amount functions 
1) K = 10; a(20) = 1.25 

$2,400 

a = .01; B = 1; i4 ~ 7.14285% 
$2,057.14 


a 6n-1__.; z 6a—1 : 1 _ —18r?+6xr+4,802 
in = 3qz—angeor) É f (2) = sp-arpaon then f’(z) = (312—4r+801)? 


0 for x > 17. 


(1.4) Simple interest 


(1) 4th year interest is $50; balance at end of 4th year is $1,200. 
(2) 1 
(3) 
(4) 
(5) 
(6) 
(7) 


an the fourth period [3,4] (b) ij4,6) = 8.33333% 


(1.5) Compound interest 
1) T © 32.91588 


ix 8. 00597 


03988% 
a) no, $4,250 > $4,207.66 (b) yes, $5,000 < $5,154.56 


(1.6) Effective discount rates/ Interest in advance 
(1) $2,760 


Appendix B Answers to end of chapter problems 543 


(2) $2,553.19 

(3) d~ 8.96555%; i ~ 9.84848 
(4) $3,020.80 

(5) dia) = 13.57189% 


(1.7) Discount functions/ The time value of money 


$2,628.57 

$3,318.42 

$151,957.91 

X = 2,462.75 (This repays a debt of $6,000.01.) 
$3,084.81 

i = 21% 

$31.94 


w N =e 


(Szi 


pE a an an a a 
N A 


oo 


(1.8) Simple discount 


(1) $2,378.75 
(2) 2.22222% 

(3) 4.16667 years 

(4) $22.45 

(5) (a) 8.69231 years 
(b) 9.30272% 


(1.9) Compound discount 


(1) $1,391.94 

(2) (a) $4,953.32 
(b) 3.62694% 
(3) 1.63124% 

(4) $66.27 

(5) $33.16 

(6) 17.49966% 

(T) I ~ 5.31137%; X ~ 2,934.48 


(1.10) Nominal rates of interest and discount 


(1) d œ~ 7.76318%; d@) ~ 7.97321; i ~ 8.41658%; i) ~ 8.13575% 
(2) d0?) ~ 6.37434% and the monthly rate is approximately .53120% 
(3) i02 = 6%; i ~ 6.16788%; d ~ 5.80947% 

(4) $3,932.32 
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(5) 10.00002 
(6) 42 
(7) (a) GO = a+- 1 

(b) 5.91342% 

(c) d>) = ice / [1 + mil]; i SL Sa a 


1 
m 


(1.11) A friendly competition (Constant force of interest) 


(1) 3.21287% 

(2) $366.42 

(3) B is the best, with an annual effective rate of 5.40967%. A is the 
worst with an annual effective rate of 5.2%. C’s annual effective rate 
is 5.29545%. 


(1.12) Force of interest 


(1) (a) $358.09 
(b) $384.82 
(2) 16.17264% 
(3) $291.84 
(4) 3.8% 
(5) 10.61491% 
(6) .57658 years 
(7) In both case, shift the money after 4.78008 years. 
(8) (a) thy 
) Ta 
) Ses 
(9) 5.13178% 
(10) $12,140.26 


( 
(b 
( 


a 
Cc 


(1.13) Note for those who skipped Section (1.11) and (1.12) 


(1) 3.82120% 
(2) 4.02013% 


(1.14) Quoted rates for Treasury bills 
(1) $9,857.50, $142.50 


(2) 3.95604% 
(3) 2.24988% 
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(4) The quoted rate for the T-bill issued by the Government of Canada is 
greater. 
(5) The U.S. T-bill would have the lower price. 


(1.15) Inflation 


(1) (a) 1.16505% 
(b) —.38241% 

(3) 1.79485% 

(4) Y=X(1+r)" 

(5) p = .40024% 

(6) The inflation-adjusted force of interest is 1.78399%. The stated rate of 
interest is i = 4.1414%, so the force of interest is 4.05794%. The force 
of interest exceeds the inflation-adjusted force of interest by 1n (1 + r), 
where r is the rate of inflation. 


(1.16) Choice of quotation base for interest rates 
(1) From fastest to slowest: d = 8.1%, i?) = 8.2%, d® = 8.0%, 
i) =81%, i= 8.3%, and ô = 8.0%. 
(2) 3.18661% 
(3) 8.5% 


Chapter 1 review problems 


(1) $8,353.30 

(2) —.15277% 

(3) $1,060.89 

(4) If you assume $K must be an integer number of cents, then $K = $1,082 
and the answer is $1,060.89. Without the assumption on $K, you get 


$1,060.88. 
(a) d—1 
(b) d—1 


(5) N x 49.57218. 
(6) Pyavier © $3,126.73; ichan © 7.84342%; iJavier © 13.08566%, 
(7) (a) a = .002; b= .04; c= 1 
(b) $714.47 
(8) iœ 4.51953% 


4 
(9) fin) = (35) 
(10) $17,772.89 


546 AppendixB Answers to end of chapter problems 


PROBLEMS, CHAPTER 2 


(2.2) Equations of value for investments involving a single deposit 
made under compound interest 
(1) 868.81 
(2) 5.22998 
(3) 2.75003 years 
(4) By the rule of 72, you find 14.4 years (at i = 5%) and 7.2 years (at 
i = 10%). More exactly, the answers are 14.20670 years and 7.27254 
years. 
(5) n = 114; A rule of 114 gives answers of 28.5 years (at i = 4%) and 9.5 


years at (at i = 12%). More exactly, the answers are 28.01102 years and 
9.69404 years. 


(2.3) Equations of value for investments with multiple contributions 


(1) $6,505.49 
(2) 2.20768% 
(3) 1.06369 
(4) 5.37687% 
(5) T x 2.86487, T ~ 2.82481 
(6) 4.51430 years after the loan is made 
(7) (a) y-mA= F(a - A) 
(9) T = .01971 years, and T = 0; so T >T. 
(10) .45338 years after the loan is made 
(11) (a) $950.06 
(b) $964 
(d) $1,016.28 for both revised (a) and revised (b) 
(12) .342 


(2.4) Investment return 


1) 11.46372% 
8.28581% 


) 
) 
) 
6) 10% 
) 
) 
) 
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(11) 18.92% 


(2.5) Reinvestment considerations 


(1) iangeta ~ 9.65463%; ixathy © 11.37510%, 
(2) iRanay = 6.54709%; ikurt © 5.46623%, 
(3) i4 = 7.06134%; ip = 8.01234%: ic © 7.25891% 


(2.6) Dollar-weighted yield rates 


(1) (a) $10,832(1 + i)? + $2,000(1 + i)? — $7,000(1 + i) = $12,566 
(b) The dollar-weighted annual yield is igw = 39.87454%, and by (2.6.9), 
i 34.46967%. 
(2) —2.69544% 
(3) September 26, 1996 


(4) The annual dollar-weighted yield is 6.56422% or 6.90450%, depending 
upon whether the payment is after six months or one year; the difference 
is .34028%. 


(2.7) Fund performance 


1 
(1) (site?) -1 
(2) (a) 1.2829% 
(b) —2.09097% 
(3) $2,306,938.21 


Chapter 2 review problems 
(1) (a) A time 0 equation of value is —$20 000 + $4000 + $18:000 Z 0, and 
r ~ 3.82448%. 
b) A time 3 equation of value is —$20,000(1 + i)? + $4,000(1 + i)? + 
$18,000 = 0, and i ~ 3.70%. 
d) 3.697017% 
(2) (a) g(n) = K1 +)" -1/0 +0” 
b) yes 
(3) 6.36499% 
(4) 5.64724% 
(5) (a) 8.42664% 
(b) 10.72970% 
(c) 10.68500% 
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(6) (a) $528.90 
(b) unique positive yield rate 


PROBLEMS, CHAPTER 3 
(3.2) Annuities-immediate 


(1) $166,957.07 (using i? = 3%), $166,751.66 (using d = 3%) When d = 
3%, the equivalent i?) is greater than 3%. This results in a smaller 
present value than the first case where i0? = 3%. 


(2) v” = 85801 

(3) Based on the 5% rate, A = $5,331.94. (In this case, the balance right 
after the 18th deposit will be $150,000.19.) If the rate changes to 4.5% 
immediately after the tenth payment, the next 7 payments should be 
for $5,823.82, an increase of $491.88, and the new final payment should 
be for $5,823.75, which is an increase of $491.81. 

(4) $111,514.93 

(5) i © 6.32000%; X = $1,585.00 

(6) 5.57790% 

(7) The 0% financing is preferable. 

(8) 


8) 1.89171 years 


(3.3) Annuities-due 


(1) $38,068.76 
(2) $11,141.62 


(3) (a) aṣ- am measures the value of a payment of 1 made n+1 periods 
later 


(b) 38 

) $5,922.83 

) 9.09432 

) 32.12891 

7) i x 3.26453%; n = 237 
) i = 8.5%; n = 43 

) (c) 412 


(3.4) Perpetuities 


(1) $1,040,000 
(2) $245,695.34 
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(3) (a) 1990 
(b) $2,109.79 

(4) $31,155.52 

(5) 41.89597 

(6) $62,035.20 


(3.5) Deferred annuities and annuity values on any date 


(1) At i= 5%, the perpetuity has present value of $172,767.52 > $160,000. 
At i = 6%, the perpetuity has present value of $139,936.55 < $160,000. 
(2) n = 12. Ati = 6%, the charity aiding children of veterans gets 49.69694% 
of the total. 
(3) $6,328.00 
(4) n ~ 17.99132. The closest integer is n = 18. 
(5) (a) $50,673.92 
(b) $5,659.45 


(3.6) Outstanding loan balances 


(1) (a) $5,253.10 
(b) $6,607.82 


(2) $7,165.81 
(3) $146,105.22 
(4) $12,560.43 
(5) (a) $234.07 


(b) $10,147.36 


(6) The first 359 payments are each for $1,008.20. He gets a check for 
$33,463.18. 


(7) $678.95 


(3.7) Non-level annuities 


1) $409.86 
$4,758.51 


) 

) 

) 

5) .62659 
) $1,070.44 

) (a) $5,817.13 
(b) 7.32% 
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(8) (a) $132,439.18 
(b) 4.16% 


(3.8) Annuities with payments in geometric progressions 


(1) The common present value is $821.39 and n = 14. 
(2) $33,954.85 
(3) $196,614.90 
(4) $99,501.73 
(5) $397,388.55 


(3.9) Annuities with payments in arithmetic progressions 


(1) (a) $704.37 
(b) $1,178.78 
(c) $1,963.80 
13.27815% 
$19,591.87 
35.29412% 
$ 
$ 


(2) 
(3) 
(4) 
(5) $132,817.13 

(6) $69,042.81 

(7) 4[1 + (I3,24)q=y; — nv"); 3,967.63808 


(3.10) Yield rate examples involving annuities 


(1) 8.43260% 

(2) $59,619.29 

(3) 7.94921% 

(4) 4.60462% and 14.80726% 

(5) ia © 5.41616%; ip © 5.10476%; ic ~ 5.58379% 
(6) 7.32773% 

(7) —4.89686% 

(8) (a) 5.86144% 


T 


(b) 5.77861% 

(c) 24.32561 

(d) $1,096.12 
(9) 13.39% 


(3.11) Annuity-symbols for non-integral terms 


(1) There are 9 payments. The drop payment is $9,523.87. 
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(2) $34,429.58 
(3) T ~ 11.04724 and the amount of the last payment is $27.69. 


(3.12) Annuities governed by general accumulation functions 


(1) (a) $654.99 

(b) 3.49845% 
(2) ag = 4.41612; s5 ~ 5.63367; s3/a3 = a(5) 
(3) 675 


(3.13) The investment Year Method 


(1) $3,713.16 
(2) 5.25% 


Chapter 3 review problems 


1) $37,920.31 
$410,714.79 
$2,688.48 
19 
6.48384% 
$222,186.62 
7) $519,729.09 


moo A WwW N 


PROBLEMS, CHAPTER 4 


(4.2) Level annuities with payments less frequent than each interest 
period 


1) (a) 1.21741%; $5,114.05 

2) $11,806.30 

3) $3,765.30 

4) $3,099.00 

5) The term is calculated to be 6.00002. Assuming it is an integer, it is 6. 
7 X=[|(1+0?-1] ($1,000 jati 000 ) 


(1+4)? —1 


(4.3) Level annuities with payments more frequent than each interest 
period 


1) 8 denotes the accumulated value at the end of 23 interest periods of 
33] 


an annuity with a payment of + at the beginning of each quarter of an 
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interest period, and : oe 2% © 30.11566. ay 


of a perpetuity with a payment of b at end of each twelfth of an 
interest period and aQ? ~ 25.45509. 


504% 
(2) i zx .94258 


ma a calc 


4) $4005 (1 + j) + 8420s? ; $5,082.45 
S 6 


(5) There are various correct expressions . Among these are the formulas 


T= Hn ( a )/ma+) and T = In (m) mati) 
13,520[(144) 3 —1] 1-(1+i) 


(4.4) Annuities with payments less frequent than each interest period 
and payments in arithmetic progression 


denotes the present value 


(1) (a) The effective quartely interest rate is about 1.50751%, and the 
accumulated value is $251,477.70. 
(b) Again, the accumulated value is $251,477.70. 


(2) $160,806.60 1 (a a 
Sq 187}: aTi In (1+%) 
(3) $125,325.91 


(4.5) Annuities with payments more frequent than each interest period 
and payments in arithmetic progression 
(1) (ay gives the value at the time of the first payment of a perpetu- 
ity ears quarterly payments, the k-th of which is for an amount E 
(14) 3.2% © $1,015.86 


(2) $43,290.39 

(3) $665,782.44 

(4) $82,984.31 

(5) $198,058.59 

(6) $142.879.58 

(7) 1505), (1 + j) + $600s®? + $40,000 


a| 


(4.6) Continuously paying annuities 


(1) ars) denotes the present value of an annuity which pays levelly and 
continuously for eighteen interest periods, the total per interest period 
being 1, and @7g)3.2% ¥ 13.739. 


(2) $274.65 
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3 
4 


(3) $82.40 
(4) 
(5) 
(6) 


$ 
$837.82 
$70.67 


6) 17.10632 years, including the 12 years prior to any withdrawals 


(4.7) A yield rate example 


(2) 5.85509% 
(3) $7,985.21; 5.24160% 


Chapter 4 review problems 


(1) (a) 53g denotes the accumulated value at the end of 30 interest periods 
of an annuity which pays levelly and continuously for thirty interest 
periods, the total per interest period being 1, and 5303% © 48.286 


(b) (102a)? denotes the present value of a perpetuity with pay- 


k 


T41? and 


ments at the end of each month; the k-th payment is for 


(1012) q) O°) ee 1, 144.527 


(c) (I a)Q denotes the present value of a perpetuity with payments at 
the end of each quarter of an interest period; the payments in the 
k-th interest period are each x and (Ia) = 1,157.240. 


13% 
2) $52,253.29 
3) $16,8004) + ($43,200) (102a) 9? (1 + i) ig, This is approximately 
$486,386.33 when i = 3%. 


o solae a +48)"/- 02" 


6) $1,936.33 
8) Pätyäny where I = Gto? — 1. This is $129,222.89 when N = 


15, P = $1,200, q = 3,and j = .4. 


PROBLEMS, CHAPTER 5 


(5.2) Amortized loans and amortization schedules 


(1) 
TIME PAYMENT INTEREST PRINCIPAL BALANCE 
0 - = - $29,119.00 
1 $8,000.00 $1,223.00 $6,777.00 $22,342.00 
3 $14,350.14 $1,916.14. $12,434.00 $9,908.00 
4 $10,324.14 $4161 $9,908.00 $0.00 
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(2) $604.59 

(3) $530.18 

(a) $77,884.78 
(b) $489.90 
(c) $13,156.88 
(5) $73,797.79 


(5.3) Loans by the sinking fund method 


(1) 
TIME INTEREST SINKING INTEREST S.F. BAL. NET 
IN ON FUND ON AFTER BALANCE 
YEARS LOAN DEPOSIT S.F. DEPOSIT ON LOAN 
0 $0.00 $0.00 $0.00 $0.00 $14,000.00 
1 $889.00 $5,200.00 $0.00 $5,200.00 $8,800.00 
2 $889.00 $3,000.00 $218.40 $8,418.40 $5,581.60 
4 $1,834.45 $4,859.60 $722.00 $14,000.00 $0.00 
(2) $7,980.98 
(3) $2,835.71 
(4) $1,123.07 
(5) 5.0285% 


(5.4) Amortized loans with other repayment patterns 
(1) The balance just after the 20th payment is $20,147.74, the interest in the 
20th payment is $217.23, and principal in the 20th payment is $1357.73. 
n = 24; $1,758.02 
$460.31 
fifth = $3,528; tenth = $2,500; fifteenth = $16,346.58 
$79,068.68 
$26,106.43 


(2) 
(3) 
(4) 
(5) 
(6) 


(5.5) Yield rate examples and replacement of capital 


(1) (a) 6.39218% 
(b) 7.00773% 
(2) $9,508.90 
(3) (a) 7.05723%; (b) 6.56436%; (c) 8.93246%; (combined) 8.26688% 
(4) 4.78740% 
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(5) .97384% 
(6) 5.26394% 


Chapter 5 review problems 
(1) 2 801.14 


(2) 3 
(3) 4. ae 
(4) 15.75169% 
(5) $3,778.99 
(6) $677.43 
(7) $4,098.13 
(8) 5.60430% 
(9) $113.66 
(10) $7,456.04 


PROBLEMS, CHAPTER 6 
(6.2) Bond alphabet soup and the basic price formula 


(1) $50; 6.10925% 
(2) $2,370.69 
(3) 21.5 years 
(4) 8.5%; n = 28 
(5) $4,081.54 
(6) 5.21616% 
(7) 
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7) bond B, since it has a higher inflation adjusted yield, namely 4.13625%; 


A: 4%, B: 4.69667%. 


(6.3) The premium-discount formula 


(1) $2,997.95 
(2) $4,438.18 
(3) $20.71 


(6.4) Other pricing formulas for bonds 


(1) $780.68 by Makeham; $780.69 by other formulas using n = 34 and 


K = 355.40, ie. P= $20az7(1.06)1/2—1 + $355.40. 
(2) $15,814.29 
(3) 31 since the number of coupons must be an integer 
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(6.5) Bond amortization schedules 


(1) The price is $1,771.45, the amount for accumulation of discount in the 
tenth is $8.34, and the amount of interest in the tenth is $73.34. 


$119.00 
$48,739.16 
$1,863.73 


The following charts were made using the actual yields resulting from 
the fact that you must pay an integer number of cents. 


(2) 
(3) 
(4) 
(5) 


5% P = $1,062.03 so j ~ 2.500043113% 


TIME COUPON I, P, B; 
Gi = = = $1,062.03 
1 $30 $26.55 $3.45 $1,058.58 
2 $30 $26.46 $3.54 $1,055.05 
3 $30 $26.38 $3.62 $1,051.42 
4 $30 $26.29 $3.71 $1,047.71 
5 $30 $26.19 $3.81 $1,043.90 
6 $30 $26.10 $3.90 $1,040.00 


6% P = $1,033.50 so j ~ 2.999988779% 


TIME COUPON f; P; Bı 
0 = = — $1,033.50 
1 $30 $31.00 —$1.00 $1,034.50 
2 $30 $31.04 —$1.04 $1,035.54 
3 $30 $31.07 —$1.07 $1,036.60 
4 $30 $31.10 —$1.10 $1,037.70 
5 $30 $31.13 —$1.13 $1,038.83 
5 $30 $31.16 —$1.17 $1,040.00 
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7% P = $1,005.90 so j ~ 3.499949549% 


TIME COUPON I, P B: 

0o — = — $1,005.90 
1 $30 $35.21 —$5.21 $1,011.11 
2 $30 $35.39 —$5.39 $1,016.49 
3 $30 $35.58 —$5.58 $1,022.07 
4 $30 $35.77 —$5.77 $1,027.84 
5 $30 $35.97 —$5.97 $1,033.82 
6 $30 $36.18 —$6.18 $1,040.00 


(6.6) Valuing a bond after its date of issue 


(1) In the table below, the values for times T = 3.25, T = 3.5, and T = 3.75 
are based on B3 ~ $2, 973.612445 with $2,427.36 as redemption value. 


T |T] f Dr Cr pprec gpg 
3.25 3 .25 $3,017.25 $2,931.65 $3,018.22 $2,930.72 
3.50 3 .5 $3,061.52 $2,889.07 $3,062.82 $2,887.82 
3.75 3 .75 $3,106.45 $2,845.87 $3,107.43 $2,844.93 
4.00 4 0 $2,802.03 $2,802.03 $2,802.03 $2,802.03 


(2) Dr = $1,093.95, Cr = $1,072.72, DR"? 


$1,072.68. 


(3) In the following chart, the time T is measured in half-years. 
T Dr Cr DHW coe 
5 $1,023.35 $1,008.48 $1,023.50 $1,008.50 

1.0 $1,011.10 $1,011.10 $1,011.10 $1,011.10 
1.5 $1,028.65 $1,013.77 $1,028.80 $1,013.80 
2.0 $1,016.49 $1,016.49 $1,016.49 $1,016.49 
2.5 $1,034.13 $1,019.26 $1,034.28 $1,019.28 
3.0 $1,022.07 $1,022.07 $1,022.07 $1,022.07 
3.5 $1,039.80 $1,024.93 $1,039.96 $1,024.96 
4.0 $1,027.84 $1,027.84 $1,027.84 $1,027.84 
4.5 $1,045.67 $1,030.80 $1,045.83 $1030.83 
5.0 $1,033.82 $1,033.82 $1,033.82 $1,033.82 
5.5 $1,051.75 $1,036.88 $1,051.91 $1,036.91 
6.0 $1,040.00 $1,040.00 $1,040.00 $1,040.00 
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= $1,094.14, and CPT = 
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(6.7) Selling a bond after its date of issue 
1) Bs — Invoice price ~ $1,614.16, i ~ 5.88258% 
2) Ar © $14.84, ARF = $15 
3) J~ 10.05172%; CŽ, ~ $18,395.84 
) 


4) Ar œ~ $3,261.51; AP? = $3,306.67. The theoretically calculated 
$3,261.51 includes —$147.09 of principal and $3,408.60 of interest. 


( 
( 
( 
( 


In(1+J) 
f = 50041, if 7=.07, then f ~ .50282, and if J= .21, then f ~ .50794. 


(5) The maximum occurs when f = In (ween) / (14+ 9). If7 = .01, then 


(6.8) Yield rate examples 


(1) $2,341.67 
(2) 5.99141% (5.99139% if you do not assume reinvestment is liquidated and 
hence do not round it to the nearest cent) 


(3) $11.19; 8.98141% 
(4) $14.66 

(5) 9.37777% 

(6) $2,202.06 

(7) 


7) The price at issue was $10,529.86, and the price paid by Pierre was 
$10,407.13. 


(6.9) Callable bonds 


(1) (a) The lowest is 7.63414%, and the highest is 7.79235%. 
b) The lowest is 6.89884%, and the highest is 7.20108%. 


( 
(2) p(T) = ($20,939.51 z $9000 TF 4%) (1.04)" — $18,500 
( 


(3) (a) 6.6% 
(b) 6.17807% 


(6.10) Floating rate bonds 


(1) 6.45198% 
(2) $9,140.43 


(6.11) The BA II Plus calculator Bond worksheet 


(1) The $1,665.08 February 23rd settlement price includes $42.08 of accrued 
interest. 

(2) The $5,664.56 November 13th settlement price includes $268.33 of 
accrued interest 
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(3) $28.03 accrued interest (practical method with exact day count); $3,042.86 


Chapter 6 review problems 


(1) $57.86 
(2) Dr ~ $958.89; Cr ~ $938.80 
(3) $4, 408.04; 34 coupons 

(4) $985.77 

(5) $15,531.17 

(6) 


6) Using the “30/360” method: the price is $27,246.90, the theoretically 
determined accrued interest is $680.23, and accrued interest by the prac- 
tical method is $683.33. 

Using the “actual/actual” method: the price is $27,243.80, the theoret- 
ically determined accrued interest is $679.35, and accrued interest by 
the practical method is $676.23. 


(7) I > 6.86391% 


PROBLEMS, CHAPTER 7 
(7.1) Common and preferred stock 


(1) $18.48 
(2) 6.73093% 


(7.2) Brokerage accounts 


(1) 36.36370% 
(2) It is first violated as soon as it is below $24,512(1 — m)/(1.2 — m). 
(3) (a) $250 

(b) $384.62 

(c) $5,000 


(7.3) Going long: buying stock with borrowed money 


(1) With the cash account, she purchases 84 shares and has a three-month 
yield of 8.46262%. With the margin account, she purchases 141 shares 
and has a three-month yield of 13.1%. 


(2) $4,000 


(7.4) Selling short: selling borrowed stocks 
(1) 11% 
(2) —40.36728% 
(3) 57.73810% 
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(4) 7% 
(5) 15.79407% 
(6) 25.115% (with rounding of Kim’s repurchase price to $1,758.62) 


Chapter 7 review problems 


(1) —6.96438% 
(2) $1,639.63 
(3) (a) $940 
(b) $1,566.67 
(c) $4,600 
(4) With the cash account, she purchases 60 shares and has an annual yield 
of 17.65409%. With the margin account, she purchases 100 shares and 
has an annual yield of 28.03636%. 


PROBLEMS, CHAPTER 8 
(8.3) The term structure of interest rates 
(1) fio, © 2.40655%; — fio,2} = 2.98885%; —fio,3] = 3.62503% 
fi, © 3.57446%, fu) © 4.23969%; fiz) = 4.90919% 
(2) rı ~ 2.66940%; ro ~ 3.64757%; r3 ~ 4.4062% 
(3) 6.49879% 
(4) fio, © 2.18549%; fio, 0.25) © 3.47350%; fio, 0.5) © 5.75724%; 
fu/12, 0.251% 4.12358%; fuj12, 0.5) 6.48643%; fiya, 0.5) 8.09138% 
(5) $14,712.83 
(6) $3,006.12; 5.94121% 
(7) $1,057.82 
(8) 2.62671% 


(8.4) Loans with floating rate of interest 


(1) $87,312 
(2) $120.69 on September 30, 2013, $266.27 on March 31, 2014, $300.79 
on September 30, 2014, $20,455.81 on March 31, 2015. 


(3) $55,322.58 


(8.5) Interest rate swaps: the basics 


(1) Net swap payment: Padma receives $2,250. Net interest payment: 
$11,250. 
(2) 5.80992% 
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(3) 4.48170% 


(4) Ms. Wu pays a net interest rate of LIBOR plus 1.5%, which is lower 
than the floating rate she was offered by her lender. Mr. Kotov pays a 
net interest rate of 9.9% which is lower than the fixed interest rate he 
was offered by his lender. From the two swaps, the bank receives 0.1% 
as its cut. 


(5) GSB received $83,368.06 on 7/01/94 and $23,333.33 on 10/01/94. GSB 
paid $49,385 on 1/01/95 and $94,325 on 4/01/95. 


(8.6) Formulas for interest rate swaps 


(1) 4.10942% 
(2) 4.49374% 
(3) $39,053.27 
(4) = 0.89207% 


(8.7) Market value of an interest rate swap 


(1) $1,329.11 
(2) —$13,559.60 


(8.8) More swaps 


(1) Mrs Markov pays $645 at the end of 6 months. She receives $405, $3,105, 
and $2,205 at the end of 12 months, 18 months, and 24 months respec- 
tively. 

(2) (a) 12,544,220.64 DKK 

(b) 8,377,282.81 DKK 
(c) 4,166,937.83 DKK 


(8.9) Forward contracts 
(1) $1.65 


(8.10) Commodity futures held until delivery 


(1) 0 

(2) lost $2,200 

(3) $75 credited to her account, resulting in $875 balance 

(4) Serena: April 15: —$3,000, May 1: —$2,500, June 20: —$1,000, 


July 31: +$39,000 
Barbara: April 15: —$3,000, May 27: —$1,500, July 31: —$28,000 
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(8.11) Offsetting positions and liquidity of futures contracts 


(1) price falls 4.23640%; annual yield ~ —87.77357% 
(2) The following table applies to Sam’s long position: 


Date Price Change Deposit Post-deposit balance 


8/14 $72,850 = = $5,500 
8/15 $72,200 -$650 — $4,850 
8/16 $71,700 -$500 — $4,350 
8/17 $73,400 +$1,800 — $6,050 
8/18 $75,200 +$1,700 — $7,850 
8/19 $74,500 -$700 — $7,150 
8/22 $75,900 +$1,400 — $8,550 


The following table applies if Sam took a short position instead: 


Date Price Change Deposit Post-deposit balance 


8/14 $72,850 = = $5,500 
8/15 $72,200 —$650 — $6,150 
8/16 $71,700 -$500 — $6,650 
8/17 $73,400 +$1,800 — $4,950 
8/18 $75,200 +$1,700 — $3,150 
8/19 $74,500 -$700 — $3,850 
8/22 $75,900 +$1,400 $3,050 $2,450 


(3) —100% 

(4) Jose has an initial outflow of $1,898. Eleven days later, he has a $880 
outflow. On the twenty-first day, he receives a $4,813 liquidation pay- 
ment. His daily yield rate is 3.11796%. Rodrigo has the same initial 
outflow. Ten days later, he has a $1,045 outflow, and his liquidation 
onflow is $908. Rodrigo’s daily yield is —6.83999%. 


(8.12) Price discovery and more kinds of futures 
(1) —$750 
(2) 2.45370 

(8.13) Options 


0 if z < 2.35 
(1) f(a) = 
10,000x — 23,500 if z > 2.35 
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(2) (a) $19.44 

(b) $152.97 
(3) —64.41961%, compared with 5.79592% 
(4) $257.87 


(8.14) Using replicating portfolios to price options 


(1) 
(2) 
(3) 
(4) 


3.68625% 
$22.68 
$1,373.59 
(a) $114.76 


(8.15) Using weighted averages to price options: risk-neutral 
probabilities 


1) $473.14 
2) $7,296 
3) 3.68625% 
4) (a) .52058 
(b) 3.38241% 
5) $1,373.59 as in Problem (8.14.3) 


Chapter 8 review problems 


(1) $1,016.69 
(3) $4,105.04 
(4) —2, 375, 263.66 
(5) co & $171.26; po 35.32 
(6) 5.86420% 
(7) Time Balance Deposit New Balance 
1/5 at purchase $0 $2,500 $2,500 
1/5 $2,115 $0 $2,115 
1/6 $1,240 $1,260 $2,500 
1/7 $1,100 $1,400 $2,500 
1/8 $3,300 $0 $3,300 
1/9 $5,675 $0 $5,675 
1/12 at sale $4,500 —$4,500 $0 


(8) Price falls by 1.46341%; Three-month effective yield is —25.20665% 
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PROBLEMS, CHAPTER 9 
(9.1) Overview 


(1) $14,536.39 


(2) If i = 18%, there is a surplus of $613.64 at time 3. If i = 1%, there is a 
surplus of $102.77 at time 3. 


(9.2) Macaulay and modified duration 


(1) 7.84562 
(2) D(.07, 00) = 6.07079; D(.07, 1) = 5.67364 
(3) D(.05, 1) ~ 7.61905 
(4) 2.73008 
(5) D(.05, 00) ~ 20.74695; D(.05, 2) = 20.24695 
(6) D(.06, 00) ~ 26.5; D(.06, 1) = 25 
(7) 5.42791 
(8) Independent of k, the Macaulay duration is 52.5. 
(9) 3.39072 
(10) 10.27553 


(9.3) Convexity 


(1) 71.32585 

(2) C(4%, co) ~ 8.12137; C(5%,00) © 8.10828; C(6%,co) ~ 8.09513; 
C(5%, 2) © 9.04837 
2.65 


OTe 
D(i, 00 


(4) ) ~ 20.23077; C (i, 00) ~ 798.337278, down by about 8.69083% 


(9.4) Using duration to approximate price 


(1) Actual price calculated with 3.9% is $101,582.88. The first-order modi- 
fied approximation is $101,582.92 and the error is $0.04. The first-order 
Macaulay approximation is $101,583.00 and the error is $0.12. 


(2) Price decreased. Approximate change in price as a percentage is 
—0.52418% 


(3) 5.2% 
(5) $1,385.26 


(9.5) Using duration and convexity to estimate price 
(1) 21.77165 
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(2) $12,356.94 


(9.6) Immunization 


(1) $88,899.64 of one-year bond, $177,799.27 of four-year bond; yes 
(2) Spend $179,736.12 to purchase the two-year coupon bond (face value 


Ww 


$161,463.94) and $416,138.68 to purchase the five-year zero-coupon bond. 
The convexity of the assets exceeds the convexity of the assets as is re- 
quired for Redington immunization. 

We say that “the portfolio is fully immunized” since the price of the 
assets “equals” the price of the liabilities and the Macaulay duration of 
the assets “equals” the Macaulay duration of the liabilities; both prices 
round to 
$419,280.67, but they differ by about $.00126, and the durations are 
each about 4.0000000. The surplus now is $2,293.94, and the surplus in 
about one year is $2,477.45. 


(9.7) Other types of duration 
(1) 2.14885 
(2) i ~ 5.03287%; E o1(, i, 1) ~ 5.26890; E o2(i, 1) =~ 3.80993 
(3) Eo1(.06,1) ~ 2.08513, so if i = 5.4% the price of the callable bond 


is approximately $48,998.18, and if i = 4% this price is approximately 
$50,410.85. For a non-callable bond, the prices are $50,911.27 at 5.4% 
and $52,898.84 at 4%. Using D(.06,1), you should get estimates 
$50,902.15 and $52,795.20 respectively. 


(5) En(io, 1) ~ 4.90579; Fi, (io, 1) ~ —1098.31104; Estimated price at 7.2% 


is $97.39. 


Chapter 9 review problems 


(1) D(7.5%, 1) © 8.82712; D(9%, 1) ~ 8.83574 
(2) P(5.6%) ~ $1,005.44, and P(4%) ~ $1,102.47. The refined estimates 


are P(5.6%) ~ $1,005.46, and P(4%) ~ $1,103.13. 


(3) The two year bond has D(.05,00) = 2 and C(.05,00) = 4. The three- 


year bond has D(.05,0co) = 3 and C(.05,00) = 9. The five-year bond 
has D(.05,00) = 4.47775 and C(.05, co) ~ 21.36936. The portfolio has 
D(.05, 00) 3.22554 and C(.05, 00) = 11.97415. 


(4) D(.06, 00) = 17.46316; D(.06, 2) ~ 16.96172 
(5) Purchase $78,352.62 of the two-year bonds and $117,528.92 of the seven- 


year bonds. At 4%, the time zero value is $56.27. 
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(6) i ~ 5.6200%, E.o1(i, 1) = 3.44617 
(7) D ~ 5.54371, C ~ 40.13387, first-order Macaulay approximation is 
$122,050.49, second-order Macaulay approximation is $122,055.19. 


PROBLEMS, CHAPTER 10 


(10.2) Supply and demand of loans 


(1) The demand curve will shift to the right. The equilibrium price will be 
higher than it was before the demand increased. Hence, the interest rate 
will rise. 


(10.3) Default risk 
(1) 9.02296% 
(2) 59.12920% 
(3) Quoted interest rate is 8.76289%. The expected default rate is 8.05687%. 


(10.4) Inflation risk 
(1) The supply curve shifts to the left. The demand curve shifts to the right. 
The resulting equilibrium price is higher than the original equilibrium 
price. This corresponds to a higher interest rate. 
(2) $238.84 


(10.7) Bonds 
(1) 7.84058% 
(2) k < 6.8 
(3) Less than par. 
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